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We propose a detuned Fabry-Perot cavity, pumped through both the mirrors, as a simple topology
of the gravitational-wave (GW) detector free from displacement noise of the test masses. The
isolation of the GW signal from displacement noise is achieved in the proper linear combination of
the cavity output signals. The construction of such a linear combination is possible due to (i) the
equivalence principle and (ii) the asymmetry between reflection and transmission output ports of
the detuned cavity. We demonstrate that in low-frequency region the obtained displacement-noise-
free response signal is much stronger than the f3

gw-limited sensitivity of displacement-noise-free
interferometers recently proposed by Y. Chen et al. This feature allows to consider the proposed
topology a promising prototype of the future-generation GW detector.

PACS numbers: 04.30.Nk, 04.80.Nn, 07.60.Ly, 95.55.Ym

I. INTRODUCTION

Currently the search for gravitational radiation from
astrophysical sources is conducted with the first-
generation Earth-based laser interferometers [1, 2] (LIGO
in USA [3–5], VIRGO in Italy [6, 7], GEO-600 in Ger-
many [8, 9], TAMA-300 in Japan [10, 11] and ACIGA
in Australia [12, 13]). The development of the second-
generation GW detectors (Advanced LIGO in USA [14,
15], LCGT in Japan [16]) is underway.

The sensitivity of the first-generation detectors is lim-
ited by a great amount of noises of various nature: seis-
mic and gravity-gradient noise at low frequencies (below
∼ 50 Hz), thermal noise in suspensions, bulks and coat-
ings of the mirrors (∼ 50 ÷ 500 Hz), photon shot noise
(above ∼ 500 Hz), etc. It is expected that the sensitivity
of the second-generation detectors will be limited by the
noise of quantum nature arising due to Heisenberg’s un-
certainty principle: the more precise is the measurement
of the test mass coordinate, the more disturbed becomes
its momentum which in turn evolves into the disturbance
of the coordinate, thus ultimately limiting the sensitivity
[17]. The optimum between measurement noise (photon
shot noise in laser interferometry) and back-action noise
(optical radiation pressure noise) is called the Standard
Quantum Limit (SQL) [18–20].

Though the start of operation of the second-generation
detectors is planned for the next decade, the theoretical
investigations of the third-generation prototypes have al-
ready begun [21–26]. It is expected that the barrier of
SQL will be overcome and the sensitivity of the third-
stage detectors will be two or three orders of magnitude
better than the SQL of a free mass.

Recently in a series of papers [27–29] Y. Chen et al.
proposed several topologies of the GW detectors, both
ground- and space-based, which are free from both the
displacement noise of the test masses and classical laser
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noise. It was pointed out there that the latter, in prin-
ciple, is indistinguishable from the former and therefore,
detectors free from both kind of noises were called the
displacement-noise-free interferometers (DFI). The most
intriguing feature of displacement-noise-free interferome-
try is the straightforward overcoming of the SQL (since
radiation pressure noise is canceled) without the need
of implementation of very complicated and vulnerable
schemes for Quantum-Non-Demolition (QND) measure-
ments [21, 30–32]. One only needs to increase the laser
power to suppress quantum shot noise and achieve the
arbitrarily high sensitivity.

Cancelation of laser noise in interferometric experi-
ments is usually achieved by implementing the differen-
tial schemes of measurements: in conventional interfer-
ometers (such as LIGO) it is the Michelson topology and
in DFIs proposed in Ref. [29] it is the Mach-Zehnder
(MZ) topology.

The isolation of the GW signal from fluctuating dis-
placements of the test masses in the DFI schemes pro-
posed by Y. Chen et al. is possible due to the fact that
the interaction of GWs with a laser interferometer is dis-
tributed, as viewed from both the transverse-traceless
(TT) gauge [33–35] and the local Lorentz (LL) gauge
[34, 36, 37].

In the TT gauge test masses are immovable, i.e. have
fixed spacial coordinates and thus do not sense the gravi-
tational wave. However, GW couples to the light wave in
this gauge producing a non-vanishing phase shift. This
can be thought of as an apparent change of the coor-
dinate speed of light. Even if the test masses are not
ideally inertial and follow non-geodesic motion then the
interferometer will respond differently to the test masses
motions and the gravitational wave. This difference al-
lows the cancelation of displacement noise in a proper
linear combination of the interferometer response signals.

From the point of view of the local observer (the LL
gauge) the interaction of GW with laser interferometer
adds up to two effects. The first one is the motion of
the test masses in the GW-induced (tidal) force-field. In
this aspect GWs are indistinguishable from any external
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non-GW forces since both are sensed by the light wave
only in the moments of reflection from the test masses. If
the linear scale L of a GW detector is much smaller than
the gravitational wavelength λgw (the so-called long-wave
approximation) then the effect of GW-induced force-field
is of the order of h(L/λgw)0, where h is the absolute
value of the GW amplitude. Also terms of the order of
O[h(L/λgw)1], describing time delays, arise in laser inter-
ferometry since it takes the light wave time L/c to travel
between the test masses. Second, GW directly couples
to the light wave effectively changing the coordinate ve-
locity of light (but in a different manner compared to the
TT gauge). In long-wave approximation this effect has
the order of O[h(L/λgw)2]. Therefore, in terms of the LL
gauge the displacement-noise-free interferometry neces-
sarily implies the cancelation of the information about
non-GW forces along with the GW-induced tidal force-
field leaving a non-vanishing information about the direct
coupling of the GW to light.

The analysis performed by Y. Chen et al. in Ref.
[29] showed, however, that though it is possible to elimi-
nate all the information about the displacement and laser
noises from the DFI response signal, the sensitivity to
GWs at low frequencies turns out to be limited by the
(ωgwL/c)2-factor for 3D (space-based) configurations and
(ωgwL/c)3-factor for 2D (ground-based) configurations.
In the latter case this means the cancelation of all the
terms of the order of h(L/λgw)n, n = 0, 1, 2. For the
signals around ωgw/2π ≈ 100 Hz and L ≈ 4 km, the DFI
sensitivity of the ground-based detector is ∼ 106 times
worse than the one of the conventional Michelson inter-
ferometer (i.e. a single round-trip detector). The pro-
posed MZ-based configurations could be modified with
power- and signal-recycling mirrors [38], artificial time-
delay devices [39, 40], but nevertheless, the potentially
achievable sensitivity is still incomparable with conven-
tional non-DFI detectors.

In this paper we propose a single detuned Fabry-Perot
(FP) cavity operating as the GW detector free from dis-
placement noise of the test masses. If a FP cavity is
pumped through both of its mirrors then one can use all
the four output ports (reflection and transmission ports
for each of the pumps) to properly combine their sig-
nals and cancel the fluctuations of test masses positions.
Pump waves in different input ports are assumed to be
orthogonally polarized in order the corresponding output
waves to be separately detectable and to exclude nonlin-
ear coupling of the corresponding intracavity waves. Be-
low we call the proposed scheme a double-pumped Fabry-
Perot (DPFP) cavity. In this paper we do not consider
the cancelation of laser noise and therefore, the term “dis-
placement noise” will be used below to denote only the
displacement noise of the test masses. We will consider a
FP cavity with the mirrors having equal transmittances.
The case of different transmittances will be analyzed sep-
arately [41].

The isolation of the GW signal from displacement noise
in the DPFP cavity is achieved in a different manner

compared to MZ-based interferometers. The key role is
played by two factors. The first one is the (weak) equiv-
alence principle which, in terms of the LL gauge, allows
to construct a locally inertial reference frame for a test
mass. This in turn allows to separate the deposits of
displacement noise and GW signal into the output sig-
nals of the DPFP cavity. In terms of the TT gauge this
separation is the direct consequence of the distributed
nature of GWs. Second, the cancelation of displacement
fluctuations in a linear combination of the reflected and
transmitted output signals of the detuned DPFP cavity
implies that these signals differ in the amount of infor-
mation they carry about the GW signal and the fluc-
tuating displacements. In the resonant regime both the
reflected and transmitted signals (corresponding to one of
the pumps) carry identical information and thus cannot
be combined to cancel fluctuations.

Note that the direct coupling of the GW to light in the
LL gauge plays no role in this noise-cancelation scheme:
the notion of the GW in our analysis can be reduced to
the corresponding tidal force-field. This means that the
leading order of the DFI response signal in our case will
be h(L/λgw)0. From the point of view of the TT gauge
this means that the difference between the localized na-
ture of displacement noise and the distributed nature of
GWs is utilized in a DPFP cavity in another way com-
pared to the DFIs in Refs. [27–29] (see Sec. IV).

The “payment” for isolation of the GW signal from
displacement noise in our case is the loss of the optical
resonant gain of the order of c/(γL), where γ is the cav-
ity half-bandwidth. In conventional interferometers this
resonant factor describes the accumulation of the low-
frequency GW signal by the light wave circulating in a
FP cavity. The DFI response signal of the DPFP cav-
ity becomes limited with the factor of the order of unity
compared to the limiting factor (ωgwL/c)3 ∼ 6 × 10−7

of the double Mach-Zehnder configuration [29] for L ≈ 4
km and ωgw/2π ≈ 100 Hz. This difference between the
MZ-based topologies and the DPFP topology arises due
to the different mechanisms of noise cancelation: the for-
mer utilizes the effect of the direct coupling of the GW to
light in terms of the LL gauge (and thus relies on the can-
celation of the h(L/λgw)0-term) while the latter utilizes
the asymmetry between the output signals of the detuned
DPFP cavity (and thus does not rely on the cancelation
of the h(L/λgw)0-term).

Note that the non-resonant regime implies the rise of
the electromagnetic ponderomotive force acting on the
mirrors of a FP cavity. This in turn may indicate that the
DFI response signal can be further amplified using the
optical rigidity-induced optomechanical resonance [42–
50]. However, the detailed analysis of radiation pressure
effects in a DPFP cavity is the subject of separate con-
sideration [51]; in this paper we do not take into account
optical rigidity. In particular, optical rigidity vanishes if
pump waves in different input ports have detunings with
equal absolute values but opposite signs.

This paper is organized as follows. In Sec. II we de-
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rive the response signals of a Fabry-Perot cavity, pumped
through one of the mirrors, to a gravitational wave of
arbitrary frequency using the method developed in Ref.
[37]. In Sec. III we consider a double-pumped Fabry-
Perot cavity and obtain the formulas for the signals in
all of its output ports. Next we introduce the proper lin-
ear combination of the obtained signals which cancels the
fluctuating displacements of the test masses. Finally in
Sec. IV we discuss the physical meaning of the obtained
results, compare DPFP cavity with conventional inter-
ferometers and the interferometers proposed by Y. Chen
et al. and briefly outline the further prospects associated
with laser noise cancelation and implementation of the
optical rigidity.

II. RESPONSE OF A FABRY-PEROT CAVITY
TO A PLANE GRAVITATIONAL WAVE

A. Space-time of the weak plane ’+’-polarized
gravitational wave

First we introduce the space-time associated with the
incident gravitational wave. We assume the latter to be
weak, plane and ’+’-polarized. In the local Lorentz refer-
ence frame of some physical body space-time metric takes
the following form [34, 36, 37]:

ds2 =− c2dt2 + dx2 + dy2 + dz2

+
1

2c2

(
x2 − y2

)
ḧ (c dt− dz)2, (1)

where h = h(t−z/c), |h| ¿ 1 is the GW function. Greek
indices run over 0, 1, 2, 3 or ct, x, y, z; Latin indices run
over 1, 2, 3 or x, y, z.

The local Lorentz frame, also called the LL gauge in
literature, is the best suited for analysis of the GW de-
tectors with the test masses undergoing non-geodesic mo-
tion, in contrast to the transverse-traceless (TT) gauge
[36, 37]. Recently it was strictly proven that the LL gauge
is free from the requirement of the distance L between
the masses to be much smaller than the gravitational
wave λgw [52]. Below we call corresponding approxima-
tion L ¿ λgw the long-wave approximation.

It is worth noting that the case of generic GW polar-
ization and direction of propagation does not introduce
any significant changes (in the context of this work) in
our further analysis. Therefore, we restrict ourselves to
consideration of ’+’-polarized gravitational waves travel-
ing along the z-axis.

B. Quantized electromagnetic wave interacting
with the weak plane gravitational wave

Here we briefly remind the formalism of the quantized
electromagnetic wave (EMW) propagating in the space-
time of weak plane gravitational wave.

In this paper we deal with the EMWs which can be
represented as a sum of (i) the “strong” (classical) plane
monochromatic wave with amplitude A0 and frequency
ω0 and (ii) the “weak” wave describing quantum fluctu-
ations of the electromagnetic field. In flat space-time the
operator of electric field A(x, t) of such EMWs in Heisen-
berg representation can be written in the following form
(see Appendix A):

A(x, t) =

√
2π~ω0

Sc

[
A0 + a(x, t)

]
e−i(ω0t∓k0x) + h.c.,

(2a)

a(x, t) =
∫ +∞

−∞
a(ω0 + Ω)e−iΩ(t∓x/c) dΩ

2π
, (2b)

with amplitude a(ω0 + Ω) obeying the commutation re-
lations:

[
a(ω0 + Ω), a(ω0 + Ω′)

]
= 0,[

a(ω0 + Ω), a†(ω0 + Ω′)
]

= 2πδ(Ω− Ω′).

This notation for quantum fluctuations a(x, t) will be the
most suitable for us since it coincides exactly with the
Fourier-representation of the classical fields. If the phase
is counted from x = x0 6= 0 then one should replace
in formulas (2a, 2b) e±ik0x → e±ik(x−x0) and e±iΩx/c →
e±iΩ(x−x0)/c. For briefness throughout the paper we omit
the

√
2π~ω0/Sc-multiplier and notation “h.c.” We call

A(x, t) the vacuum-state wave if A0 = 0.
If space-time is curved then electromagnetic field is

coupled to gravitational field. In our case we assume that
the weak GW is coupled only to the “strong” electromag-
netic wave and neglect its interaction with (i) the optical
noise and (ii) the variation of EMW due to GW itself. In
other words we consider the first-order-of-h theory. Elec-
tromagnetic wave propagating on the background metric
(1) is described by the following formula [37]:

A(x, t) =
[
A0 + A0g±(x, t) + a(x, t)

]
e−i(ω0t∓k0x), (3a)

g±(x, t) =
∫ +∞

−∞
g±(x, ω0 + Ω)e−iΩt dΩ

2π
, (3b)

g±(x, ω0 + Ω) = h(Ω)
[
1
4

ω0Ω
x2

c2
∓ i

1
2

k0x

+
1
2

ω0

Ω

(
e±iΩx/c − 1

)]
, (3c)

where g±(x, t) are accurate up to the order of (Ω/ω0)0.
Terms containing g± describe the direct coupling of the
GW to the EMW. Remind [37], that in the long-wave
approximation g± = O[h(L/λgw)2]. It is also straightfor-
ward to verify using formulas (3b, 3c) that g±(x, t) are
the pure imaginary values. Therefore, sometimes it will
be convenient to use the following approximate formula:

1 + g±(x, t) = 1 + iI
[
g±(x, t)

] ≈ eiI
[
g±(x,t)

]
. (4)

Below we assume all the waves to be described by for-
mulas (3a – 3c) with corresponding indices and initial
phases.
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C. Input, circulating and output waves

Let us consider now a Fabry-Perot cavity formed by
two movable mirrors a and b (see Fig. 1), both loss-
less and having the amplitude transmission coefficient T ,
|T | ¿ 1. We put distance between the mirrors in the ab-

 

Ain(x,t) 

Ar
out(x,t) 

A+(x,t) 

A-(x,t) 

a b 

0+Xa(t) L+Xb(t) 

x 

At
out(x,t) 

Avac(x,t) 

FIG. 1: Fabry-Perot cavity formed by two movable mirrors a
and b. Their coordinates are xa(t) = 0 + Xa(t) and xb(t) =
L+Xb(t) respectively with |Xa,b| ¿ L. Both the mirrors have
amplitude transmission coefficient T with |T | ¿ 1. Cavity
is pumped through mirror a with the input wave Ain(x, t)
and through mirror b with the vacuum-state wave Avac(x, t).
Optical field inside the cavity is represented as a sum of the
wave A+(x, t), running in the positive direction of the x-axis,
and the wave A−(x, t), running in the opposite direction. The
reflection-output signal is Ar

out(x, t) and transmission-output
signal is At

out(x, t).

sence of the gravitational wave and optical radiation to
be equal to L. Without the loss of generality we assume
the cavity to be lying in the plane z = 0 along one of the
GW principal axes, coinciding with the x-axis.

In this section we will work in the local Lorentz refer-
ence frame of mirror a at which the origin of the coor-
dinate system is set. Then the coordinates (their oper-
ators to be strict) of the mirrors are xa(t) = 0 + Xa(t)
and xb(t) = L+Xb(t) and we assume that their displace-
ments Xa,b(t) from the positions of equilibrium obey the
relation |Xa,b| ¿ L. In spectral domain

Xa,b(t) =
∫ +∞

−∞
Xa,b(Ω)e−iΩt dΩ

2π
.

Let the cavity be pumped by laser L through mirror a
(see Fig. 2) with the input wave

Ain(x, t) =Ain0

[
1 + g+(x, t)

]
e−i(ω1t−k1x)

+ ain(x, t)e−i(ω1t−k1x), (5)

and with the vacuum-state wave through mirror b:

Avac(x, t) = avac(x, t)e−i
[
ω1t+k1(x−L)

]
, (6)

Here ain(x, t) is the “weak” field describing laser noise of
the pump wave and avac(x, t) is the “weak” field describ-
ing vacuum noise in another input port. We count phases

 

a b 

L 

M1 M2 �
1 

�
2 

BS1 BS2 

PhD1 

PhD2 PhD3 

PhD4 

S1 S2 

P1 P2 

FIG. 2: Emission-detection scheme. Pump wave is radiated
by laser L. Reflected wave is measured with the left ho-
modyne detector assembled of homodyne phase shifter Φ1,
50/50-beamsplitter BS1, two photodetectors PhD1,2 and sub-
tractor S1. Transmitted wave is measured with the right ho-
modyne detector assembled of homodyne phase shifter Φ2,
50/50-beamsplitter BS2, two photodetectors PhD3,4 and sub-
tractor S2. Laser L, mirror M1 and left homodyne detec-
tor are assumed to be rigidly installed on the platform P1

and right homodyne detector with mirror M2 are rigidly in-
stalled on the platform P2. The coordinate of platform P1 is
xP1(t) = 0 − lP1 + XP1(t) with lP1 , XP1 ¿ L, where lP1 is
the distance between mirror a and platform P1 in the state of
rest and XP1(t) is the displacement of platform P1 from the
position of equilibrium. Similarly, the coordinate of platform
P2 is xP2(t) = L + lP2 + XP2(t) with lP2 , XP2 ¿ L, where
lP2 is the distance between mirror b and platform P2 in the
state of rest and XP2(t) is the displacement from the position
of equilibrium.

of the input wave and the vacuum-state wave from x = 0
and x = L correspondingly.

It is convenient to represent the optical field inside the
cavity as a sum of two waves, A+(x, t) and A−(x, t), run-
ning in the opposite directions:

A±(x, t) =A±0

[
1 + g±(x, t)

]
e−i(ω1t∓k1x)

+ a±(x, t)e−i(ω1t∓k1x). (7)

Phases of both the waves are counted from x = 0. Here
a±(x, t) describes the phase shift accumulated by the
light wave while circulating inside the cavity.

Output wave reflected from the cavity is:

Ar
out(x, t) =Ar

out0[1 + g−(x, t)
]
e−i(ω1t+k1x)

+ ar
out(x, t)e−i(ω1t+k1x), (8)

with its phase counted from x = 0. Quadrature compo-
nents (see Appendix A) of the reflected wave (of ar

out(x, t)
to be strict — see below) are assumed to be measured
with the left homodyne detector located on platform P1

(see Fig. 2) assembled of homodyne phase shifter Φ1,
beamsplitter BS1, two photodetectors PhD1,2 and sub-
tractor S1. The reference oscillation is produced by laser
L.
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Output wave transmitted through the cavity is:

At
out(x, t) =At

out0

[
1 + g+(x, t)

]
e−i

[
ω1t−k1(x−L)

]

+ at
out(x, t)e−i

[
ω1t−k1(x−L)

]
. (9)

with its phase counted from x = L. Quadratures of the
transmitted wave (of at

out(x, t) to be strict — see below)
are measured with the right homodyne detector assem-
bled of homodyne phase shifter Φ2, beamsplitter BS2,
two photodetectors PhD3,4 and subtractor S2. The ref-
erence oscillation is produced by laser L. We do not con-
sider the situation when reference oscillation is produced
by the additional laser synchronized with laser L and lo-
cated on the platform P2.

Below we assume that laser L, mirror M1 and left ho-
modyne detector are rigidly installed on a single platform
P1, i.e. all the elements on platform P1 do not move with
respect to each other. In addition, we assume all the dis-
tances between mirror a and all the elements on platform
P1 to be much smaller than the length of the cavity L.
We characterize all these distances with a single para-
meter lP1 . This assumption means that in the field of
a GW the local Lorentz reference frame of mirror a and
the one of platform P1 approximately coincide and there-
fore, according to formula (14a) (see below), platform P1

undergoes fluctuating motion only. The similar consid-
erations hold true for the mirror b and platform P2 with
lP2 ¿ L being the mean distance between the mirror and
the platform. Thus in the local Lorentz frame of mirror a
the second mirror and platform P2 undergo GW displace-
ment 1

2Lh(t) along with their fluctuating displacements
(see formula (14b) below).

The measurement scheme in Fig. 2 does not allow to
detect the additional GW-induced phase shift described
by the first term in formula (9) which corresponds to the
propagation of the optical-noiseless light wave in the GW
field in the absence of the cavity (i.e. in the limit R → 0).
At point x = xP2(t) ≈ L + 1

2Lh(t) the first summand
in formula (9) approximately equals to (neglecting the
fluctuations)

At
out0

[
1 + g+(xP2 , t)

]
e−i

[
ω1t−k1(xP2−L)

]

≈At
out0 exp

{
i
1
2

k1Lh(t) + iI
[
g+(L, t)

]}
e−iω1t.

Here we used formula (4) to write down the single-pass
GW-induced phase shift 1

2 k1Lh(t) + I
[
g+(L, t)

]
explic-

itly. However, the same GW-induced phase shift is also
presented in the phase of the reference oscillation — the
light wave produced by laser L traveling from mirror M1

through M2 to the right homodyne detector (see Fig. 2).
Ultimately, both the phases of the transmitted wave and
of the reference oscillation are completely subtracted in
the homodyne measurement (see details in Appendix B).

Obviously, in order the first term in formula (9) to
be measurable, one should change the detection scheme
on platform P2 in such a way that the local oscillator
(additional laser perfectly synchronized with laser L on

platform P1) for the transmitted wave would be placed
on platform P2. In this case the reference oscillation
does not acquire the additional GW-induced phase and
therefore, the first term in formula (9) does not vanish
in the balanced homodyne detection. Remind, that in
this paper we do not consider the configuration of detec-
tion scheme for a single-pumped FP cavity with the local
oscillator placed on platform P2

Therefore, the measurable quantities in our case are
the quadrature components of ar

out and at
out. Com-

plex amplitudes (operators to be strict) ar
out(x, t) and

at
out(x, t) are the unknown functions of their arguments

which are obtained as the solutions of the corresponding
boundary problem for a FP cavity (see below). Obvi-
ously, they should vanish in the limit R → 0 (see formu-
las (11a, 11b) below), i.e. in the absence of the cavity,
if ain = avac ≡ 0. Therefore, below we call functions
ar,t
out(x, t) or ar,t

out(ω1 + Ω) the cavity response (or out-
put) signals, meaning that they describe the influence of
a FP cavity on the light propagation. The first terms in
formulas (8) and (9) thus correspond to the “no-cavity”
case and are not interested for us: our detection scheme
is constructed in such a way that these terms become
unmeasurable.

Note that we do not require the platforms P1,2 to be
ideally inertial bodies: the information about displace-
ment noise of platform P1 is equivalent to laser noise
which can be further canceled and displacement noise
of platform P2 is eliminated by the balanced homodyne
detection schemes in full similarity with the cancelation
of the (single-pass) GW-induced phase shift as discussed
above (see Appendix B).

D. Response signals of a Fabry-Perot cavity

To obtain the response functions of a Fabry-Perot cav-
ity we substitute fields (5 – 9) into the set of bound-
ary conditions (conditions of the electric field continuity
along the surfaces of the mirrors) [37, 53]:

A+(xa, t) = TAin(xa, t)−RA−(xa, t), (10a)
Ar

out(xa, t) = RAin(xa, t) + TA−(xa, t), (10b)
A−(xb, t) = TAvac(xb, t)−RA+(xb, t), (10c)

At
out(xb, t) = RAvac(xb, t) + TA+(xb, t). (10d)

This set of equations is accurate up to the zeroth order
of Ω/ω1 since it does not take into account the relativis-
tic terms proportional to Ẋa,b/c [37]. The solution of
this set is obtained in Appendix C using the method of
successive approximations. Since we do not consider the
effect of parametric excitation of the additional optical
modes under the influence of the GW [37], it will be con-
venient to introduce the detuning δ1 = ω1−πn0/τ , where
n0 is integer, even (for simplicity) and fixed. Then the
solution of the first order takes the following form (all
spectral arguments are omitted):
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ar
out =

R−Re2i(δ1+Ω)τ

1−R2e2i(δ1+Ω)τ
ain +

T 2ei(δ1+Ω)τ

1−R2e2i(δ1+Ω)τ
avac − RT 2Ain0e

2iδ1τ

1−R2e2iδ1τ
i
2k1(Xbe

iΩτ − σXa) + δΨgw+emw

1−R2e2i(δ1+Ω)τ
, (11a)

at
out =

T 2ei(δ1+Ω)τ

1−R2e2i(δ1+Ω)τ
ain +

R−Re2i(δ1+Ω)τ

1−R2e2i(δ1+Ω)τ
avac +

R2T 2Ain0e
3iδ1τ

1−R2e2iδ1τ
i
2k1(Xbe

iΩτ −Xa) + δΨgw+emw

1−R2e2i(δ1+Ω)τ
eiΩτ . (11b)

Here τ = L/c. Phase shift

δΨgw+emw(Ω) = −ik1Lh(Ω)
(

1− sinΩτ

Ωτ

)
, (12)

calculated in the approximation Ω/ω1 ¿ 1, describes
the direct coupling of the gravitational wave to the light
wave, and factor

σ1(Ω) = e−2iδ1τ/T 2

×
[
1−R2e2iδ1τ −R2e2i(δ1+Ω)τ + R2e2i(2δ1+Ω)τ

]
,

describes the difference between ar
out and at

out of the de-
tuned cavity, playing the key role in our further consid-
eration. In the resonant regime (δ = 0) we have σ1 = 1
and at

out = Rar
oute

iΩτ or at
out(t) = Rar

out(t − τ) in time
domain. Thus it is convenient to rewrite factor σ1 as a
sum 1 + ∆σ1, where:

∆σ1 =
(
1− e2iδ1τ

) T 2
δ1+Ω

T 2
e−2iδ1τ , (13)

(see notation for T 2
δ1+Ω below) is the measure of the asym-

metry between the output signals.
Now we split the displacements Xa,b into geodesic and

fluctuating. We denote the latter with ξa,b. In the local
Lorentz frame of mirror a the latter falls freely in the
GW field and

Xa(t) = 0 + ξa(t), (14a)

Xb(t) =
1
2

Lh(t) + ξb(t). (14b)

These formulas are strict for any separation between the
mirrors [36, 37]. Note that the GW function h(t) is in-
cluded in the law of motion of only the single test mass,
not the both. Substituting these formulas into the cavity
response signals (11b, 11a) we rewrite them in terms of
the GW signal

ξgw(Ω) =
1
2

Lh(Ω)
sinΩτ

Ωτ
,

and fluctuating displacements ξa,b:

ar
out = R1ain + T1avac

− RT 2Ain0e
2iδ1τ

T 2
δ1
T 2

δ1+Ω

2ik1

[
ξbe

iΩτ − σ1ξa + ξgweiΩτ
]
, (15a)

at
out = T1ain +R1avac

+
R2T 2Ain0e

3iδ1τ

T 2
δ1
T 2

δ1+Ω

2ik1

[
ξbe

iΩτ − ξa + ξgweiΩτ
]
eiΩτ .

(15b)

The following notations have been introduced above:

T 2
δ1

= 1−R2e2iδ1τ , T 2
δ1+Ω = 1−R2e2i(δ1+Ω)τ ,

R1 =
R−Re2i(δ1+Ω)τ

1−R2e2i(δ1+Ω)τ
, T1 =

T 2ei(δ1+Ω)τ

1−R2e2i(δ1+Ω)τ
,

having the following physical meaning: 1/T 2
δ1

describes
the resonant amplification of the input amplitude Ain0

inside the cavity, 1/T 2
δ1+Ω describes the frequency-

dependent resonant amplification of the variation a± of
the circulating light wave, R1 and T1 are the generalized
coefficients of reflection (from a FP cavity) and transmis-
sion (through a FP cavity).

III. DOUBLE-PUMPED FABRY-PEROT
CAVITY

A. Response signals of a double-pumped
Fabry-Perot cavity

Let a single Fabry-Perot cavity be pumped through
both of its mirrors (see Fig. 3). We assume the pump
wave through mirror a to have amplitude A, detuning δ1

(carrier frequency ω1), polarization in the plane of inci-
dence and denote it with Ain; the pump wave through
mirror b is assumed to have amplitude B, detuning δ2

(carrier frequency ω2), polarization orthogonal to the
plane of incidence and is denoted with Bin. Correspond-
ing vacuum pumps through mirrors b and a are denoted
with Avac and Bvac.

The response functions corresponding to the pump
through mirror b are straightforwardly obtained from
functions (15a, 15b) replacing δ1 → δ2, ξa → −ξb,
ξb → −ξa and keeping the GW term unchanged due to
the symmetry of the problem (plane GW wavefront). For
convenience we gather signals in all the four output ports
of the DPFP cavity omitting spectral arguments and tak-
ing into account the relation k1 ≈ k2 ≡ k0 valid for the
corresponding carrier frequencies ω1 and ω2 lying within
the same resonance curve:

ar
out = R1ain + T1avac

− RT 2Ae2iδ1τ

T 2
δ1
T 2

δ1+Ω

2ik0

[
(ξb + ξgw)eiΩτ − σ1ξa

]
, (16a)
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Ain 

Ar
out 

a 

At
out Bt

out 
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out 

b 
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Bvac Avac 

FIG. 3: Fabry-Perot cavity pumped through both of its mir-
rors (a DPFP cavity). The pump wave through mirror a is
denoted with Ain and is assumed to be polarized in the plane
of incidence. The pump wave through mirror b is denoted with
Bin and is assumed to be polarized normally to the plane of
incidence. Corresponding vacuum pumps are Avac and Bvac.
Output ports are Ar,t

out and Br,t
out.

at
out = T1ain +R1avac

+
R2T 2Ae3iδ1τ

T 2
δ1
T 2

δ1+Ω

2ik0

[
(ξb + ξgw)e2iΩτ − ξaeiΩτ

]
, (16b)

br
out = R2bin + T2bvac

− RT 2Be2iδ2τ

T 2
δ2
T 2

δ2+Ω

2ik0

[
(−ξa + ξgw)eiΩτ + σ2ξb

]
, (16c)

bt
out = T2bin +R2bvac

+
R2T 2Be3iδ2τ

T 2
δ2
T 2

δ2+Ω

2ik0

[
(−ξa + ξgw)e2iΩτ + ξbe

iΩτ
]
.

(16d)

Here quantities R, T , T 2
δ and T 2

δ+Ω with the subscripts
“1” and “2” are evaluated for detunings δ1 and δ2 cor-
respondingly. Note that in the pair of signals ar,t

out the
GW term ξgw enters the expression together with ξb, but
noth with both the ξa and ξb. The similar statement can
be made about the pair br,t

out with corresponding replace-
ments.

The quadrature components of field amplitudes (16c)
and (16d) can be detected in a way similar to the case of
a single-pumped FP cavity (corresponding to field ampli-
tudes (16a) and (16b)). The emission-detection scheme
of a DPFP cavity will require the second laser to produce
the second pump and two more homodyne detectors to
measure the output signals corresponding to the second
pump. The explicit analysis performed in Appendix B
remains valid.

B. Cancelation of displacement noise

1. Field amplitudes

For the methodological purposes we will first demon-
strate the noise cancelation from the combination of field

amplitudes (16a – 16d). Though it is obvious and enough
from the theoretical point of view, such a consideration is
surely insufficient for the experimental purposes, because
we can only detect quadrature components of the fields,
not the complex field amplitudes themselves.

Anyway, let us assume that the response signals (16a
– 16d) have been somehow measured and stored in the
computer memory. In three steps we can exclude the in-
formation about the fluctuating displacements ξa,b from
the obtained data.

First, we cancel the information about ξa from the first
pair of signals ar,t

out. Multiplying ar
out on Rei(δ1+Ω)τ and

adding it to σ1a
t
out we obtain:

s1 = Rei(δ1+Ω)τar
out + σ1a

t
out

= sfl
1 +

R2T 2Ae3iδ1τ

T 2
δ1
T 2

δ1+Ω

2ik0∆σ1(ξb + ξgw)e2iΩτ

= sfl
1 + R2eiδ1τ

(
1− e2iδ1τ

) A
T 2

δ1

2ik0(ξb + ξgw)e2iΩτ ,

(17)

sfl
1 = aine−i(δ1−Ω)τ

+
R

T 2

[
e2iΩτ (e2iδ1τ − 1) + T 2

δ1
e−2iδ1τ

]
avac.

Second, we cancel the information about −ξa + ξgw

from the second pair of signals br,t
out. Multiplying br

out on
Rei(δ2+Ω)τ and adding it to bt

out we obtain:

s2 = Rei(δ2+Ω)τ br
out + bt

out

= sfl
2 −

R2T 2Be3iδ2τ

T 2
δ2
T 2

δ2+Ω

2ik0∆σ2ξbe
iΩτ

= sfl
2 −R2eiδ2τ

(
1− e2iδ2τ

) B
T 2

δ2

2ik0ξbe
iΩτ , (18)

sfl
2 = binei(δ2+Ω)τ + Rbvac.

To perform the last step we need to introduce the re-
lation between A and B. It is convenient (but not nec-
essary) to assume A/T 2

δ1
= B/T 2

δ2
. Then we cancel the

information about ξb from the pair of signals s1,2:

s = s1 +
eiδ1τ

(
1− e2iδ1τ

)

eiδ2τ
(
1− e2iδ2τ

) s2e
iΩτ

= sfl +
R2T 2Ae3iδ1τ

T 2
δ1
T 2

δ1+Ω

2ik0∆σ1ξgwe2iΩτ

= sfl + R2eiδ1τ
(
1− e2iδ1τ

) A
T 2

δ1

2ik0ξgwe2iΩτ , (19)

sfl = aine−i(δ1−Ω)τ +
1− e2iδ1τ

1− e2iδ2τ
binei(δ1+2Ω)τ

+
R

T 2

[
e2iΩτ

(
e2iδ1τ − 1

)
+ T 2

δ1
e−2iδ1τ

]
avac

+
eiδ1τ

(
1− e2iδ1τ

)

eiδ2τ
(
1− e2iδ2τ

) Rbvace
iΩτ .
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The total signal s does not contain any information about
displacement noise of the test masses and will be called
below the DFI response signal.

For the ground-based detectors with the spacial scale
L of several kilometers the most important is the low-
frequency response, i.e. the limit ΩL/c ¿ 1. We will
analyze two special cases.

In the simplest case of equal pumps we have A = B
and δ1 = δ2. Then in the narrow-band approximation
(T 2 = 2γτ ¿ 1, δ1,2τ ¿ 1, where γ is the cavity half-
bandwidth):

s|δ2=δ1 ≈ ain +bin +avac +bvac− iδ1

γ − iδ1
A 2ik0Lh. (20)

Remind [42–46], that due to the significant amplifica-
tion of the input laser power inside the FP cavity test
masses are subjected to the force of radiation pressure.
It is known that the sign of the induced ponderomo-
tive rigidity depends on the signs of detunings δ1 and
δ2. Therefore, in order to cancel the effects of radiation
pressure we should consider the pumps with opposite de-
tunings δ2 = −δ1. In this case both the pumps create
ponderomotive rigidities with opposite signs and the to-
tal rigidity vanishes. The DFI signal in this case is:

s|δ2=−δ1 ≈ ain−bin+avac−bvac− iδ1

γ − iδ1
A 2ik0Lh. (21)

Obviously, in the previous case of equal detunings to-
tal ponderomotive rigidity does not vanish and, strictly
speaking, the effects of radiation pressure in the DPFP
cavity require detailed analysis [51]. One may expect fur-
ther amplification of the DFI response signal due to the
optomechanical resonance (see Sec. IV).

From the formulas (20) and (21) we conclude that the
signal-to-noise ratio of the DPFP cavity operating as the
displacement-noise-free detector is of the same order as
for the configuration with two test masses and only one
round trip of light between them (i.e. without the reso-
nant gain).

2. Quadratures

In a real experiment we can only detect the quadra-
ture components of the fields. Once detected, they can
be stored in the computer memory for later process-
ing. Therefore, we propose the following scheme of
the displacement-noise-free measurement: first, we de-
tect and memorize the quadratures (cosine or sine) of
the four output signals; second, we manually, i.e. with
a computer, construct the proper linear combination of
the quadratures which does not contain the displacement
noise.

Here we consider the case of the cosine quadratures
being measured (see Appendix B for the details of mea-
surement scheme). We denote the Fourier image of the

cosine quadrature corresponding to the optical field am-
plitude a(ω0 + Ω) as a(Ω)(see Appendix A):

a(Ω) =
a(ω0 + Ω) + a†(ω0 − Ω)√

2
,

Without the loss of generality we assume that A/T 2
δ1

=
B/T 2

δ2
and both are pure real; this assumption signifi-

cantly simplifies all the calculations and can be easily
realized in practice by special choice of amplitudes and
phases of A and B. Then the cosine quadratures corre-
sponding to the fields (16a – 16d) are:

ar
out =

R1ain +R∗1−a†in−√
2

+
T1avac + T ∗1−a†vac−√

2

+
A
T 2

δ1

√
2ik0

[
α1(ξb + ξgw)eiΩτ − β1ξa

]
,

at
out =

T1ain + T ∗1−a†in−√
2

+
R1avac +R∗1−a†vac−√

2

+
A
T 2

δ1

√
2ik0

[
γ1(ξb + ξgw)e2iΩτ − γ1ξaeiΩτ

]
,

br
out =

R2bin +R∗2−b†in−√
2

+
T2bvac + T ∗2−b†vac−√

2

+
B
T 2

δ2

√
2ik0

[
α2(−ξa + ξgw)eiΩτ + β2ξb

]
,

bt
out =

T2bin + T ∗2−b†in−√
2

+
R2bvac +R∗2−b†vac−√

2

+
B
T 2

δ2

√
2ik0

[
γ2(−ξa + ξgw)e2iΩτ + γ2ξbe

iΩτ
]
,

where

αj(Ω) =− RT 2

Tj
2i sin 2δjτ,

βj(Ω) =
R3

Tj
2i sin 2δjτ

(
1− 2e2iΩτ cos 2δjτ + R2e4iΩτ

)
,

γj(Ω) =
R2T 2

Tj
2i

(
sin 3δjτ −R2e2iΩτ sin δjτ

)
,

Tj(Ω) =T 2
δj+Ω

(T 2
δj−Ω

)∗
.

and R∗j− = R∗j (−Ω), T ∗j− = T ∗j (−Ω) for j = 1, 2 and
a†− = a†(ωj − Ω). Now we perform the three-steps algo-
rithm in order to cancel the displacement noise:

s1 = ar
oute

iΩτ − (β1/γ1)at
out

= sfl
1 +

A
T 2

δ1

√
2ik0(α1 − β1)(ξb + ξgw)e2iΩτ ,

s2 = br
oute

iΩτ − (α2/γ2)bt
out

= sfl
2 −

B
T 2

δ2

√
2ik0(α2 − β2)ξbe

iΩτ ,

s = s1 +
α1 − β1

α2 − β2
s2e

iΩτ
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= sfl +
A
T 2

δ1

√
2ik0(α1 − β1)ξgwe2iΩτ ,

where α1−β1 = −2iR sin 2δ1τ . Obviously, the difference
α1 − β1 plays the key role: the larger it is, the larger
is the DFI signal. In narrow-band and low-frequency
approximations α1 − β1 ≈ −4iδ1τ and

s ≈ sfl +
δ1

γ − iδ1
A
√

2k0Lh, (22)

with Aδ/(γ − iδ) ∈ R.
Terms sfl

1 , sfl
2 and sfl correspond to the optical shot

noise and have a complicated dependence on δ1, δ2 and
Ω in general case; they can be calculated explicitly in the
most interesting case of narrow-band and low-frequency
approximations when αi ≈ βi ≈ −γi and Ri + Ti ≈ 1:

sfl
1 ≈

(R1 + T1)(ain + avac)√
2

+
(R∗1− + T ∗1−)(a†in− + a†vac−)√

2
≈ ain + avac,

sfl
2 ≈

(R2 + T2)(bin + bvac)√
2

+
(R∗2− + T ∗2−)(b†in− + b†vac−)√

2
≈ bin + bvac.

Remind that ain = (ain + a†in−)/
√

2 and so on.
In the case of equal detunings (δ2 = δ1) we have α2 =

α1 and β2 = β1. Therefore, sfl = sfl
1 + sfl

2 and

s|δ2=δ1 ≈ ain + bin + avac + bvac +
δ1

γ − iδ1
A
√

2k0Lh.

In the case of opposite detunings (δ2 = −δ1) we have
α2 = −α1 and β2 = −β1. Therefore, sfl = sfl

1 − sfl
2 and

s|δ2=−δ1 ≈ ain − bin + avac − bvac +
δ1

γ − iδ1
A
√

2k0Lh.

Note that in the case of the sine quadratures the GW-
term in the sine DFI response signal is δ1τ times weaker
than the one in signal (22). However, for completeness
we present detailed calculations for the sine quadratures
in Appendix D.

IV. DISCUSSION

A. Physical mechanism of noise cancelation

Due to the (weak) equivalence principle it is possible
to construct the local Lorentz frame for a test mass in
which the latter becomes free-falling and hence does not
sense the gravitational wave. In our case we constructed
such a reference frame for mirror a (in the case of pump
through that mirror) and thus isolated it from the in-
fluence of a GW (see formulas (14a, 14b)). This in turn

allowed us to separate the GW signal ξgw from the fluctu-
ating displacement ξa of that mirror (see formulas (16a,
16b)). In the case of pump through mirror b the situation
is similar: we work in the local Lorentz frame of this mir-
ror and separate the GW signal ξgw from its fluctuating
displacement ξb (see formulas (16c, 16d)).

The separation of the GW signal from fluctuating dis-
placements can also be interpreted in the following way.
In the transverse-traceless (TT) gauge the space-time of
GW manifests itself as the medium with effective refrac-
tion index; during one round trip in this medium along
the interferometer arm the light wave accumulates phase
shift equal to 2k0ξgw(Ω) in spectral domain. Obviously,
in this description the effective optical properties of the
medium (distributed effect) are independent of the fluc-
tuations of the test masses (localized effect) and should
enter the response signals separately.

Note that this feature does not hold true if the test
masses move in the force-field not obeying the equiva-
lence principle (GW is absent). Let us assume we want
to perform the displacement-noise-free measurement of
that force with the DPFP cavity using the algorithm de-
scribed in Sec. III B. In this case we are no longer able
to construct the locally inertial reference frame for any
of the test masses and are forced to work in the labo-
ratory frame. Let for definiteness consider the external
non-gravitational force F(t) acting on mirror b along the
x-axis. We denote the corresponding displacement of the
mirror as ξF . Then, neglecting all the unnecessary terms,
we would obtain from formulas (16a – 16d) in the sim-
plest case of equal pumps:

ar
out ∼(ξb + ξF )eiΩτ − σξa,

at
out ∼(ξb + ξF )e2iΩτ − ξaeiΩτ ,

br
out ∼− ξaeiΩτ + σ(ξb + ξF ),

bt
out ∼− ξae2iΩτ + (ξb + ξF )eiΩτ .

Note that the force-induced displacement ξF cannot be
separated from ξb in all the output signals. It is straight-
forward to verify now that performing the three steps
similar to (17 – 19) to cancel fluctuations ξa,b we would
come to s ≡ 0.

The same holds true for the force of interaction be-
tween the mirrors, i.e. F(t) = F(|xa − xb|, t). In this
case, assuming equal masses of the mirrors:

ar
out ∼(ξb + ξF )eiΩτ − σ(ξa − ξF ),

at
out ∼(ξb + ξF )e2iΩτ − (ξa − ξF )eiΩτ ,

br
out ∼(−ξa + ξF )eiΩτ + σ(ξb + ξF ),

bt
out ∼(−ξa + ξF )e2iΩτ + (ξb + ξF )eiΩτ ,

and again after cancelation of displacement noise we
come to s ≡ 0.

Therefore, we conclude that in our case one of the key
roles in isolation of the GW signal from displacement
noise is played by the equivalence principle in terms of
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the LL gauge or by the distributed nature of GWs in
terms of the TT gauge.

Furthermore, the proportionality of the DFI signal (19)
to the detuning from resonance 1−e2iδ1τ implies that no
cancelation of noise is possible at resonance. The reason
for this is the following. It is straightforward to verify
using formulas (15a, 15b) that in the resonant regime
(δ1 = 0, ∆σ1 = 0) the response signals (neglecting the
optical noise terms) of a FP cavity obey the relation
at
out = Rar

oute
iΩτ or at

out(t) = Rar
out(t−τ) and therefore,

carry equal amount of information about the GW signal
and displacement noise. Thus we cannot cancel any fluc-
tuating coordinate using their linear combination since it
erases the information about all the N ≈ 1/(2γτ) photon
round trips inside the cavity (see formula (17)).

Signals ar
out and at

out (and similar br,t
out) become dif-

ferent only in the non-resonant regime with the differ-
ence described by factor ∆σ1 (∆σ2 for br,t

out). Then their
proper linear combination partially cancels the informa-
tion about N photon round trips, leaving a non-vanishing
part proportional to ∆σ1 (∆σ2 for br,t

out). Therefore, an-
other key role in the cancelation of displacement noise
is played by the asymmetry between the reflection and
transmission ports of the detuned cavity.

The loss of the information about round trips results
in the loss of the optical resonant gain described by the
1/T 2

ω0+Ω-multiplier. That is the “payment” for isolation
of the GW signal from displacement noise in our case.

Note also that the direct coupling of the GW to the
light wave in the LL gauge, i.e. phase shift (12), plays no
role in our noise-cancelation scheme: it could be omit-
ted from the beginning since the leading order effect is
h(L/λgw)0. In other words, the notion of the GW in all
the presented considerations can be approximated with
the corresponding tidal force-field. In terms of the TT
gauge this means that the difference between the local-
ized nature of displacement noise and the distributed na-
ture of GWs is utilized in a DPFP cavity in another
way compared to the DFIs in Refs. [27–29]. Namely,
Y. Chen’s et al. noise-cancelation schemes utilize the
h(L/λgw)n-terms with n ≥ 2 which are the measure of
the asymmetry between the GWs and the external forces,
while our algorithm utilizes the asymmetry between the
output ports of the cavity (with the measure of the asym-
metry |∆σ| ≈ δτ) and hence does not rely on the cancela-
tion of the h(L/λgw)0-term. The difference between the
GWs and the external forces in our case plays the role of
the necessary condition of obtaining of a non-trivial re-
sult after performing the noise-cancelation algorithm (see
discussion of the displacement-noise-free measurement of
an external force above).

B. DPFP cavity compared to Mach-Zehnder-based
DFIs and conventional interferometers

Let us compare the DPFP cavity with the Mach-
Zehnder-based DFIs proposed in Ref. [29] in the most

important, low-frequency, part of the spectrum. We as-
sume that the laser noise is somehow canceled in a DPFP
cavity (see Sec. IVC).

According to formulas (20, 21) for γ ∼ δ the GW re-
sponse function has the numerical multiplier iδ/(γ − iδ)
of the order of unity. This can be compared to the (Ωτ)3-
limited sensitivity of the two-dimensional double-Mach-
Zehnder topology. For Ω/2π ≈ 100 Hz and τ = L/c ≈
10−5 s we have (Ωτ)3 ∼ 2× 10−7. However, the level of
shot noise is approximately identical for both the DPFP
and MZ topologies. Therefore, the signal-to-noise ratio
of the DPFP cavity is far better than that of the MZ
configurations. The difference in their sensitivities arises
due to the different mechanisms of displacement noise
cancelation as discussed above.

Note that from the point of view of the shot noise-
limited sensitivity the DPFP cavity is no better or worse
than a simple one-round-trip detector.

In conventional LIGO (Michelson/Fabry-Perot) topol-
ogy optical cavities are utilized to accumulate the low-
frequency signals with the corresponding resonant gain
having the order of (γτ)−1, where γ is the cavity half-
bandwidth. For γ/2π ≈ Ω/2π ≈ 100 Hz and τ = L/c ≈
10−5 we have (γτ)−1 ∼ 102. However, the level of shot
noise is still approximately equal to the one of the DPFP
cavity. Therefore, the latter is ∼ 102 times worse in the
shot noise-limited sensitivity than current (and planned)
GW detectors. Nevertheless, the main feature making
the DPFP cavity a promising candidate for the 3rd gen-
eration prototypes is the invulnerability to the Standard
Quantum Limit since radiation pressure noise, respon-
sible for back-action noise, is canceled. In addition, it
allows the significant extension of the frequency band of
the Earth-based detectors: beginning from ∼ 50 Hz cur-
rent detectors are limited by seismic and gravity-gradient
noise (the so-called seismic wall), while the displacement-
noise-free detectors will be free from this limitation.

C. Further prospects: cancelation of laser noise
and radiation pressure effects

In practice laser noise dominates over vacuum shot
noise. In addition, as pointed out in Ref. [28], laser noise
is indistinguishable from displacement noise. There-
fore, in order to perform a complete displacement-noise-
free GW detection we should somehow eliminate the
laser noise. Several obvious DPFP-based laser-noise-
cancelation schemes can be proposed [51]: (i) with a sin-
gle DPFP cavity where both the pumps are generated
with a single laser and one of the pumps is redirected
towards mirror b via additional optical path, (ii) with a
pair of parallel and closely located DPFP cavities hav-
ing different bandwidths and/or detunings, (iii) modifi-
cation of the conventional LIGO Michelson/Fabry-Perot
topology, etc. However, the major drawback of all such
schemes is the significant amount of the additional op-
tical elements such as beamsplitters and mirrors which
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are utilized to split and redirect laser beams. These el-
ements introduce the additional displacement noise with
the magnitude compared to the GW signal k0Lh. In
conventional interferometers (such as LIGO) this addi-
tional noise is negligible compared to the (FP cavity)
finesse times amplified GW signal (and mirrors displace-
ment noise), while the DPFP cavity operating in the DFI
regime effectively “loses” the resonant gain as discussed
in Sec. IV A. Therefore, the problem of additional dis-
placement noise requires a separate detailed analysis and
it may turn out that it will be highly suppressed after
performing the noise-cancelation algorithm described in
Sec. III B.

The related problem is the construction of the ex-
perimentally viable and most practical measurement
schemes. In particular, in this paper we assumed all the
optical elements (mirrors, beamsplitters, photodetectors)
on platforms P1 and P2 to be noiseless (i.e. rigidly in-
stalled). In practice this assumption may be hard to jus-
tify and thus requires further intensive study. Moreover,
the implementation of the scheme for detecting the trans-
mitted waves (considered in this paper) with the local os-
cillator and the homodyne detector located on different
platforms (such as in Fig. 2), separated by a kilometer-
scale distance, can be complicated in practice. Thus the
configuration with the co-located local oscillator and the
homodyne detector requires a separate analysis.

Furthermore, in this paper we have deliberately ig-
nored the role of radiation pressure effects emerging in
the non-resonant FP cavity. According to the analysis
performed in Ref. [37], the motion of test mass m under
the influence of weak external force F (t) in the field of
weak plane gravitational wave h(t) will obey the follow-
ing equation of motion in the first order:

m

[
d2X

dt2
− 1

2
Lḧ(t)

]
= F (t)

If F (t) is the ponderomotive part of the radiation pres-
sure force [42–46] having the Fourier image F (Ω) =
−K(Ω)X(Ω), where K(Ω) is the coefficient of optical
rigidity [37], then we come to the following law of motion
(in long-wave approximation Ωτ ¿ 1):

X(Ω) =
mΩ2

mΩ2 −K(Ω)
1
2

Lh(Ω).

Assume now that in a detuned FP cavity with both
movable mirrors ponderomotive force equals to F =
−K(Xb − Xa) (this assumption must be carefully ver-
ified). Then taking into account formulas (14a, 14b) we
should replace in response signals (16a – 16d)

ξgw → mΩ2

mΩ2 −K(Ω)
ξgw.

At certain frequencies one can achieve the condition of
optomechanical resonance mΩ2−R(K) = 0 [47–50], thus
further amplifying the displacement-noise-free response

of the DPFP cavity. It should be stressed, however,
that the radiation pressure effects also require a separate
analysis [51].

V. CONCLUSION

In this paper we have analyzed the operation of a
Fabry-Perot cavity pumped through both the mirrors
(a DPFP cavity) performing the displacement-noise-free
gravitational-wave detection. We have demonstrated
that due to the asymmetry between the reflection and
transmission output ports of the detuned cavity it is pos-
sible to construct such a linear combination of four re-
sponse signals which cancels displacement fluctuations of
the test masses. At low frequencies the signal-to-noise
ratio of the shot noise-limited DPFP cavity turns out to
be far better than that of the Mach-Zehnder-based DFIs
proposed by Y. Chen et al. due to the different mecha-
nisms of noise-cancelation.

The performed analysis suggests that the DPFP cavity
can be considered a promising candidate for the 3rd gen-
eration detector prototype: it allows the significant ex-
tension of the frequency band of the ground-based detec-
tors and by elimination of the back-action noise straight-
forwardly avoids the standard quantum limitation.

The problems of (i) constructing the DPFP-based
laser-noise-cancelation schemes and (ii) the radiation
pressure effects in a DPFP cavity require future inves-
tigation.
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APPENDIX A: QUANTIZED
ELECTROMAGNETIC WAVE

In this Appendix we introduce the notations for the
quantized field of electromagnetic wave which will be
used throughout the paper.

In quantum electrodynamics the operator of electric
field in Heisenberg picture is:

A(x, t) =
∫ ∞

0

√
2π~ω
Sc

a(ω)e−iω(t−x/c) dω

2π
+ h.c.,

where S is the effective cross section area of the laser
beam and a(ω) is the annihilation operator obeying the
commutation relations

[
a(ω), a(ω′)

]
= 0,

[
a(ω), a†(ω′)

]
= 2πδ(ω − ω′).
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It will be convenient now to introduce the carrier fre-
quency ω0: ω = ω0 + Ω, |Ω| ¿ ω0, and to rewrite the
field operator in the following way:

A(x, t) = e−i(ω0t−k0x)

×
∫ ∞

−ω0

√
2π~(ω0 + Ω)

Sc
a(ω0 + Ω)e−iΩ(t−x/c) dΩ

2π

+ h.c.,

where k0 = ω0/c. Now we split the annihilation operator
into two summands:

a(ω0 + Ω) = A0δ(0) + a′(ω0 + Ω).

For convenience we change notation a′ → a since we do
not need old a any further. Extending now the lower
limit of integration to −∞ (since |Ω| ¿ ω0), we finally
obtain the double-sided (from −∞ to +∞) expression for
the field operator:

A(x, t) =

√
2π~ω0

Sc
e−i(ω0t−k0x)

×
[
A0 +

∫ +∞

−∞
a(ω0 + Ω)e−iΩ(t−x/c) dΩ

2π

]

+ h.c. (A1)

In these notations electric field of the wave is represented
as a sum of (i) “strong” (classical) wave with amplitude
A0 and (carrier) frequency ω0 and (ii) “weak” wave de-
scribing the quantum fluctuations of the optical field with
its amplitude obeying the commutation relations:

[
a(ω0 + Ω), a(ω0 + Ω′)

]
= 0,[

a(ω0 + Ω), a†(ω0 + Ω′)
]

= 2πδ(Ω− Ω′).

The double-sided expression is the one most close to the
Fourier representation of the classical fields and will be
used throughout the paper. For convenience we omit the√

2π~ω0/Sc-multiplier in the main body of the paper
since it is the common multiplier in all the equations.

In Sec. III we deal with the quadrature components of
the wave which are introduced in the following way.

Formula (A1) can be rewritten as:

A(x, t) =

√
2π~ω0

Sc
e−i(ω0t−k0x)

×
{

A0 +
∫ ∞

0

[
aω0+Ωe−iΩ(t−x/c) + aω0−ΩeiΩ(t−x/c)

]dΩ
2π

}

+ h.c., (A2)

where aω0−Ω obeys the same commutation relation as
aω0+Ω:

[aω0+Ω, a†ω0+Ω′ ] = [aω0−Ω, a†ω0−Ω′ ] = 2πδ(Ω− Ω′).

Next we introduce the so-called correlated two-photon
modes with field operators [54, 55]

ac(Ω) =
aω0+Ω + a†ω0−Ω√

2
, as(Ω) =

aω0+Ω − a†ω0−Ω√
2i

,

with the only non-zero commutators

[ac, a
†
s′ ] = [ac′ , a

†
s ] = 2πiδ(Ω− Ω′),

where prime denotes the argument with Ω′. In terms of
these two-photon modes formula (A2) takes the form:

A(x, t) =

√
4π~ω0

Sc

[√
2A0 cos(ω0t− k0x)

+ ac(x, t) cos(ω0t− k0x)

+ as(x, t) sin(ω0t− k0x)
]
, (A3)

where operators

ac(x, t) =
∫ ∞

0

[
ac(Ω)e−iΩ(t−x/c) + a†c(Ω)eiΩ(t−x/c)

] dΩ
2π

,

(A4a)

as(x, t) =
∫ ∞

0

[
as(Ω)e−iΩ(t−x/c) + a†s(Ω)eiΩ(t−x/c)

] dΩ
2π

,

(A4b)

in the case A0 = 0 are called the cosine and sine quadra-
tures (or quadrature components) correspondingly.

We will also need the double-sided expressions of the
quadratures which are obtained from formulas (A4a),
A4b) and conditions ac,s(Ω) = a†c,s(−Ω):

ac(x, t) =
∫ +∞

−∞
ac(Ω)e−iΩ(t−x/c) dΩ

2π
,

as(x, t) =
∫ +∞

−∞
as(Ω)e−iΩ(t−x/c) dΩ

2π
.

APPENDIX B: SCHEME FOR MEASURING THE
RESPONSE SIGNALS

In this Appendix we analyze explicitly the measure-
ment of the quadrature components of the cavity re-
sponse signals ar and at (formulas (11a) and (11b) corre-
spondingly). In particular we will consider the case of the
transmitted output wave since it raises a greater amount
of problems rather than the reflected signal. With cor-
responding replacements the following analysis remains
valid for the case of a double-pumped FP cavity.

Assume that laser L pumps a FP cavity through mirror
a and transmitted wave At

out(x, t) is detected (see Figs.
1 and 2). Remind, that the measurement scheme assem-
bled on platform P2 is the absolutely rigid body. Let
us assume that the coordinate of platform P2 (its center
of mass for definiteness) is xP2 = L + lP2 + XP2 , with
lP2 , XP2 ¿ L. Here lP2 is the distance between mirror b
and the center of mass of platform P2 in the state of rest;
XP2 is the displacement of platform P2 from the position
of equilibrium. It is worth noting that displacement XP2 ,
apart from displacement fluctuation of the platform ξP2 ,
contains the GW signal due to the account of the tidal
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displacement 1
2Lh(t) in the LL gauge since lP2 ¿ L (see

formula (14b)).
Then according to formula (9) in the LL gauge we ob-

tain the following transmitted wave at point x = xP2 :

At
out(xP1 , t) = At

out0

[
1 + g+(L, t)

]
e−iω1t+ik1(lP2+XP2 )

+ at
out(L, t)e−iω1t+ik1(lP2+XP2 ), (B1)

with

At
out0 =

T 2eiω1τ

1−R2e2iω1τ
Ain0 ≈ Ain0e

iω1τ .

In order to measure the quadrature components of
at
out(L, t) we must perform a balanced homodyne de-

tection. To do this we need some reference oscillation
(a local oscillator, LO) with big amplitude and variable
phase. Such a reference oscillation can be produced by
the pump wave from laser L (with much greater ampli-
tude than the one of the wave incident on mirror a of
the cavity) passing through the phase shifter Φ2. Then
the reference oscillation at point x = xP2 according to
formula (5) is:

ALO(xP1 , t) = ALO0

[
1 + g+(L, t)

]
e−iω1t+ik1(lP2+XP2 )−iΘ

+ aLO(L, t)e−iω1t+ik1(lP2+XP2 )−iΘ, (B2)

where |ALO0| À |Ain0|, Θ = θ − ω1τ and θ is the phase
shift induced by the phase shifter Φ2.

This reference oscillation also allows us to take into
account the effect of localized redshift discussed in Ref.
[36]: if in the local Lorentz gauge the phase of the sig-
nal wave (transmitted wave in our case) is measured,
i.e. compared to the phase of the reference oscilla-
tion, at point x0 6= 0 then the reference oscillation
must be defined with respect to the local time t∗ =∫

dt
√
−g00(x0, t).

Note that in both the formulas (B1) and (B2) we
should have taken the fluctuating displacement XP1 of
platform P1 into account since the phase shift accumu-
lated by the light wave along the optical path M1M2 (see
Fig. 2) is proportional to |xP2 −xP1 | ≈ |L+XP2 −XP1 |.
However, displacement noise of platform P1 (and hence
of laser L) can be included in the definition of the op-
tical laser noise ain or aLO as the term proportional to
Ain0ik1XP1 or ALO0ik1XP1 correspondingly.

Let the beamsplitter BS2 have transmittance and
reflectivity both equal to 1/

√
2. Then photodetec-

tor PhD3 produces photocurrent J3 proportional to
|At

out(xP2 , t) + ALO(xP2 , t)|2/2 and photodetector PhD4

produces photocurrent J4 proportional to |At
out(xP2 , t)−

ALO(xP2 , t)|2/2. In an explicit form this can be written
as:

J3 ∝ 1
2

∣∣∣∣At
out0

[
1 + g+(L, t)

]
+ at

out(L, t)

+ ALO0e
−iΘ

[
1 + g+(L, t)

]
+ aLO(L, t)e−iΘ

∣∣∣∣
2

,

and

J4 ∝ 1
2

∣∣∣∣At
out0

[
1 + g+(L, t)

]
+ at

out(L, t)

−ALO0e
−iΘ

[
1 + g+(L, t)

]
− aLO(L, t)e−iΘ

∣∣∣∣
2

.

Here for simplicity we consider classical waves and com-
plex conjugates instead of Hermitian conjugates. Note
that both the fluctuating and GW displacements (ξP2

and 1
2Lh correspondingly) of platform P2 included in XP2

are canceled from both the currents.
It is straightforward to verify that the differential cur-

rent in subtractor S2 is:

∆J = J3 − J4

∼ 2
[
(At

out0)
∗aLOe−iΘ + At

out0(aLO)∗eiΘ
]

+ 2
[
(ALO0)∗eiΘat

out + ALO0e
−iΘ(at

out)
∗
]

+ 2
[
(At

out0)
∗ALO0e

−iΘ + At
out0(ALO0)∗eiΘ

]
(g+ + g∗+),

where for briefness we omitted the (L, t) arguments. Note
that due to the inequality |ALO0| À |Ain0| we have
|At

out0| ¿ |ALO0| and thus the first summand in ∆J can
be omitted. Moreover, due to formulas (3b, 3c)

g+(L, t) + g∗+(L, t)

=
∫ +∞

−∞

[
g+(L, ω0 + Ω) + g∗+(L, ω0 − Ω)

]
e−iΩt dΩ

2π
≡ 0,

and the third summand in ∆J vanish identically. As-
suming now ALO0 ∈ R we obtain the usual formula for
the homodyne current:

∆J ∼ 2ALO0

[
at
oute

iΘ + (at
out)

∗e−iΘ
]
.

In the case of measuring the reflected signal At
out(x, t)

all the formulas become simpler. In particular, if we mea-
sure the reflected signal at point x = xP1 ≈ 0 then the
g±-terms vanish from the beginning since g±(0, t) ≡ 0.

APPENDIX C: BOUNDARY CONDITIONS

In this Appendix we solve the set of equations (10a –
10d).

First we substitute fields (5 – 9) into this set and sep-
arate the zeroth and the first order sets.

The zeroth order set is:

A+0 = TAin0 −RA−0,

Ar
out0 = RAin0 + TA−0,

A−0 = −RA+0e
2iω1τ ,

At
out0 = TA+0e

iω1τ .
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Corresponding solution is:

A+0 =
T

1−R2e2iω1τ
Ain0,

A−0 = − RTe2iω1τ

1−R2e2iω1τ
Ain0,

At
out0 =

T 2eiω1τ

1−R2e2iω1τ
Ain0,

Ar
out0 =

R−Re2iω1τ

1−R2e2iω1τ
Ain0.

Amplitudes Ain0, A±0 and Ar
out0 are evaluated at point

x = 0 and amplitude At
out at point x = L.

The first order solution in spectral domain is:

a+ = Tain −Ra− + RA−02ik1Xa,

ar
out = Rain + Ta− + RAin02ik1Xa,

a− = Tavace
i(ω1+Ω)τ −Ra+e2i(ω1+Ω)τ

−RA+0e
2iω1τ

[
2ik1Xb + g+(L)− g−(L)

]
eiΩτ ,

at
out = Ravac + Ta+ei(ω1+Ω)τ .

Here ai = ai(ω1 + Ω), g±(x) = g±(x, ω1 + Ω) and
Xi = Xi(Ω). Spectral amplitudes ain, a± and ar

out are
evaluated at point x = 0 and amplitude at

out at point
x = L. The first order solution is:

a+ =
T

1−R2e2i(ω1+Ω)τ
ain − RTei(ω1+Ω)τ

1−R2e2i(ω1+Ω)τ
avac +

R2A+0e
2iω1τ

1−R2e2i(ω1+Ω)τ
i

[
2k1

(
Xbe

iΩτ −Xa

)
+ δΨgw+emw

]
,

a− = − RTe2i(ω1+Ω)τ

1−R2e2i(ω1+Ω)τ
ain +

Tei(ω1+Ω)τ

1−R2e2i(ω1+Ω)τ
avac +

A−0

1−R2e2i(ω1+Ω)τ
i

[
2k1

(
Xbe

iΩτ − ρ1Xa

)
+ δΨgw+emw

]
,

at
out =

T 2ei(ω1+Ω)τ

1−R2e2i(ω1+Ω)τ
ain +

R−Re2i(ω1+Ω)τ

1−R2e2i(ω1+Ω)τ
avac +

R2At
in0e

2iω1τ

1−R2e2i(ω1+Ω)τ
i

[
2k1

(
Xbe

iΩτ −Xa

)
+ δΨgw+emw

]
eiΩτ ,

ar
out =

R−Re2i(ω1+Ω)τ

1−R2e2i(ω1+Ω)τ
ain +

T 2ei(ω1+Ω)τ

1−R2e2i(ω1+Ω)τ
avac +

TA−0

1−R2e2i(ω1+Ω)τ
i

[
2k1

(
Xbe

iΩτ − σ1Xa

)
+ δΨgw+emw

]
,

where ρ1(Ω) = R2e2i(ω1+Ω)τ and δΨgw+emw =
2k1

[
g+(L)− g−(L)

]
eiΩτ . Factor σ1 is introduced in Sec.

II.

APPENDIX D: SINE QUADRATURE

In this Appendix we calculate explicitly the DFI re-
sponse signal in the case of measurement of the sine
quadratures.

The Fourier image of the sine quadrature a correspond-
ing to the field amplitude a(ω0 +Ω) is (see Appendix A):

a(Ω) =
a(ω0 + Ω)− a†(ω0 − Ω)√

2i
.

We will keep the same Gothic notations for the cosine and
sine quadratures in order not to introduce a huge amount
of new notations. Assuming again A/T 2

δ1
= B/T 2

δ2
∈ R

we obtain:

ar
out =

R1ain −R∗1−a†in−√
2i

+
T1avac − T ∗1−a†vac−√

2i

+
A
T 2

δ1

√
2ik0

[
µ1(ξb + ξgw)eiΩτ − ν1ξa

]
,

at
out =

T1ain − T ∗1−a†in−√
2i

+
R1avac −R∗1−a†vac−√

2i

+
A
T 2

δ1

√
2ik0

[
η1(ξb + ξgw)e2iΩτ − η1ξaeiΩτ

]
,

br
out =

R2bin −R∗2−b†in−√
2i

+
T2bvac − T ∗2−b†vac−√

2i

+
B
T 2

δ2

√
2ik0

[
µ2(−ξa + ξgw)eiΩτ + ν2ξb

]
,

bt
out =

T2bin − T ∗2−b†in−√
2i

+
R2bvac −R∗2−b†vac−√

2i

+
B
T 2

δ2

√
2ik0

[
η2(−ξa + ξgw)e2iΩτ + η2ξbe

iΩτ
]
,

where

µj(Ω) = −RT 2

iTj
2
(
cos 2δjτ −R2e2iΩτ

)
,

νj(Ω) = − R

iTj

[
2
(
1 + R4e2iΩτ + R4e4iΩτ

)

− 2R2 cos 2δjτ
(
1 + 2e2iΩτ + R2e4iΩτ

)

+ 2R2e2iΩτ cos 4δjτ
]
,
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ηj(Ω) =
R2T 2

iTj
2
(
cos 3δjτ −R2e2iΩτ cos δjτ

)
.

Performing the three-steps noise-cancelation algorithm
we obtain the following DFI response signal:

s = sfl +
A
T 2

δ1

√
2ik0(µ1 − ν1)ξgwe2iΩτ ,

where µ1−ν1 = −2iR(1−cos 2δ1τ). In narrow-band and
long-wave approximations µ1 − ν1 ≈ −4i(δ1τ)2 and for
the terms describing optical noise we can assume µi ≈

νi ≈ −ηi. Then the DFI response signal reduces to:

s|δ2=δ1 = s|δ2=−δ1

≈ ain + bin + avac + bvac + δ1τ
δ1

γ − iδ1
A
√

2k0Lh,

where ain = (ain − a†in−)/(
√

2i) and so on. Note that the
quantity µ1 − ν1 is δ1τ times smaller than the similar
quantity α1−β1 in the case of the cosine quadrature (see
Sec. III).
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