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Next generation gravitational wave (gw) antennas employ Resonant Sideband Extraction (RSE)
interferometers with Fabry-Perot cavities in the arms as an optical configuration. In order to realize
stable, robust control of the detector system, it is a key issue to extract appropriate control signals
for longitudinal degrees of freedom of the complex coupled-cavity system. In this paper, a novel
length sensing and control scheme is proposed for the tuned RSE interferometer that is both simple
and efficient. The sensing matrix can be well diagonalized, owing to a simple allocation of two rf
modulations and to a macroscopic displacement of the cavity mirrors, which cause a detuning of the
rf modulation sidebands.

PACS numbers: Valid PACS appear here

I. INTRODUCTION

Currently existing terrestrial interferometer gravita-
tional wave (gw) antennas [1], which are categorized as
first generation detectors, are currently going on line for
searching gravitational waves. First detection and direct
observation of gravitational waves are a primary goal and
would be a landmark achievement in physics. However,
the next ambition is opening a window to gravitational
wave astronomy, a brand-new field of view to the uni-
verse. Differing from an electro-magnetic wave, the gw
has only faint interaction with matter, so extremely high
sensitivities, reaching or overcoming the standard quan-
tum limit (SQL), are required for the next generation
detectors. Planned detectors such as Advanced-LIGO
(AdLIGO) [2] or the Japanese LCGT [3] can be consid-
ered second generation gw detectors, whose sensitivity
is reaching to or will slightly surpass the SQL, by using
various techniques, for example, an advanced optical con-
figuration, advanced mirror materials, a different beam
profile and cryogenics.

AdLIGO and LCGT will employ an optical configu-
ration called “resonant sideband extraction” (RSE) [4],
which is realized with an additional signal-extraction
mirror (SEM) added to the power-recycled Fabry-Perot
Michelson interferometer (FPMI). It is placed between
beam splitter and dark port, as is shown in Fig. 1.
The laser light resonates inside the two arm cavities
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and the power-recycling cavity, in a way identical to
first generation gw detectors employing power-recycled
FPMI. If the laser light is anti-resonant inside the signal-
recycling cavity (without arm cavities), this is called
“signal-recycling”, which is one of the operation modes
of the dual-recycled FPMI. In contrast, if the carrier is
resonant inside the signal-recycling cavity, as in the case
of LCGT, this mode is called “resonant sideband extrac-
tion” (tuned RSE), and if the carrier is kept slightly off-
resonant from tuned RSE (or signal-recycled FPMI) by
microscopic displacement of the signal-recycling mirror
position, it is called “detuned RSE” (or “detuned signal-
recycling”) as in the case of AdLIGO.

The most significant reason for adopting the RSE con-
figuration for LCGT is a thermal problem. LCGT plans
to use cryogenic test masses around 20 K, and so the heat
dissipation due to losses of the laser power in the mirror
substrates can become a serious problem. By increas-
ing the finesse of the arm cavities and by implementing
RSE, one can reduce the circulating power in the power-
recycling cavity while maintaining shotnoise-limited sen-
sitivity. One of the merits of RSE for AdLIGO is also a
thermal issue. RSE can reduce the heat dissipation in-
side the mirror substrates and accordingly suppress the
thermal lensing effect that can cause an imperfect in-
terference at the signal detection ports. Another merit
for AdLIGO is that the shotnoise level at the particu-
lar frequency band of interest can be improved by using
detuned RSE [2]. This is a very significant feature for
particular gw sources such as mergers of compact binary
systems.

Only when all of the test masses and other interferom-

LIGO-P070152-00-Z



2

Signal Extraction Mirror

Power Recycling Mirror

Signal Extraction Cavity

Power Recycling Cavity

Arm Cavity

Input Test Mass

End Test Mass

Bright Port Pickoff Port

Dark Port

Beam Splitter L1

L2

l2
l1

l3

l4

FIG. 1: (color online) The schematic of the RSE interferome-
ter optical configuration. The power-recycling mirror (PRM)
is placed between the beamsplitter and the laser source to
enhance the circulating laser power inside the interferometer,
whereas the signal extraction mirror (SEM) is placed between
the beamsplitter and the dark port to enhance the detector
response, which makes the whole interferometer system more
complex. The length degrees of freedom and the control signal
extraction ports are shown in addition to the optical arrange-
ment.

eter optics are kept at appropriate positions to make the
laser light resonant and interfere properly inside the in-
terferometer, the interferometer works as a gw antenna,
producing a linear signal proportional to the gw strain.
Therefore, precise position control of the optics is in-
dispensable for keeping the interferometer operational.
Thus, one of the most important roles of the signal sens-
ing scheme is to provide appropriate error signals for the
degrees of freedom to be controlled. When the system is
multi degree-of-freedom and needs multi-loop control, the
mixing of signal with each other could cause serious prob-
lems [5]. The primary goal of this study is, therefore, to
extract a diagonal sensing matrix, providing appropriate
error signals independently without a signal admixture
of other degrees of freedom.

In this paper, the emphasis is placed on the descrip-
tion of a sensing scheme that gives a diagonal sensing
matrix, and an optimization of the optical configuration
parameters of RSE using both analytical and numerical
simulations. The numerical simulations were performed
using Finesse simulation software [6]. This scheme was
originally developed on the assumption of implementa-
tion for tuned RSE, however it could also be applicable
for detuned RSE.

II. REVIEW OF THE LENGTH SENSING AND
CONTROL SCHEME

The baseline of the signal sensing method for the RSE
interferometer is to use the Pound-Drever-Hall (PDH) [7]
technique and its extended scheme; using different wave-
lengths of light which behave differently for each opti-
cal system. Therefore, the main issue of designing a
signal sensing scheme is to determine the modulation
and demodulation scheme, the arrangement of modu-
lation sidebands. In this sense, the sensing scheme is
associated one-to-one with the arrangement of the RF
modulation(s); the number of the modulations, the res-
onance conditions of the modulations inside cavities and
the Schnupp asymmetry factor [8].

For the first generation interferometers, an extended
PDH technique is commonly used as the signal sens-
ing method. The laser light is phase modulated at an
rf frequency before illuminating the interferometer, then
the light from the appropriate signal extraction ports is
photo-detected and demodulated with a rf local signal
to extract the sensing signals. Efficient signal extrac-
tion is achieved with intentional macroscopic asymmetry
for the Michelson interferometer arm lengths, which is
called pre-modulation or Schnupp modulation technique
for a gw interferometer application. The total number
of longitudinal degrees of freedom to be controlled for
the power-recycled Fabry-Perot Michelson interferome-
ter (PRFPMI) configuration is four: common and differ-
ential length of the arm cavities, power-recycling cavity
(PRC) length and Michelson differential length. In order
to extract the four sensing signals, a single rf phase mod-
ulation and three signal extraction ports (bright, dark
and pickoff ports) are dedicated.

On the other hand, for the RSE configuration, with
the additional signal recycling mirror, there are five lon-
gitudinal degrees of freedom to be controlled, which are
defined in Table I. The addition of the extra mirror makes

TABLE I: The definition of length degrees of freedom, which
are defined as modulo wave length of the laser λ. Whereas
Schnupp asymmetry is defined as macroscopic length.

Name Symbol Definition Derivative
Common arm length L+ L1 + L2 δL+

Differential arm length L− L1 − L2 δL−
PRC length lp l1 + l2 δlp
Michelson length l− l1 − l2 δl−
SEC length ls l3 + l4 δls
Schnupp asymmetry lsch l1 − l2

the interferometer a more complex, multiply-coupled cav-
ity system, which consists of arm cavities, power- and
signal-recycling (extraction) cavities.

In connection with the additional degrees of freedom,
a double-modulation and -demodulation scheme (DMD)
was introduced to the gw laser interferometer. By intro-
ducing another set of modulation sidebands, there are in-
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creased combinations of beat signals between carrier and
modulation sidebands. The conventional single modula-
tion scheme (SMD) extracts the signals from the beat-
ing between carrier and the phase modulation sidebands,
whereas DMD utilizes the beating between two modula-
tion sidebands at different frequencies (see App. A).

In preparation of an eventual realization of the ad-
vanced optical configuration, there were several table-top
experiments of RSE systems to study the sensing and
control method, and to demonstrate the feasibility of the
dual-recycling with FP cavities: Caltech [9], Florida [10]
and Australia [11]. These are all for a detuned operation
of RSE, i.e. AdLIGO, and a prototype experiment on
the 40m interferometer at Caltech [12], and the 4m in-
terferometer at the National Astronomical Observatory
of Japan are now in progress [13].

For the most appropriate design of the signal sensing
system, many factors should be carefully considered:

• Diagonal sensing matrix : It is ideal that five er-
ror signals for longitudinal degrees of freedom are
extracted independently, without significant cross
talk with other signals

• Robust signal extraction : The signal sensing ma-
trix should be robust enough to any possible im-
perfections and asymmetry of the interferometer

• Less noise coupling : Some of the noises appear
at the signal readout port in combination with the
parameters that the sensing design had intended,
and therefore the noise coupling efficiency should
be suppressed low enough

• Easy lock acquisition : The whole interferometer
system should be rendered operational easily from
an uncontrolled state. The dynamical nature of
the five error signals are important during the lock
acquisition process.

Suppose there is a system with i degrees of freedom
that are to be controlled, and there is an identical num-
ber i of extracted signals. In general, each of these sig-
nals can have some sensitivity for all i degrees of freedom.
However, they should be linearly independent from each
other at least in principle, so that they could close sta-
ble feedback loops. Furthermore, it is well-known that
the feedback signals should be as diagonal as possible to
insure a robust control of the system.

There are two ways of diagonalization: optically diag-
onal state and electronically diagonal state. If each of
the extracted signals is sensitive to only one of the de-
grees of freedom, this case is called an optically diagonal
state. Whereas, if the extracted signals are linearly in-
dependent, it is possible to reconstruct a diagonal state
by manipulating the signals electronically (or digitally on
the computer), which is referred to as an electronically
diagonal state.

As far as control signals are concerned, both are
thought to be almost equivalent; however, the optically

diagonal state might have some potential advantages
when the signal to noise ratio, dynamical nature of lock
acquisition and robust control of the systems are taken
into account. Therefore, among these points of view, the
emphasis was especially placed on the optically diago-
nal sensing of the five error signals for the longitudinal
degrees of freedom, because that is where the true ad-
vantage of this signal sensing lies. In the following sec-
tions, the above items are discussed in connection with
the newly proposed signal sensing scheme.

Summarizing the argument, RSE needs an appropri-
ate signal sensing and control scheme for five longitudi-
nal degrees of freedom, which should be good enough for
such requirements as a diagonal sensing matrix, robust
signal extraction, less noise coupling, easy lock acquisi-
tion. The thing to be considered first is a signal sepa-
ration (diagonal sensing matrix in its ultimate sense) in
a sense that the control scheme should work properly.
Both electronic diagonalization using non-diagonal sens-
ing signals and optical diagonalization should work well
in principle, however the authors think that the optically
diagonal state might have some potential advantages. To
confirm that, a prototype experiment for demonstration
of tuned RSE is under way at NAOJ [13].

III. DIAGONALIZED SIGNAL SENSING

A. Allocation of modulations

L+ and L−, the common and differential arm cavity
length signals, are expected from the pre-modulation sig-
nal sensing scheme, beating the carrier and phase mod-
ulated sideband fields. The significant enhancement of
the carrier field inside the two arm cavities results in
huge phase sensitivities in extracting the signals for L+

and L−. This means both L-signals can be extracted
relatively independently, without much admixture of any
other longitudinal signals, or in other words, the sensing
matrix for them is almost diagonal. On the other hand,
for the lp, ls and l− signals of the central part of the
RSE interferometer, it is known from preceding studies
that extracting independent signals is not easy. There-
fore, the main issue here is to identify a sensing scheme
that enables a diagonal sensing matrix.

By analyzing the optical configuration of RSE closely,
the complicated optical system turns out to be an in-
tricately connected cavity system. Furthermore, when
one concentrates on the central part of the interferome-
ter, consisting of input test mass, recycling mirrors and
beam splitter, the dual-recycled Michelson interferome-
ter can be regarded as a coupled cavity (Fig. 2). Thus
the issue is now reduced to the signal extraction of the
coupled cavity.

One of the important features of the PDH scheme is to
make use of different responses (or, equivalently, different
field enhancements) of the optical fields inside optical
systems. Therefore, a different arrangement of the two
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sets of sidebands for the coupled cavity is essential. The
simplest, straightforward and natural allocation would be
that one of the sidebands circulates both inside PRC and
SEC, whereas the other sideband resonates only inside
the PRC, as is shown in Fig. 2. The ls signal could be
extracted due to the above difference between the two
sidebands, in contrast, the lp signal could be obtained
making use of the difference of field enhancements inside
the PRC.
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FIG. 2: (color online) Resonant conditions for optical fields,
carrier and modulation sidebands. Optical fields are color
coded. The legend in upper left indicates the order of the
fields, entering the interferometer from the left (laser). The
carrier field resonates inside both arm cavities and the power-
recycling cavity, which gives enhanced response to gravita-
tional wave signals. The phase modulation is designed to
circulate inside the power-recycling and the signal-extraction
cavity, whereas the amplitude modulation circulates only in-
side the power-recycling cavity. The central part of RSE, the
dual recycled Michelson interferometer can be viewed as a
coupled cavity, as is shown in the lower figure. The coupling
connecting the two cavities is indicated by a plane mirror rep-
resenting the Michelson interferometer.

The concepts of the suggested signal extraction scheme
can be summarized in the following:

• PM (phase modulation) sidebands are completely
transmitted by the MI (Michelson Interferometer)
and resonate inside the PRC+SEC

• AM (amplitude modulation) sidebands are com-
pletely reflected by the MI, and resonate only inside
the PRC.

The PM should circulate inside both PRC and SEC to
reach to the dark port so that it can be used as a local

field against the carrier field for the L− signal extrac-
tion using a conventional PDH technique; whereas the
AM can be a local field against the PM field on double
demodulation scheme. The second modulation must be
AM in case of tuned RSE so that the beating between
two modulations can produce error signals. However, it
can be PM again in the case of detuned RSE, because
the detuning of the carrier inside the SEC can make the
phase modulation sidebands have unbalanced resonances,
which would produce separate beat signals. The point
of this modulation scheme is that the arrangement of
the modulation sidebands is very simple, using complete
transmission and reflection at the Michelson interferom-
eter, which enables clean signal extractions especially for
the l-signals.

In order to realize the sidebands allocation as shown
in Fig. 2, the optical property of the coupling mirror
(Michelson interferometer for the case of RSE) of the cou-
pled cavity system could be a key factor. The major dif-
ference between a simple coupled cavity and the central
part of RSE is that the coupling mirror can be made to
have variable reflectivities. The reflectivity and the trans-
missivity of the Michelson interferometer for the RSE for
modulation sidebands are functions of the j-th modula-
tion frequency ωj and the Schnupp asymmetry lsch, and
they are defined as rMIj = cos αj and tMIj = i sin αj with
an asymmetry factor αj = lschωj/c. Therefore, in gen-
eral, two sets of sideband fields with different modulation
frequencies may have different reflectivities and transmis-
sivities for the Michelson interferometer. For PM and
AM, satisfying the above conditions, the following con-
straints are imposed:

• PM : rMI1 = 0 with lschωm1/c = π/2 + nπ

• AM : rMI2 = 1 with lschωm2/c = n′π

where n and n′ are integers. The control signal extrac-
tion ports are assumed to be at bright, pickoff and dark
port (transmitted light from SEM), which is the same
as for first generation gw antennas. Using a double-
modulation and -demodulation procedure, as is described
in Appendix A, the analytic expressions for signal sensi-
tivities on longitudinal degrees of freedoms are given as
follows. To simplify the full expressions, several optical
and other parameters were defined in a conventional way:

• rx and tx : amplitude reflectivity and transmissiv-
ity of the optics “x”. The x = p, s denotes power
recycling and signal extraction mirror, respectively.

• rxy : amplitude reflectivity of an optical system,
for field “y” at port “x”. The x = a,p de-
notes arm and power-recycling cavity, whereas y =
0, 1, 1u, 1l, 2, 2u, 2l denotes carrier, first modulation
sideband, upper and lower sideband of those, sec-
ond modulation sideband, upper and lower side-
bands of those respectively. The reflectivity of the
arm cavities for the PM sidebands (sideband 1), for
example, is given as ra1 = (−r1 − r2)/(1 + r1r2),
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where exact anti-resonance is supposed inside the
arm cavities.

• gxy : a field enhancement factor for field “y” inside
cavity “x”. The x = a,p, s denotes arm, power-
recycling and signal extraction cavity, respectively.
The field enhancement factor is a measure of how
much the field is amplified inside the cavity, which
usually gives a measure of the phase sensitivity to
the signal, so it is a very important factor. For
example, gp1 = tp/(1− rprsr

2
a1) is for the PM side-

bands inside the power recycling cavity (and also
inside the SEC, because they are exactly identical
in this case); gp2 = tp/(1 + rpra2) is that for the
AM sidebands inside the power recycling cavity.

• δi : the demodulation phases, i = 1, 2 for PM (mod-
ulation 1) and AM (modulation 2).

• Vxy : the demodulated signal at signal port x (“b”
for bright, “o” for pickoff and “d” for dark port)
with demodulation scheme y (“s” for single demod-
ulation and “d” for double demodulation).

At the bright port, the sensitivities of the extracted
signal Vbd for lp, l− and ls are given as

∂Vbd

∂lp
∝ 8(g2

p1r
2
a1rsrp2 + rp1g

2
p2ra2) cos δ1 cos δ2

∂Vbd

∂ls
∝ 8g2

p1rsr
2
a1rp2 cos δ1 cos δ2

∂Vbd

∂l−
∝ 4g2

p1ra1rp2(1 − r2
s r

2
a1) sin δ1 cos δ2

respectively. The signals at the pick-off port contain sim-
ilar information as follows,

∂Vod

∂lp
∝ 8

rp

tp
gp1gp2(gp1rsr

2
a1 + gp2ra2) cos δ1 cos δ2

∂Vod

∂ls
∝ 8

rp

tp
g2
p1gp2rsr

2
a1 cos δ1 cos δ2

∂Vod

∂l−
∝ 4

rp

tp
g2
p1gp2ra1(1 + r2

s r
2
a1) sin δ1 cos δ2

with slight differences that can be used to determine the
polarity of the signal. In contrast, for the signals at the
dark port, the signals are given as

∂Vdd

∂lp
= 0

∂Vdd

∂ls
= 0

∂Vdd

∂l−
∝ 4gp1tsra1gp2gs2ra2 sin δ1 cos δ2.

When the carrier and the modulation sidebands are
on exact resonance or anti-resonance inside the arm cav-
ities, PRC and SEC, all parameters appearing in the
above expressions become real quantities, so the signal

sensitivities of demodulated signals depend only on the
demodulation phases δi. For example for lp and ls, both
error signals show the same dependences on the δi, which
means that the two signals are completely “linearly de-
pendent”, in terms of demodulation phases, though the
signal sensitivities are slightly different due to the finesse
difference between PRC and SEC. Therefore, in this situ-
ation, it is quite difficult to extract two independent error
signals for the PRC and SEC lengths.

B. “Delocation”

The idea to resolve this problem is to make use of an
off-resonant condition of the light field(s). The simple
way to realize this condition is to make the coupling cav-
ity off-resonant for rf sidebands by a macroscopic detun-
ing, as is shown in Fig. 3. The resonance condition of the
carrier in the two cavities are maintained whereas the rf
sidebands are slightly detuned inside the power-recycling
cavity by changing the position of PRM [14]. This pro-
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Exact Resonance in PRC+SEC

Slight off-resonance in PRC

“Delocation”

“Delocation”

FIG. 3: (color online) The schematic of the idea “Delocation”.
Same color coding and legend as in FIG. 2. The goal is to
make (only) one of modulations slightly off-resonent inside
cavity. By giving same amount of macroscopic displacements
to PRM and SEM, only AM sidebands will be detuned inside
power-recycling cavity, without affecting PM sidebands and
of course the carrier. The translation to the coupled cavity is
also shown.

cess, macroscopic detuning, will be named “Delocation”
in the following.

Now the modified expressions for the error signals be-
come somewhat more complex, as follows. For the signals
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TABLE II: The length sensing matrix of preliminary control design for LCGT [15]. Five signals are extracted from each port,
using particular demodulation scheme with some demodulation phase(s) (shown in degree) to provide appropriate error signals.
The matrix elements are normalized so that the diagonal elements become unity. The simulation software Finesse was used to
calculate the matrix elements. This design was also based on a double modulation and demodulation scheme, but with different
optical and modulation parameters. There were significant admixtures of the φp degree of freedom to the extracted signals for
φ− and φs.

Port Demodulation δ1 δ2 ∂/∂Φ+ ∂/∂Φ− ∂/∂φp ∂/∂φ− ∂/∂φs

Bright Single 95 - 1 −4 × 10−6 6 × 10−6 −5 × 10−4 −1 × 10−4

Dark Single 45 - 0 1 0 1 × 10−3 0
Dark Double 135 270 8 × 10−3 −3 × 10−4 1 −3 × 10−2 −6 × 10−2

Pickoff Double 67 180 1 × 10−2 8 × 10−3 1 × 100 1 6 × 10−2

Bright Double 277 180 4 × 10−3 1 × 10−3 1 × 100 1 × 10−1 1

TABLE III: The numerical results of the length sensing matrix with newly proposed sensing scheme. The numerical results using
Finesse software are also listed in italic form. Design values for LCGT were used for this calculation as optical parameters;
r1 = r3 = 0.996000, r2 = r4 = 0.999950, rp = 0.80 and rs = 0.77. Throughout these calculations, the interferometer was
assumed to be lossless for simplicity. The delocation ldel was chosen to give an optimized signal size [14], which corresponds
to the delocation phase ∆1 = 0.216◦ and ∆2 = 1.296◦. The important contrast is that the signals for φp, φ− and φs are now
almost completely separated.

Port Demodulation δ1 δ2 ∂/∂Φ+ ∂/∂Φ− ∂/∂φp ∂/∂φ− ∂/∂φs

Bright Single 1.06 - 1 0 3.56 × 10−3 0 2.56 × 10−3

3.56 - 1 < 10−14 3 .56 × 10−3 < 10−9 2 .56 × 10−3

Dark Single 90.0 - 0 1 0 1.00 × 10−3 0
90.0 - < 10−17 1 < 10−19 1 .00 × 10−3 < 10−19

Pickoff Double 3.32 -69.2 1.00 × 10−3 0 1 0 0
3.56 -69.2 1 .00 × 10−3 < 10−11 1 < 10−13 < 10−14

Dark Double 90.0 22.0 0 1.00 × 10−3 0 1 0
90.0 21.8 < 10−10 1 .00 × 10−3 < 10−6 1 < 10−13

Pickoff Double 3.32 -28.0 1.00 × 10−3 0 0 0 1
3.56 -28.0 1 .15 × 10−3 < 10−9 < 10−13 < 10−8 1

at the bright port, the expressions are given as

∂Vbd

∂lp
∝ 8<

[
(g2

p1rsr
2
a1rp2u + rp1g

2
p2ura2e−i∆2)e−iδ2

]
cos δ1

∂Vbd

∂ls
∝ 8<

[
g2
p1rsr

2
a1rp2ue−iδ2

]
cos δ1

∂Vbd

∂l−
∝ −4=

[
g2
p1ra1(e−i∆1 − r2

s r
2
a1e

i∆1)e−iδ1
]
<

[
rp2ue−iδ2

]

There are two effects: one is a slight off-resonance condi-
tion for AM appearing in gp2u, rp2u and ∆2, the other is
macroscopically extended PRC length for PM, typically
appearing on ∆1. Now gp2u = tp/(1 + rpra2e−i∆2) and
rp2u = (rp − ra2e−i∆2)/(1 + rpra2e−i∆2), field enhance-
ment factor and reflectivity at the bright port for AM
sidebands respectively, have complex values instead of
real values. The “delocation” effect is included in the de-
location phase ∆1 = ldelω1/c and ∆2 = ldelω2/c, where
ldel is a macroscopic “delocation”. The signals at the
pick-off port are again similar to those at the bright port

as follows:

∂Vod

∂lp
∝ 8

rp

tp
gp1<

[
gp2u(gp1rsra1 + gp2ura2e−i∆2)e−iδ2

]
cos δ1

∂Vod

∂ls
∝ 8

rp

tp
g2
p1rsr

2
a1<

[
gp2ue−iδ2

]
cos δ1

∂Vod

∂l−
∝ −4

rp

tp
g2
p1ra1=

[
(ei∆1 − r2

s r
2
a1e

−i∆1)e−iδ1
]
<

[
gp2ue−iδ2

]
As for the signals at the dark port,

∂Vdd

∂lp
= 0

∂Vdd

∂ls
= 0

∂Vdd

∂l−
∝ 4gp1tsra1<

[
gp2ugs2ura2e−iδ2

]
sin δ1.

This is because the relative phase between the carrier
and modulation sidebands changes by applying the de-
location. This also affects the demodulated signals as
is shown above; however, the point is that the effect is
different for all three signals. In other words, the opti-
mum demodulation phase that maximizes these two sig-
nals can differ, depending on the degrees of delocation
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∆i. The lp and ls signals, for example, show exactly the
same dependencies on δ1, whereas different dependencies
on δ2 due to the complex quantities of rp2u, gp2u and ∆i.
Therefore, by choosing an appropriate delocation phase,
one can find an optimum demodulation phase where un-
desired signal disappear. Making use of these aspects,
exact diagonalization of the sensing matrix is possible.
The optimum delocation ∆i is completely dependent on
the optical parameters of the RSE interferometer.

Thus, the error signals for lp and ls can be separated
by delocating the cavity properly, for the same reason
with coupled cavity case [14]. In addition, the l− signal
appears nearly in the quadrature-phase for δ1, which is
almost orthogonal to the other two signals extracted with
exact in-phase demodulation. Therefore, l− is also read-
ily distinguishable from lp and ls. In order to utilize this
condition, it is important that modulation 1 is satisfying
a particular resonance condition, otherwise the in-phase
conditions for lp and ls do not hold. It is also important
that modulation 2 does not reach the dark port, which
means that there is in principle no signal at dark port
for lp and ls. This fact is also beneficial for clean signal
extraction and robustness of the signal sensing matrix,
which is another significant merit of this sensing scheme.

The numerical result of the sensing matrix is shown in
Table III. A sensing matrix using the preliminary control
scheme for LCGT is cited in Table II for comparison. In
Table III, the signal sensitivities given by analytical ex-
pressions are listed together with the numerical results
using the Finesse simulation software. Analytical ex-
pressions for L-signals and l-signals with single demodu-
lation are given in Appendix C. The off-diagonal values
show quite a good agreement between the two methods.
Slight differences in some of the off-diagonals are due to
the different resonant conditions of two sets of sidebands
for the arm cavities.

IV. CONCLUSION

A novel longitudinal sensing scheme for tuned RSE
was newly proposed. In order to extract the error sig-
nals for the central part of the RSE interferometer, phase
and amplitude modulations are suggested for the double
modulation scheme. Based on the concept of the PDH
scheme, very simple allocations of the two sets of modula-
tion sidebands are implemented, which enable an almost
diagonal sensing matrix, a feature improved further by
the “delocation” technique.
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APPENDIX A: DOUBLE-MODULATION AND
-DEMODULATION

In general, double modulation could be an arbitrary
combination of phase and amplitude modulations, how-
ever, in this paper phase and amplitude modulations are
assumed for double modulation.

Incoming laser light (carrier) is modulated using
electro-optic modulators (EOMs) to produce modula-
tion sidebands. To avoid the generation of sub-sidebands
(sideband of sideband), parallel modulation instead of se-
ries modulation should be used. As a result, input fields
will take the form

Ein = E0eiΩ0t

→ E0 (1 + Γ2 cos(ω2t)) ei(Ω0t+Γ1 cos(ω1t))

' E0eiΩ0t

{
1 + iΓ1

(
eiω1t + e−iω1t

)
+

Γ2

2
(
eiω2t + e−iω2t

) }
≡ E0eiΩ0t + E1ei(Ω0+ω1)t + E1ei(Ω0−ω1)t

+E2ei(Ω0+ω2)t + E2ei(Ω0−ω2)t

where the modulation depths Γi for the two modulations
were assumed to be small enough so that the above ap-
proximation holds. Then these five frequencies of electric
fields will have different responses from an optical system
(RSE interferometer, in this case) depending on the op-
tical frequencies. So the output fields will have the form
of

Eout = E0Hx0eiΩ0t

+E1Hx1uei(Ω0+ω1)t + E1Hx1lei(Ω0−ω1)t

+E2Hx2uei(Ω0+ω2)t + E2Hx2lei(Ω0−ω2)t

where Hxy is a response of the field “y” (0 for carrier, 1u
for upper and 1l for lower sideband of first modulation,
2u and 2l for those of second modulation) from incident
point to the signal port “x”.

The reflection and pick-off ports are dedicated as sig-
nal extraction ports, from which portions of the light
fields are picked up, received with photo detector, and
then demodulated by a mixer with a local rf signal to
produce error signals. The demodulated signals that are
extracted from beat signals between carrier and the phase
modulation sidebands are given in general form as
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Vxd = 2<
[
((E1Hx1l)∗E2Hx2u + (E2Hx2l)∗E1Hx1u) e−iδ1e−iδ2 + ((E1Hx1u)∗E2Hx2u + (E2Hx2l)∗E1Hx1l) eiδ1e−iδ2

]
= E2

0Γ1Γ2=
[
(Hx1uHx2u − Hx2uHx1u) e−iδ1e−iδ2 + (Hx1lHx2u − Hx2uHx1l) eiδ1e−iδ2

]

where x denotes signal port, second subscript “d” means
double demodulation (“s” for single demodulation) and
δi is a demodulation phase; δi = 0 corresponds to in-
phase and δi = π/2 to quadrature phase demodulation.

The signal sensitivities to particular length changes are
given by differentiating the above signal with correspond-
ing degrees of freedom as

∂Vxd

∂φz
∝ =

[
∂

∂φz
(Hx1uHx2u − Hx2uHx1u) e−iδ1e−iδ2 +

∂

∂φz
(Hx1lHx2u − Hx2uHx1l) eiδ1e−iδ2

]

where z is the phase degree of freedom associated with
the cavity lengths. The ideal demodulation process is as-
sumed here, so all detection and demodulation efficiencies
are set to be unity.

APPENDIX B: COMPLETE EXPRESSIONS OF
THE RSE INTERFEROMETER

The optical-frequency-dependent transfer functions of
the light fields from the input to all three signal ports are

given in general form as

Hby(Φi, φi) =
−rp +

{
1
2

(
ra2(Φ2)e−iφ2 + ra1(Φ1)e−iφ1

)
+

1
4 rs(ra2(Φ2)e

−iφ2−ra1(Φ1)e
−iφ1)(ra2(Φ2)e

−iφ4−ra1(Φ1)e
−iφ3)

1− 1
2 rs(ra2(Φ2)e−iφ4+ra1(Φ1)e−iφ3)

}
1 − rp

{
1
2 (ra2(Φ2)e−iφ2 + ra1(Φ1)e−iφ1) +

1
4 rs(ra2(Φ2)e−iφ2−ra1(Φ1)e−iφ1)(ra2(Φ2)e−iφ4−ra1(Φ1)e−iφ3)

1− 1
2 rs(ra2(Φ2)e−iφ4+ra1(Φ1)e−iφ3)

}
Hoy(Φi, φi) =

tp

1 − rp

{
1
2 (ra2(Φ2)e−iφ2 + ra1(Φ1)e−iφ1) +

1
4 rs(ra2(Φ2)e−iφ2−ra1(Φ1)e−iφ1)(ra2(Φ2)e−iφ4−ra1(Φ1)e−iφ3)

1− 1
2 rs(ra2(Φ2)e−iφ4+ra1(Φ1)e−iφ3)

}

Hdy(Φi, φi) =
tpts

1
2 (ra2(Φ2)e

−iφ2/2e−iφ4/2−ra1(Φ1)e
−iφ1/2e−iφ3/2)

1− 1
2 rs(ra2(Φ2)e−iφ4+ra1(Φ1)e−iφ3)

1 − rp

{
1
2 (ra2(Φ2)e−iφ2 + ra1(Φ1)e−iφ1) +

1
4 rs(ra2(Φ2)e−iφ2−ra1(Φ1)e−iφ1)(ra2(Φ2)e−iφ4−ra1(Φ1)e−iφ3)

1− 1
2 rs(ra2(Φ2)e−iφ4+ra1(Φ1)e−iφ3)

}

where φi = 2liΩ/c and Φi = 2LiΩ/c are the round trip
phase of the arm and recycling cavities. The definitions
for Li, li are given in Fig. 1. The rai are the reflectivities

of the arm cavities which is given as

ra1(Φ1) =
−r1 + r2e−iΦ1

1 − r1r2e−iΦ1

ra2(Φ2) =
−r3 + r4e−iΦ2

1 − r3r4e−iΦ2
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APPENDIX C: L-SIGNALS AND l-SIGNALS
WITH SINGLE DEMODULATION

Using these transfer functions and the demodulation
procedure (Appendix A), analytic expressions for signal
sensitivities are calculated. The bright and dark port
signals for the L-signals using single demodulations are
given as

∂Vbs

∂L+
∝ 2r2(g2

p0g
2
a0rp1 + 2rp0g

2
p1g

2
a1rsra1) cos δ1

∂Vbs

∂L−
∝ 2rp0g

2
p1g

2
a1r2=

[
(ei∆1 − r2

s r
2
a1e

−i∆1)e−iδ1
]

∂Vbs

∂lp
∝ 4(−g2

p0ra0rp1 + rp0g
2
p1rsr

2
a1) cos δ1

∂Vbs

∂ls
∝ 4(rp0g

2
p1rsr

2
a1) cos δ1

∂Vbs

∂l−
∝ 2rp0g

2
p1ra1=

[
(ei∆1 − r2

s r
2
a1e

−i∆1)e−iδ1
]

∂Vds

∂L+
= 0

∂Vds

∂L−
∝ −4gp0gs0g

2
a0r2g

2
p1tsra1 sin δ1

∂Vds

∂lp
= 0

∂Vds

∂ls
= 0

∂Vds

∂l−
∝ 2gp0gs0ra0g

2
p1tsra1 sin δ1

The sensitivities of the double demodulated signals for
L-signals are given as

∂Vbd

∂L+
∝ 4r2<

[
(2g2

p1g
2
a1ra1rsr

p2u + rp1g
2
p2ug2

a2e
−i∆2)e−iδ2

]
cos δ1

∂Vbd

∂L−
∝ −4=

[
g2
p1g

2
a1r2(e−i∆1 − r2

s r
2
a1e

i∆1)e−iδ1
]
<

[
rp2ue−iδ2

]

∂Vod

∂L+
∝ 4

rp

tp
gp1r2<

[
gp2u(2gp1g

2
a1ra1rs + gp2ug2

a2e
−i∆2)e−iδ2

]
cos δ1

∂Vod

∂L−
∝ −4

rp

tp
g2
p1g

2
a1r2=

[
(e−i∆1 − r2

s r
2
a1e

i∆1)e−iδ1
]
<

[
gp2ue−iδ2

]

∂Vdd

∂L+
= 0

∂Vdd

∂L−
∝ −8gp1tsra1g

2
a2r2<

[
gp2ugs2ue−iδ2

]
sin δ1
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