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Several errors inherent to the Fourier transform method for optical thin film synthesis, including the
inaccuracy of the spectral functions Q(&) used in the Fourier transforms, are compensated numerically by
using successive approximations. We show that the complex phase of Q(a) is a key parameter which can be
exploited to reduce significantly the thickness of the synthesized films and to control the shape of the
refractive index profiles without affecting the spectral performance. This method is compared to other well
established thin film design techniques.

1. Introduction

Graded index films1-5 have a number of potential
advantages over the more classical coatings composed
of homogeneous multilayers. As yet they are difficult
to produce, but efforts to implement this technology
are under way in several laboratories. Important
practical applications include rugate filters, wideband
antireflection coatings, and nonpolarizing beam split-
ters.

The Fourier transform method6-10 is one of the few
approaches available for the synthesis of such films.
It is fast and very versatile, and it can also yield homo-
geneous multilayers. Essentially, it is based on a Fou-
rier transform relationship between the logarithmic
derivative 1/n dn/dx of the refractive index profile and
a complex spectral function Q(o) which depends on the
desired spectral performance.

A proper definition of Q a) is essential for accuracy.
The analytical forms of Q (of) known so far are only
approximate, especially for problems in which there is
a high reflectance.r-12 This can be compensated to
some extent by empirical adjustments when the spec-
tral shapes are simple.10 Better forms of Q(a) are
needed for more general applications. Sossi67 pro-
posed overcoming this limitation numerically by
successive approximations. His iterative correction
process also compensates simultaneously for several
other errors inherent to the Fourier transform method.
Unfortunately, it has only been tested with a few sim-
ple examples.
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In this paper, we describe a modified version of
Sossi's correction process. We discuss the influence of
several key parameters not addressed before and in
particular the complex phase of 4(a). In our proce-
dure, this phase is exploited to reduce significantly the
optical thickness of the synthesized films and to con-
trol the shape of the refractive index variations with-
out affecting the spectral performance. We show by a
number of numerical examples that good results are
possible.

In Sec. II, we briefly review the basic Fourier trans-
form method and Sossi's correction process. In Sec.
III, we describe the modifications implemented in our
version and the flow of the calculations in our comput-
er program. Sections IV and V are devoted to numeri-
cal examples. The effects of several optional parame-
ters are illustrated, and some limitations are pointed
out. The performance of the process is compared with
that of other well established techniques. A design
obtained by the present method for an arbitrary prob-
lem is compared to published solutions. Finally, a
discussion is included in Sec. VI.

II. Background

A. Basic Fourier Transform Method

The Fourier transform method described here is
based on Sossi's original work.679 The notation is
essentially the same as that used in a previous paper.10

As before, we consider a gradual refractive index pro-
file n(x) sandwiched between identical media without
refractive index steps. If the usual assumptions are
made (normal incidence, no dispersion, no absorp-
tion), a simple relationship

[- () exp(-j2]rx)dn 7ex [' -~ a (1)

exists between n(x) and a complex spectral function
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0(a) = Q[T(o)] exp10(f)J, (2)

which depends on the desired transmittance T(cr). In
the above equations, af is the wavenumber 1/X, where X
is the wavelength, no is the refractive index of the
surrounding media, x is twice the optical thickness,

x = 2fJ n(u)du, (3)
Z

and z is the metric thickness. The quantity between
the brackets in Eq. (1) is a Fourier transform. Thus
the logarithm ln[n(x)] and Q(o)/ constitute a Fourier
transform pair within a (complex imaginary) multipli-
cative constant; the logarithmic derivative 1/n dn/dx
and Q(a) constitute another pair.} Since n(x) must be
real, the complex function Q(a) is defined for negative
wavenumbers by the symmetries Q(-o) = Q*(a),
where the superscript * denotes a complex conjugate.
In the following, Q(a) and its complex phase 0(ay) will
be referred to as the Q-function and the Q-phase, re-
spectively.

Equation (1) forms the basis of this thin film synthe-
sis method. It relates the unknown refractive index
profile n(x) to the desired spectral characteristics via
the Q-function. Several approximate analytical forms
of the latter have been reported. They are valid in
principle only for low reflectances. To a first approxi-
mation, it can be shown that7' 8

Q(a) = r(0) (4)
t(oj,

The parameters r and t are, respectively, the complex
reflection and transmission coefficients for the ampli-
tude of the electromagnetic field. The phase of rt is
the Q-phase. Equation (4) means that the Q-phase is
approximately equal to the phase arg(r/t) of a film
which is a good solution of the synthesis problem. The
Q-phase to be used initially in the synthesis is usually
unknown because the phase on reflection or transmis-
sion is rarely specified, and especially not the phase of
rit. Many different films, corresponding to different
phases, can be obtained for a prescribed reflectance (R
= 112) or transmittance (T = JtJ2).

Equation (4) requires that the origin of the thickness
coordinate x and z be in the center of the film. Other-
wise the right-hand side of Eq. (4) has to be multiplied
by a phase factor which takes into account the position
of the origin. Throughout this paper the thicknesses
will be measured from the center out.

Several other forms of Q have also been proposed.6 9-12
Only the magnitude Q[T(of)] of Q(W) is calculated, and
the Q-phase is arbitrary. For example,

=4+ (T -T) (5e)

The subscripts of the Q terms in the above equations
correspond to the notation used in Ref. 10, and w is an
arbitrary constant which can be adjusted to improve
the spectral fit. Some of the above functions have
been plotted against transmittance in Fig. 1. The
curves diverge for low transmittances, because, as
mentioned, the theory is an approximation in this re-
gion.

The Q-functions are most commonly used in the
form described in Eq. (5). The simplest alternative
for the selection of the arbitrary Q-phase O(a) is to
keep it constant. However, a proper choice of 4(f) can
improve the spectral fit and/or control the distribution
of the refractive index changes.9"10

B. Sossi's Correction Method

For elementary spectral shapes, several key parame-
ters used in the synthesis can be optimized manually.
Good results can be obtained even when the reflec-
tance is high.10 This is difficult for more general appli-
cations and will remain so until better analytical ex-
pressions for the Q-function are found. Alternatively,
Sossi showed that a good solution can be obtained
numerically by successive approximations. He pro-
posed two versions of a process based essentially on the
following principle.

In the first implementation,6 the Q-function re-
mains real [o(a) = 0]. A film synthesized by using Eqs.
(1)-(5) directly has a transmittance T which is usually
different from the desired transmittance TD. As a
result, the values of Q(T) obtained by substituting
back T into the Q-function are different from those of
Q(TD), which were used initially in the Fourier trans-
form to compute the refractive index profile. Sossi
suggested that, by adding the difference of these two
quantities to the old values of the Q-function, an im-
proved Q-function might be obtained:

5
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Fig. 1. Variation of several Q-functions Qi(T) against transmit-
(5d) tance. Q4 (Tw) is represented by a family of intermediate curves

depending on the value of w. For example, Q4 (T,1) Q2(7

Q4 (T,0.85) Q5 (T), Q4 (T,0) Q3 (T).
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Qi+,() = Qi(a) + AQi(Ix) i = 1,2,3,..., (6a)

AQi(a) = Q[TD(a)] -Q[Ti(a)], (6b)

Q1(o) = Q[TD(a)]. (6c)

The subscripts i in Eq. (6) refer to successive itera-
tions since, of course, the operation can be repeated
several times.

In the second version,7 the method is generalized for
the case of a complex Q-function [namely, Q(o) = r/t].
Here the Q-phase o(cr) is the physical phase arg(r/t),
but the phases of r and t are not specified. The desired
spectral quantity is again TD. A target phase is fixed
arbitrarily at the outset, and the real and imaginary
parts of the Q-function (Q cos0 and Q sink) are adjust-
ed by iterations with equations similar to Eqs. (6).

The refractive index profiles found from Eqs. (1)
and (6) often need to be modified in practice. For
example, the gradual refractive index variations might
be approximated by a homogeneous multilayer system
(discretization), or they might be forced to lie within
specified upper and lower limits (nH,nL) or they might
be neglected beyond a certain overall maximum thick-
ness (truncation). These additional approximations
result in a further deterioration of the spectral perfor-
mance. A partial compensation is possible because Ti
in Eq. (6) is the transmittance of the final refractive
index profile obtained after the modifications.

This method has an interesting potential, but fur-
ther testing is required because Sossi illustrated his
theory with only a few simple examples. Several im-
portant practical points discussed in the following sec-
tions were also not addressed.

Ill. Modified Correction Method

Instead of working with real and imaginary parts of
the complex Q-functions, we prefer to focus on their
magnitude and phase. One reason is that the error in
Q is closely related to that in T, the quantity of interest,
and it is easily calculated. Another is that the Q-phase
is a free parameter which should be allowed to change
if, by doing so, the results can be improved. It will be
shown that the overall thickness required for a solution
can be reduced significantly when the spectral varia-
tion of the Q-phase is chosen appropriately. This is an
important practical consideration which we believe
has not been discussed before.

In this work the correction applied to the Q-function
is given by a modified form of Eq. (6):

Qi+,(a) = Qi(a) + siAQi(c) i = 1,2,3,.

AQi(a) = AQi(a) expL7'i(o)],

AQi(a) = QfTD(a)] - Q[Ti(a)],

Q1(a) = Q[TD(a)] expLjZ(a)].

constructively. The initial Q-phase ,01() controls the
synthesis of the starting design which will be modified
by the correction process.

The term correction process in this paper refers to
the rocedure by which the corrected Q-functions (Q +
sad) and improved refractive index profiles are found.
In particular, the process involves the computation of
the optimum parameters s and 4,i(a). The spectral
shape of 01 (a) is determined separately at the outset of
the synthesis.

B. Block Diagram

Our version of the correction process and the proce-
dure to determine the initial Q-phase ,01() have been
added to the previously described NRCC software for
synthesis with the Fourier transform method.9 Figure
2 summarizes graphically the flow of the calculations
which pertains to the correction process. Only the
main options are indicated. Details can be found in
the text below.

Required input data for the main program (Fig. 2, A)
are the target transmittance, the optical thickness be-
yond which the film must be truncated, the desired
form of the Q-function, and the initial spectral shape of
the Q-phase 01(a). Any analytical form of Q can be
used including those listed in Eqs. (5). The phase
'01(a) can be optimized either manually without leav-
ing the program (B) or by refinement (C). A graded
index film is then synthesized (D) with this complex Q-
function (magnitude and phase). If desired, it can be
transformed subsequently into a homogeneous multi-
layer, and/or the refractive indices can be forced to lie
between prescribed values nHnL. This can be done

A
INPUT

B c

(7a)

(7b)

(7c)

(7d)

Three new key parameters have been introduced-
si, Vli(f), and 4ii(a). The step size s is a variable which
can be adjusted to control the magnitude of the correc-
tion performed in each iteration. The complex phase
4i(a) is used to ensure that the corrections add up Fig. 2. Flow of the calculations pertaining to the correction process.

3674 APPLIED OPTICS / Vol. 29, No. 25 / 1 September 1990



interactively or automatically (E). The design and its
spectral performance are plotted on a graphic output
(F). Several options are then selected at will: (1) the
program can be stopped if the solution is satisfactory;
(2) the synthesis can be repeated with new input pa-
rameters; or (3) the correction process can be invoked
(G). Two versions of the latter are available. They
differ in the method used to optimize the magnitude of
the corrections. One version is faster, whereas the
other is useful when nonuniform tolerances are speci-
fied for the transmittances. As in the main program,
the corrected refractive index profiles can be graded or
discretized, or they can be clipped to lie within a speci-
fied range of refractive index values.

The correction process is controlled by several op-
tional input parameters which can be entered interac-
tively. They include the Q-function (which can be
different from the one used in the main program), the
tolerances, the minimum acceptable rate of conver-
gence, the initial step size,and the maximum number
of iterations. Default values are also available. The
process can be interrupted at any time without abort-
ing the program and modified with new input parame-
ters. Several different Q-functions and/or tolerances
can be used successively. It is also possible to change
the number of points at which the profile is calculated,
the number of spectral points and the spectral range
(for example, it might be extended to obtain a better fit
at the ends of the desired range). Finally a whole new
synthesis can also be attempted, for example, with a
new Q-phase found from the results of the previous
synthesis.

B. Magnitude of the Corrections

As mentioned previously, our correction process is
based on the calculation and examination of the refrac-
tive index profiles resulting from Eqs. (1) and (7a)-
(7d). This section and the next are concerned with a
more detailed discussion of the magnitude (s * AQ) and
phase V/ of the corrections made to the Q-functions.

Paramount in our correction subroutine is the opti-
mization of the step size s to maintain a satisfactory
convergence rate in the computations. This is done by
calculating a scalar merit function13

M = {N [T T(a) ] 1(8)

which characterizes the spectral performance of the
resulting refractive index profile (multilayer or graded
index film). Here the a terms are the wavenumbers
used in the computations (normally interpolated at
equal wavenumber increments from the points at
which the target curve is initially specified), and the 5T
terms are acceptable transmittance tolerances.

Two options are available to determine s. One pos-
sibility is to increment s in each iteration until the
value of M reaches a minimum. Alternatively, s may
be changed only if M does not converge properly:
should M increase, s is divided by two and the iteration
is repeated; should M decrease too slowly, s is doubled
for the next iteration. The process is stopped when no

further improvement can be made or when a predeter-
mined maximum number of iterations has been
reached.

Each option for the selection of s has its advantages
and disadvantages. When s is fully optimized in each
iteration, the correction process is more sensitive to the
actual values of M and, in particular, to the prescribed
tolerances. This is useful when nonuniform toler-
ances are utilized to force the spectral fit in a particular
wavelength region. The other option is often faster
because fewer tentative steps are wasted, and, there-
fore, fewer computations of the performance of the
system are required. Normally we use the latter op-
tion-exceptions will be mentioned in the numerical
examples. Both options yield essentially the same
films when the tolerances are uniform.

The successive corrections AQ result in new refrac-
tive index profiles. Although the latter could be ob-
tained from Eqs. (1) and (7), we find it expedient to use
the following explicit expressions:

(9a)ni,+(x) = nj(x)An(x) i = 1,2,3,

where

Ani(x) = exp[j ff J exp(-j27rax)da],

The above equations have the advantage that the inte-
gral does not need to be recomputed when only the step
size s is changed.

The outcome of the synthesis process depends on
the Q-function used. We usually observed further
improvements when several different Q-functions
[Eqs. (5a-e)] were used successively for calculation of
the corrections AQ [Eq. (7c)]. The Q-functions differ
considerably for low transmittances (Fig. 1), and they
are highly nonlinear with T. The derivatives dQ/dT
characterize the sensitivity of the correction process to
transmittance errors. In a given problem, T varies
with wavelength, and a good spectral fit will be
achieved first in those spectral regions in which dQ/dT
is largest. For example, the Q-function Q3 will favor
the regions where T is low, whereas the opposite is true
for Q2. For the Q-function Q5 the derivative dQ5/dT is
fairly constant over a wide range of transmittances,
and this results in a more uniform fit throughout the
spectrum.

Clearly, the design process becomes more difficult as
the transmittance T decreases, because the Q-func-
tions are less valid. We assume in this paper that T
has reasonable values, although we observed that in
practice surprisingly low transmittances can be accom-
modated. How low depends on the complexity of the
spectral requirements. The numerical examples de-
scribed below are conservative in this respect. Fur-
ther details will be given elsewhere.

C. Determination of the Phase qi/(or) of the Corrections

The phases &((a) and 'j(a) in Eq. (7) are two other
key parameters in our correction process. We now
propose a method for their determination.

Following Sossi, it is possible to maintain the same
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arbitrary spectral phase variation throughout the cal-
culations [Eqs. (2), (7)]:

,tP(a) = ,i(r) i = 1,2,3,.... (10)

This is valid when there is no limitation on the overall
thickness. Any phase that varies smoothly with a is
adequate, provided that the spectral performance of
the resulting refractive index profile is the only con-
cern.

When the synthesized films are to be truncated, a
suitable definition of oj(of) and Vi(c) becomes essential
for proper convergence of the design process. We
observed that a bad choice of these two quantities
could lead to very unattractive solutions. Equation
(4) suggests that the following definitions might be
appropriate whenever the reflectance is not too high:

,01( = argP•] (1a)

L t(a) j 1b
argP92 ) gtf]i ' 1'2' (lib)

In our process, the phase I'i(o) is calculated from Eq.
(llb), where the right-hand side is the phase of the film
obtained from the previous iteration or that of the
starting design obtained from the main program.

Equation (a) cannot be used directly to define
Xl(a) at the outset of the synthesis because the phase of
a filter is rarely specified and especially not in this
form. On the other hand, assuming that a good solu-
tion of the problem is known from previous experience,
its phase arg(r/t) can be calculated and used to define
01(a). In such cases we found that a synthesis with the
present method consistently yielded excellent results.
This was verified several times with different trans-
mittance targets. An example is given later. In prac-
tical situations, such phase information is usually not
available since the solution is unknown initially. Nu-
merical experiments of this kind are, therefore, in a
way academic. It appears nevertheless that the defi-
nition of the phases given in Eq. (11) is correct and, in
particular, that there is at least one choice for the
spectral variation of 01(a), which is good but usually
unknown.

Even when less ideal forms of 0,(a) were selected, we
found that the definition of ipi(a) in Eq. (lib) was still
useful. Clearly, the film known at the start of each
iteration in the correction process is the best film
found up to that point. Accordingly its phase arg(r/t)
should be an improved Q-phase. The overall Q-phase
in Eq. (7a) is thus incremented progressively in the
right direction, and we noticed that it converged ap-
proximately to the phase arg(r/t) of the synthesized
film when a good solution could be found.

We also observed that such a definition of 4j(cr)
resulted in more constructive corrections when the
films were truncated. (In practical problems this is
usually the case.) This can be explained as follows.
Since Eq. (7) deals with the Q-functions, the effect of
the truncation can be included explicitly into an effec-
tive Q-function Q' defined as follows:

Q (a) = 2a | OM sinc[2a(a - u)]du, (12)
a1 E U

where sinc(x) = (sin7rx)/7rx. Equation (12) is obtained
by inverting the Fourier transformation in Eq. (1) after
neglecting the refractive index changes for points IxI >
a. The correction AQ added to Q in Eq. (7) is construc-
tive if, taking the truncation into account, the effective
correction AQ' is in phase with Q'. We observed that
the phase t'A(o) of Q' is approximately equal to arg(r/t).
Therefore, 4tj(a) should be such that 4tj(a) arg(r/t).
We have set 4ij(a) Vi(cr) in Eq. (11) for simplicity.
This is convenient because most of the computations
necessary for the evaluation of 4i(cr) have to be per-
formed in any case to determine the spectral perfor-
mance of the corresponding film. We found that the
results of the synthesis deteriorated without this phase
substitution.

Finally, the factorization of the phase factor exp(iqt)
in Eq. (7b) is a simplification. It implies that the
phases [arg(r/t) and the effective Q-phase, which are
similar] vary slowly from one iteration to the next. We
found this to be true in general, except perhaps during
the first few iterations when the errors AQ are still
important. The phase stabilizes itself automatically
when the method starts to converge.

C. Determination of the Initial Q-Phase 01 (a)

The correction process described above is fairly well
behaved. In general, it yields a significant improve-
ment over the results obtained with the standard Fou-
rier transform method. However, the final perfor-
mance still depends on the choice of the initial Q-phase
k,(a). This is especially true when the refractive in-
dex profiles are truncated.

Further improvements can sometimes be made if
the whole synthesis is repeated with a new 01(a) equal
to the phase of the synthesized film [Eq. (1a)]. For a
new problem to which no solution is known, we specify
q1(o-) by trial and error. Simple spectral phase varia-
tions have a predictable effect on the shape of the
refractive index profile and spectral performance.9" 0

Phase shifts can be introduced manually in selected
spectral positions. This can be done rapidly and is
illustrated in Sec. IV.

We have also developed a subroutine for the refine-
ment of q,(a). It is based on the observation that the
errors due to the truncation can often be reduced sig-
nificantly by properly configuring the starting design
with the help of q1(a). We assume that a reasonably
good film can be synthesized by refining fd(a) alone.
This implies that the Q-function is sufficiently accu-
rate, that the thickness is large enough, and that the
specifications include the whole spectral region where
the reflectance is significant. The calculations are
performed directly with the Q-function. The change
in the effective Q-function Q' due to a phase change aq
is found with Eq. (12), and the new Q' is compared with
the desired Q-values Q(TD). We know that by defini-
tion Q' reduces to an ordinary Q-function Q when the
truncation is eliminated. The process is stopped when
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the errors in Q are minimized. In principle, when that
occurs, the error in T is also close to a minimum.

Some of the assumptions above are not strictly valid
in practice. Since the available Q-functions are accu-
rate only for low reflectances, most of the time the
desired Q-values are not known with precision, and
they are not exactly equal to Q(TD). The errors in Q
and T are probably not minimized simultaneously ei-
ther. Nevertheless, we found that this phase refine-
ment subroutine still yielded useful results.

Our subroutine uses the steepest descent refinement
method. The phases

km = 0(am) m = 1,2,3,..., (13)

at each wavenumber are incremented to q5 + 60 one at
a time, and the changes in Q' are calculated. The new
Q' has a magnitude of

Q',(a) = [[Q'(a)]2 + [AQ' (a)1
2

+ 2Q'(a)AQm(a) sin['k'(a) - ki]]1/
2 , (14)

where Q' is obtained from Eq. (12), k' is its phase,

AQ'm(a) = 2aa O aa Qmd sinc[2a(a - am)], (15)
am

and b6 is the wavenumber increment (am+i-a em). The
errors in Q' are characterized with a new merit function
analogous to Eq. (8):

( N Q(ai) - Q[TD(a)]1 2 1/2

MQ = ~N 2. ~ 6Q(a,) (16)

where the Q terms are the tolerances in the Q-func-
tion. The error in the incremented function Q'+ is
calculated in a similar way and denoted by MQ(Om +
5t). This operation is repeated for each am and the
gradient of the merit function values

3MQ 1
(VMQ)m = dkQ [MQ(m + ao) - MQ('0m)] (17)

is defined. Finally, the phase vector (¢l...,4m) is
incremented in the direction of VMQ:

'km,new = Om,old - S(VMQ)m, (18)

and the step size s is optimized. This is done by
calculating a new refractive index profile, the corre-
sponding Q' (by computing the inverse Fourier trans-
form of the refractive index profile), and the value of
its merit function.

Speed is the main advantage of working directly
with the Q-functions in this refinement method. A
more accurate but much slower alternative would be to
calculate a refractive index profile and its spectral
performance for each new phase. For the reasons
stated above our implementation is approximate, but
nevertheless we found that it yielded initial Q-phases
with which better starting designs could be synthe-
sized.

IV. Numerical Tests

A. General Remarks

In Fig. 3 (and subsequent similar figures), the two
diagrams in the same row represent one set of results.
In the left diagrams, the desired transmittance and
initial Q-phases are represented by heavy lines. Thin-
ner lines are used to depict the calculated transmit-
tances and phases arg(r/t). When two calculated
transmittance curves are shown, curves 1 and 2 corre-
spond to the performance of the system before and
after using the correction process. In the diagrams on
the right, the synthesized refractive index profiles are
plotted against the optical thickness measured from
the center outward. The refractive indices of the sur-
rounding media have both an average value equal to
1.78 (1.35 X 2.35)1/2. The values of the main param-
eters used in the synthesis are listed in Table I.

Speed is important for an iterative process where
refractive index profiles and their spectral perfor-
mance have to be computed a number of times. To
represent a graded index film accurately it is necessary
to sample the refractive index variations at a large
number of points. In this work, we use approximately
six points per quarterwave optical thickness at the
central wavenumber (i.e., an average of twelve points
between two successive maxima of the refractive index
profiles). The points are separated by equal optical
thickness increments. Each pair of points delimits a
sublayer which is considered to have a linear variation
of the refractive index. The characteristic matrices of
such layers are known14 and could be used to compute
the spectral curves. However, we found that the com-
putations were faster and still yielded good results
when the gradual variation of the refractive indices
was replaced with an average value:

(19)= I/2(na + nb),

where na and nb are the refractive indices at the inter-
faces of the layer. This means that a graded index film
is eventually approximated with very thin homoge-
neous layers with identical optical thicknesses. In
spite of the large number of matrix multiplications, the
computation of the spectral performance is fast be-
cause the sine and cosine of the common phase thick-
ness need to be computed only once for each wave-
length at the outset of the calculation.

By contrast, our discretization subroutine selects
the refractive indices and the boundaries of the homo-
geneous layers so that the graded index film is approxi-
mated as closely as possible. In general this results is
unequal optical thicknesses, and the calculations are
slower.

The values of the merit function (here with uniform
tolerances of 1% unless otherwise stated) and the CPU
time are recorded in each iteration of our correction
process. The times cited in our examples refer to the
synthesis per se, and they are indicative of a typical
run. Neither the program nor the choice of parame-
ters and options used in the numerical examples has
been fully optimized for speed. The present version of
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Fig. 3. Synthesis examples showing the importance of the initial Q-phase.

the program does not use fast Fourier transforms.
The calculations were performed on a HP 1000 model
A700 microcomputer.

B. Ideal Cases

As an example, a synthesis exercise is performed
where the target is the transmittance of the multilayer
system represented in Fig. 3(A). The multilayer is,
therefore, an exact solution. It is a slightly asymmet-
rical bandpass interference filter composed of quarter-
wave and halfwave layers. We have chosen a simple
system for tutorial purposes. Nevertheless the reflec-
tance is significant (80%), and the passband is rela-
tively sharp. In addition, the solution will be a graded
index film, whereas the multilayer is homogeneous.
These points constitute an interesting test for the cor-
rection method. The question arises: Is it possible to
retrieve a good solution comparable to the multilayer
and if so in what conditions? The important role of
the initial Q-phase 01(a) is discussed in this connec-
tion.

In Fig. 3(B), the optical thickness is large and 01k(a) is
assumed to be constant. The spectral fit obtained
directly without using the correction subroutine is al-
ready quite good (curve 1), and the computation took
only a few CPU seconds. The transmittance obtained
after corrections can barely be distinguished from the
target (curve 2). The phase arg(r/t) remained equal to
the initial Q-phase in spite of the phase substitutions

[Eqs. (7b) and (11)]. The synthesized film has a pro-
nounced bell shape, which is typically associated with a
constant phase.10 It differs markedly from the initial
multilayer. About 190 s were required for the whole
synthesis.

The above example illustrates that the choice of
,01(c) is simple when no limits are imposed on the

optical thickness. We found that any phase with a
smooth spectral variation is acceptable, at least as far
as the spectral fit is concerned. This is no longer true
when the thickness is limited. We could not find a
good solution to the above problem when the optical
thickness was reduced to that of the multilayer. How-
ever, we obtained a very good result when 01 (a) was set
equal to the phase arg(r/t) of the multilayer [Fig. 3(C)].
In spite of the smaller thickness several observations
made in connection with the previous diagram are still
true. The fit of both transmittance curves (1 and 2)
did not deteriorate, and the final phase arg(r/t) re-
mained essentially equal to the initial Q-phase 01(j).
Furthermore, the synthesized film is more similar to
the original multilayer. The halfwave layer near the
center is clearly apparent and surrounded by two near-
ly periodic film sections. The index variations are now
gradual because the transmittance of the initial multi-
layer has higher harmonics, which were not included in
the target transmittance. There are no higher har-
monics in the transmittance of the synthesized film.
Finally the computations were very fast. Curve 1 in
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Table 1. Parameters Used In the Numerical Examples

Optical
Figure: thickness Q-
curve (tm) functions 01(a)l Options2 Remarks3

3(B) 25 Q5 C W, Ci
Q2 - -

3(C) 8 Q5 M W C1
5(A) 8 Q5 G W C

Q2 - C1
5(B) 8 Q5 S W C1
5(C) 8 Q5 G W,C 1 a

Q2 - C1
5(D) 8 Q5 G W, PR

Q5 - C1
5(E) 8 Q5 S W b
6(A) 4 - - REF C,d
6(B) 4 Q5 T W C, c
6(C) 4 Q3 - C2 c, d
6(D) 4 Q5 T W, C1 c,e

Q3 - C2 C,d,e

'Several different initial Q-phases l(a) are used: C, constant (7r/2);
M, calculated phase arg(r/t) of the multilayer [Fig. 3(A)]; G, Gauss-
ian (centered at a = 1 m, halfwidth = 0.2 ,um, height = 7r rad); S,
phase arg(r/t) of the film synthesized previously; T, proportional to
the desired transmittance TD(a) with a maximum phase variation of
1.5r rad.

2 Options used in the synthesis: W, Fourier transform method
without corrections; C,, fast version of the correction process; C2,
alternate version of the correction process with complete optimiza-
tion of the step size; PR, refinement of the phase 01(a); REF, refine-
ment of the layer thicknesses and indices.

3 Remarks: a, q,(a) has a phase jump of ir rad at a = 1 ,um; b, ol(a)
is flipped upside down for wavenumbers larger than 1.13 ,im; c, the
minimum acceptable convergence rate for the values of the merit
function is set to 1% instead of 5% by default; d, the tolerances are set
to 0.1% at the wavelengths where T is minimum ( _ 0.55 gm)
instead of 1% by default; e, the graded index film is discretized.

Fig. 4 shows that the values of the merit function were
reduced to below 1 in -30 s. At that point the average
error in transmittance was within the 1% tolerance.
These results will be used for comparison purposes in
the following.

We repeated this experiment a number of times with
other more complex targets, and we consistently ob-
tained good results. This confirms the suggestion that
the phase arg(r/t) of the original multilayer is an excel-
lent initial Q-phase. Note that the Q-function used in
the above examples was not Q = rt. Its magnitude
was Q51 instead of IQ31 [see Table I and Eq. (5)]. We
found that this combination often gave better results,
especially for higher reflectances.

C. Simulation of an Unknown Q-Phase

In practice, the appropriate spectral variation of
rk (a) is unknown at the outset of the synthesis process.
To simulate such a situation, we repeated the previous
synthesis with a different form of 0ki(a). A Gaussian
phase shape was chosen in Fig. 5(A), because this is
known to result in a more uniform refractive index
profile.10 Here the Gaussian had approximately the
same halfwidth and the same center of gravity as the
desired transmittance. Its height was quickly adjust-
ed by trial and error until the shape of the refractive
index profile appeared to be acceptable.
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Fig. 4. Variation of the value of the merit function with time for
Figs. 3(C) and 5(A)-(D) (see text).

The spectral fit obtained in this example before
calling the correction process is quite poor (curve 1).
The passband is completely ignored. Nevertheless,
the transmittance obtained with the correction sub-
routine nearly coincides with the target (curve 2).

The behavior of the phases is interesting. The
physical phase of the synthesized film is now signifi-
cantly different from the initial Gaussian Q-phase. It
exhibits shifts of r rad at the wavenumbers corre-
sponding to the transmittance maxima. The deeper
and narrower the passbands, the sharper the shifts. A
similar behavior is observed for the phase of the origi-
nal multilayer, although the shifts do not occur in the
same directions [for example, the phase at af = 1 m 1

decreases in Fig. 5(A), whereas it increases in Fig.
3(A)].

The synthesized refractive index profile has little in
common with the multilayer. The large refractive
index change at the right end is characteristic and
indicates that a larger thickness would have been use-
ful. This is not unexpected. In each iteration, the
program calculates only the central portion of the re-
fractive index profile, up to the maximum thickness
specified. The rest is ignored. The detrimental effect
of this truncation depends on the choice of the initial
Q-phase.

The convergence of the computations in this exam-
ple is somewhat slower and more laborious than before,
although it is still quite creditable-the whole synthe-
sis took -210 s (Fig. 4, curve 2). The small glitches in
this curve indicate that the step size was (automatical-
ly) readjusted several times in the course of the correc-
tion process. The gap means that the process stalled
and was restarted manually with a new Q-function
(Table I).

The film synthesized here does not seem very attrac-
tive, but it has a good spectral performance. There are
cases in which it is not even possible to obtain a good
spectral fit. When this happens other forms of the
initial Q-phase q0(a) can be tried. For example, one
can (1) change the amplitude and halfwidth of the
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Fig. 5. Synthesis examples with full determination of the Q-phase.

Gaussian, (2) use a completely different phase shape,
for example, proportional to the transmittance curve,
(3) set 01(a) equal to the calculated phase arg(r/t) of
the synthesized film, since the latter is in general bet-
ter than the starting design, (4) introduce phase shifts
manually at input, (5) refine 01(G). The last four
options are illustrated in the following. We found
often that the phase refinement was more reliable but
slower than the other options.

D. Optimization of the Phase

In Fig. 5(B), the synthesis was repeated with a new
01(of) set equal to the phase arg(r/t) calculated in the
preceding diagram. The spectral fit obtained after
corrections is not improved (this is not necessary), but
the refractive index profile is much smoother than
before. It is still quite different, however, from the
original multilayer. The calculated phase is similar to
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01(of), except that it has been slightly tilted. The
calculations were fast (70 s, see Fig. 4, curve 3). How-
ever, the total time for this synthesis must include the
210 s already spent to obtain 4l(o). The quality of the
final result is quite comparable with that illustrated in
Fig. 3(C).

In Fig. 5(C), a phase jump of 7r rad was superimposed
manually to the Gaussian 01(a) at the wavenumber
corresponding to the transmittance peak. As a result
a deep passband was created from the start (curve 1).
Again, the spectral fit obtained after corrections is
excellent (curve 2). The synthesized refractive index
profile is relatively smooth, and additional phase shifts
have been created by the correction process. The
profile and phase shifts are different from those illus-
trated before. The calculations were relatively fast
(140 s; see Fig. 4, curve 4), but they were again appre-
ciably slower than those for our reference case [see Fig.
3(C) and Fig. 4, curve 1].

In Fig. 5(D), the initial Gaussian Q-phase 01(ci) was
refined before the correction subroutine was called.
The transmittance curve 1 was obtained after the
phase refinement but before the corrections. Curve 2
was found after the corrections. Remarks similar to
those made in the previous examples concerning the
spectral fit, phase shifts, and refractive index profiles
are also valid here.

The phase refinement is responsible for a large part
of the computation time. Yet the total time required
for the synthesis remains reasonable. It is of the order
of 250 s (Fig. 4, curve 5). The first section of curve 5
pertains to the phase refinement and the second sec-
tion to the correction process per se. The values of the
merit function are discontinuous at the junction be-
cause two different merit functions were used. Note
the very fast convergence in the second section. This
means that the phase 01(o) produced by the phase
refinement is excellent.

We have found so far four different films which offer
a very good spectral performance [Figs. 3(C), 5(B)-
(D)]. The corresponding phases are different, al-
though they have several common features. There are
phase shifts at the wavenumbers corresponding to the
transmittance maxima. At the transmittance mini-
ma, the phases have either an inflection point or a zero
derivative. The phase variation is similar between
two successive transmittance minima, except that it
may be flipped upside down. This can be exploited to
control the shape of the refractive index profile.

To illustrate this point, the synthesis was repeated
with a new q5(af) set equal to the physical phase calcu-
lated in the preceding example but flipped upside
down for wavenumbers larger than 1.13 ,m. The re-
sulting 01(cr) and the refractive index profile synthe-
sized directly without the help of any correction or
phase refinement are illustrated in Fig. 5(E). The
spectral performance is already quite good and compa-
rable with that obtained in similar circumstances in
Fig. 3(C) (curve 1). This means that the phase flip did
not cause a significant deterioration of the Q-phase.
After corrections, the spectral fit became excellent.

Because the refractive index profile and the phase
changed only slightly, they were not plotted for the
sake of clarity. The refractive index profile shown
here bears a strong resemblance to that illustrated in
Fig. 3(C), although there are still some differences.
The profiles and phase curves would become even
more similar if the phase ,1(u) in Fig. 5(E) were flipped
again for wavenumbers larger than 0.95 Am.

It is usually not easy to predict the effect of a phase
flip on the refractive index profile. Unless insight is
gained from previous experience, it might be useful to
try all possible flip combinations. In this example,
there are four positions where the phase can be flipped
up or down, namely, at 0.87, 0.95, 1.05, and 1.13 gm.
Five different combinations have been illustrated in
Figs. 3(C) and 5(B)-(E).

E. Additional Remarks

The numerical exercise described above was per-
formed a number of times with different targets. A
superior result was always obtained when the initial Q-
phase 1(a) was equal to the phase arg(r/t) of the
multilayer. The synthesized film was with rare excep-
tions a graded index version of the multilayer. This
might be viewed as a practical method of transforming
a homogeneous system into a graded index film.

Our results show that several different designs with
a performance that is as good as that of the multilayer
can be found when other forms of tki(a) are used. The
computations are extremely fast when a suitable 01 (a)
can be found. A large fraction of the CPU time is often
spent in the determination of 01(of).

V. Comparison with Other Methods

Contrary to the assumption made in the preceding
section, a typical problem in thin film design rarely has
an exact solution. Nevertheless, the spectral perfor-
mance which is obtained should be in reasonable
agreement with the specifications. We describe below
a synthesis exercise performed with a completely arbi-
trary target (Fig. 6). The latter is the outline of a
monument illustrated in the logo of the Seventh Inter-
national Conference on Thin Films. This target has
been used previously for the intercomparison of differ-
ent design methods.13 The correction process is now
tested against these published results.

First, the optical thickness of the film must be esti-
mated and kept as small as possible. It must, however,
be sufficient to allow for a good spectral fit in the most
critical wavelength region, namely, here in the narrow
stopband located at X = 0.55 um. The minus filter
theory predicts that a minimum of -6 m optical
thickness is required.13 15 This is also adequate here
for obtaining a proper performance over the entire
spectral range. We have nevertheless chosen to re-
duce the optical thickness to 4 ,um in Fig. 6 for direct
comparison with several interesting examples of Ref.
13. The spectral fit is not quite as good as when the
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Fig. 6. Comparison of the correction process with refinement.

estimated thickness is used, but the results show that a
useful approximate solution can be found with the
correction process.

All the methods discussed in Ref. 13 involved a
refinement stage in the end. They yielded homoge-
neous multilayer systems, which, although they were
quite different, had a comparable spectral perfor-
mance for a given overall thickness. Presumably this
means that the accuracy which was achieved was near-
ly optimum in the circumstances. Figure 6(A) illus-
trates a typical result found by refinement alone after a
suitable starting design was identified. This diagram
is similar to Fig. 3 of Ref. 12. (The calculated multi-
layers are different, however. For consistency with
the preceding sections, the refractive indices were
forced here to have values between 1.35 and 2.35. The
refractive index of the external media and the mean
refractive index in the starting design were raised to
1.78. This has no effect on the spectral fit.)

The time spent for refinement in this example was of
the order of 790 s. Part of the variation of the value of
the merit function M against time is illustrated in Fig.
7, curve 1. The final value of M was 4.6. Both the
layer thicknesses and refractive indices were adjusted.
We used an old but effective routine similar to the
Golden Section method. Additional details can be
found in Table I.

Figure 6(B) shows a result computed with our cor-
rection process. The initial Q-phase k1(a) was propor-
tional to the desired transmittance with a maximum
excursion of 1.57r rad. No refinement was involved,
and the computation was extremely fast (55 s; see Fig.
7, curve 2a). Nevertheless the overall spectral perfor-
mance of the synthesized graded index film compares
advantageously with that of the homogeneous multi-
layer illustrated in the preceding diagram. The maxi-
mum reflectance in the stopband at X = 0.55 /im is not
large enough, but the halfwidth is better than before.
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l l l l improvement with forty layers (instead of twenty-
nine), and the computations did not take much longer.
Alternatively, it could be possible to refine the multi-
layer illustrated in Fig. 6(D). We found that this
refinement was not much faster than the one per-
formed to obtain Fig. 6(A) (450 vs 790 s). This is not

\ \29 - surprising because the starting designs were quite good
in both cases. However, with the Fourier transform

± (-4. = , 6 790 secsi method the starting design is obtained rapidly and
\ - conveniently.

Some remarks about the phases in the above exam-
ples are interesting. The phase arg(r/t) represented in

I l l l Fig. 6(A) is almost linear. We know that when this
phase is constant, large refractive index changes occur

50 00 150 200 250 near the center of the refractive profile [see Fig. 3(B),
TIME IN SECONDS (CPU)

Fig. 7. Variation of the values of the merit function with time for
Figs. 6(A)-(D) (see text).

It is possible to gain some reflectance in the stop-
band at the expense of the halfwidth. To obtain Fig.
6(C), the correction process was restarted with three
modifications. First, tighter tolerances were imposed
around X = 0.55 ,um [0.1% instead of 1%; these same
values were used in the calculations for Fig. 6(A)].
Second, the Q-function was changed from Q5 to Q3 to
increase the sensitivity dQ/dT to the transmittance
errors for low values of the transmittance. Third, we
used the alternate version of the correction process in
which the step size is fully optimized during each itera-
tion. This version is more sensitive to the modulation
of the tolerances. The additional time for the compu-
tation was -65 s for a total of -120 s (Fig. 7, curves 2a,
2b). This is much faster than the 790 s required to
obtain the results of Fig. 6(A), yet the quality of the
spectral fit is the same.

The time savings would be even more important had
the comparison been made with the time required to
design a graded index film by refinement. The refrac-
tive index profile would then have to be subdivided in a
very large number of thin layers, and the computation
time could then easily be multiplied by a factor of 5 or
10. Special care would also probably be needed to
ensure that the refractive index profile obtained by
refinement is gradual.

Finally, the correction process can also be used to
design a homogeneous multilayer system. To obtain
Fig. 6(D), the sequence of operations performed in the
previous example was repeated, except that the graded
index film calculated during each iteration was discre-
tized. Once again the calculations were very fast (-60
s, see Fig. 7, curve 3b; for times <30 s, the values of the
merit function closely follow curve 2a). The spectral
performance of the synthesized multilayer is not quite
as good as that of the graded index film depicted in Fig.
6(C). This is not very surprising because the discreti-
zations performed here were rather crude. The num-
ber of layers was kept the same as in Fig. 6(A). The
spectral fit would have been better had the graded
index films been approximated more closely with
many more thin layers. We observed a significant

or example]. iere the phase is tilted, and the large
refractive index changes are observed near one end of
the profile. This is consistent with previous knowl-
edge.9 10 Finally, we found no improvement in Figs.
6(B)-(D) when the initial Q-phase Xl(a) was refined.
This is probably because no sharp phase shifts were
required.
VI. Conclusion

A key element in the Fourier transform method is a
complex spectral function Q(a) through which the de-
sired transmittance is accounted for. Exact explicit
expressions for the magnitude and phase of this func-
tion are yet to be found. In this paper, we describe an
iterative numerical process where successive correc-
tions are made to Q(u). This procedure compensates
automatically for the imprecision in the available defi-
nitions of Q(r) and for several other types of error.
These include errors which occur when the refractive
index variations are neglected beyond a certain maxi-
mum overall thickness (truncation), when the refrac-
tive indices are forced to lie between maximum and
minimum values (nH,nL), or when the graded index
films are approximated by homogeneous multilayers.
The accuracy and versatility of the Fourier transform
method are thus significantly improved.

The performance of the correction process has been
illustrated and tested with a number of numerical
examples. Several practical issues have been demon-
strated. In particular, it is shown that the thickness of
the synthesized films can be reduced significantly if
the complex phase of Q(r) is defined appropriately.
This phase can also be used to modify the shape of the
refractive index profile without affecting the spectral
performance. This is done by flipping the phase curve
upside down in certain parts of the spectral range. A
simple method of transforming a homogeneous multi-
layer system into a graded index film of similar perfor-
mance has also been described. Finally a standard
problem that was used in the past to compare different
numerical design methods was solved with the present
process. The latter was found to be very fast, and the
quality of the results was quite comparable for a given
overall optical thickness.

The authors wish to express their thanks to their
colleagues F. C. Ho and B. T. Sullivan for their helpful
comments.

1 September 1990 / Vol. 29, No. 25 / APPLIED OPTICS 3683

20

z
0

I

U

M:
z

LI

0

wL
-J

i5

to

5



References

1. R. Jacobsson, "Light Reflection from Films of Continuously
Varying Refractive Index," in Progress in Optics, Vol. 5 (North-
Holland, Amsterdam, 1966).

2. R. W. Bertram, M. F. Ouellette, and P. Y. Tse, "New Approach
to Design and Production of Inhomogeneous Optical Coatings,"
in Technical Digest, Topical Meeting on Optical Interference
Coatings (Optical Society of America, Washington, DC, 1988),
pp. 150-153.

3. W. H. Southwell, "Gradient-Index Antireflection Coatings,"
Opt. Lett. 8, 584-586 (1983).

4. W. E. Johnson and R. L. Crane, "An Overview of Rugate Filter
Technology," in Technical Digest, Topical Meeting on Optical
Interference Coatings (Optical Society of America, Washing-
ton, DC, 1988), pp. 118-121.

5. M. Zukic and K. H. Guenther, "Optical Coatings with Graded
Index Layers for High Power Laser Applications," Proc. Soc.
Photo-Opt. Instrum. Eng. 895, 271-277 (1988).

6. L. Sossi, "A Method for the Synthesis of Multilayer Interference
Coatings," Eesti NSV Tead. Akad. Toim. Fuus. Mat. 23, 229-
237 (1974) (Translation Services of the Canada Institute for
Technical and Scientific Information, National Research Coun-
cil of Canada, Ottawa, Ontario, Canada KlA OR6).

7. L. Sossi, "On the Synthesis of Interference Coatings," Eesti
NSV Tead. Akad. Toim. Fuus. Mat. 26, 28-36 (1977) (see Ref. 6
for translation).

8. E. Delano, "Fourier Synthesis of Multilayer Filters," J. Opt. Soc.
Am. 57, 1529-1533 (1967).

9. J. A. Dobrowolski and D. G. Lowe, "Optical Thin Film Synthesis
Program Based on the Use of Fourier Transforms," Appl. Opt.
17, 3039-3050 (1978).

10. P. G. Verly, J. A. Dobrowolski, W. J. Wild, and R. L. Burton,
"Synthesis of High Rejection Filters with the Fourier Transform
Method," Appl. Opt. 28, 2864-2875 (1989).

11. B. G. Bovard, "Derivation of a Matrix Describing a Rugate
Dielectric Thin Film," Appl. Opt. 27, 1998-1905 (1988).

12. B. G. Bovard, "Fourier Transform Technique Applied to Quar-
terwave Optical Coatings," Appl. Opt. 27, 3062-3063 (1988).

13. J. A. Dobrowolski, "Computer Design of Optical Coatings,"
Thin Solid Films 163, 97-110 (1988).

14. R. F. Potter, "Optical Properties of Lamelliform Materials,"
Proc. Soc. Photo-Opt. Instrum. Eng. 276, 204-213 (1981).

15. J. A. Dobrowolski, "Subtractive Method of Optical Thin-Film
Interference Filter Design," Appl. Opt. 12, 1885-1893 (1973).

3684 APPLIED OPTICS / Vol. 29, No. 25 / 1 September 1990


