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Abstract

A principle result of the burst group S1 analysis is an upper limit on the rate of gravita-
tional wave strain events vs. event strength. In these notes we try to give precise definition
to this result and describe how, given that definition, it should calculated. The result calcu-
lated on the S1 data is only an approximation to the definition given here and we describe the
approximations involved.

The analysis approach described here for event data has broader applicability the determi-
nation of rate v. strength curves. That broader applicability is the subject of a separate technical
note.
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1 Rate vs. Strength: a definition

A principle result of the burst group S1 analysis is an upper limit on the rate of gravitational wave
“events’ng vs. event “strengthﬁo. The graphical form of the result is a single curve in the plane
of strength (ordinate) vs. rate (abscissa). The qualitative shape of the cliive ig1s—1) (ﬁo— 1).
What is the meaning of a point on this curve?

Here we take a point on the result curve to be boesndon number of events per unit time
associated with a population of sources characterized by a Siyalio obtain a point on the curve
we must determine the likelihood associated with an observation sirain events in a detector
livetime T" in the presence of a background and a possible signal foreground (characterfzﬁd by
with an event raté .

Note that this meaning refers to a point on the curve, irrespective of other points on the curve.
The distinction is subtle, but crucial. Each point on the curve is an upper limit associated with
a given degree of confidence. The region excluded by the curve is not, however, associated with
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that same degree of confidence since it is a statement about a group of not entirely independent
hypotheses considered separately on the same data.

We assume that at the end of the data processing pipeline we have a set of events characterized
by strain amplitude$/, and H, and wave propagation direction. The S1 burst group analysis
pipeline does not generate all this information; nevertheless, the S1 burst group analysis can be
described as an approximation to the analysis described here on these more detailed observations.
The remainder of these notes describe how points on the result curve are defined in terms of the
observations and a set of approximations that reduce this general analysis to the one used in S1.

2 Source population and gravitational wave strain events

In this section we define the source population and relate it to the population’s contribution to the
events identified in the analysis.

Consistent with the nature of our result as an excluded region ifithe.s) we assume a set
of population models parameterized by the source “strength” paraﬁlﬁmd an intrinsic source
event rateng,
1)

rate of gravitational wave events from the
ng = X ) R
5 population characterized ki,

We are concerned with bounding for fixed Ro.

Note that, more generallﬁ,o could be a set of parametefi& describing a higher-dimensional
set of source and source population models. Reflecting this more general nature of the analysis we
will write %, where applicable, though our prime focus in these notes is rate v. strength analysis
results wheréy, is the scalar source strength.

Focus attention on the particular model characterizeﬁ&yThis population leads to gravi-
tational wave events incident on the detector array. The individual events are characterized at the
very least by two wave polarization amplitudg@s, , i, ) and the wave propagation directian
The population leads to a distribution of events at the detector that we wyité & ):

(ﬁ| 5 - probability of strain event of characteriz )
PAtTo) = by h given population characterized Iﬁy
where
- Parameters describing gravitationgl
h = S . 3)
waves incident on detector array

We assume, at a minimum, thatincludes wave polarization amplitudes, referred to a source
model, and the propagation direction of the wavefront. It may also include other parameters that
characterize the source population: e.g., the source population may be inhomogeneous with pa-
rameters describing the characteristics of the inhomogeneity, or it may consist of several discrete
types of sources with a discrete parameter describing which source type the amplitiadesh
are referred to. Note that, as a set of parameﬁeissnecessarily model dependent.

A particular event: incident on the detector may or may not lead to an observed event. Repre-
sent the probability of a real gravitational wave event leading to an observed event by

() = ( probability that the everit Qt @

gives rise to a detector eve
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Note that depends both upon the source and source population model, the analysis that identifies
events, and the noise character and the instrument calibfatéth these specified, howevet})
is readily determined by simulation.
Each observed event is characterized by at least a propagation din@ctiod an amplitude in
each polarizatiofH ., H). Let H represent the full description of the observed event:

7 Parameters describing gravitational (5)
wave event identified in detector arrgy’

Note that the dimensionality and details of the parameteriza‘ﬁoujepends on the character of
the detector array (e.g., number of interferometers) and the nature of the analysis that identifies an
event.

An important relationship is the one between actual events, dgscrib’%drhﬂdetected events,
described byH. Let ¢(H|h) be the probability that the real event if observed leads to the
characterized observatidi:

probability that observed event associated
with actual event: is characterized bﬁ '

oty = ( ©)
The probabilityq(ﬁ]ﬁ) can be thought of as the uncertainty with which a detection can determine
the character of the signal describedfbyxlote thaty depends on the source and source population
model, the nature of the analysis, and the nature of the detector noise and califpré&tiare these
are specified, howevey,is readily determined, along witt{%), by simulation.

The contribution of gravitational wave events associated with the popul%dimlthe detector
output is thus described by tii@reground event distribution

P (ﬁ!ﬁ ) = probability of observing the event describe )
A0\ by H from the population characterized by
s [ dha(ER)eEp(i) ®)

whered"h is the measure oh. For example, ity is the polarization amplitude’s, andh, and
the wave propagation directionthend™h is dh., dh, d?S, whered?S is the surface element on the
sphere described by the wave propagation direction. Nota’:uﬂ(zﬁ\ﬁo) is completely described
by the population modqj(ﬁ]ﬁo) and the analysis pipeline as characterized by simulation.

Associated with the source population is a total eventiigteNot every source event leads to
an observed event. The fraction of source events that lead to observed events is the total detection
efficiency, which depends on the source population model, the detector noise and calibration, and
the analysis methodology that identifies gravitational wave events. Writing the eﬁicie@oas

lWe assume here that the noise and instrument calibration are stationary. The problem of analysis in the presence
of non-stationary noise and/or instrument calibration is described in section 6.1.
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we havé
np = ( rate of observed foreground evenjts 9)
= iuse(ho) (10)
(o) = [ dhelp(io) a1

3 Background distribution and event rate

Observed events may arise from the source population, in which case they are drawn from the
distribution Pr(H | hg), or from environmental or instrumental artifacts. We refer to the distribution
of events associated with environmental or instrumental artifacts as the background distribution

Pg(h)dh = (

In addition to the background distribution, time-delay analysis also determines the expected
rate of background events:

fraction of background > ' (12)

events in intervalh, h + dh)|

(13)

. ( expected rate of backgroun
"B =\ events of any amplitude

The background distribution and its rate may be estimated from time-delay coincidence anal-
ysis assuming that there is no preference for “zero-delay” background disturbances in the gravita-
tional wave channel that cannot be vetoed by other means.

4 The likelihood function

The likelihood is the probability of a particular observation under a fixed hypothesis. In our case
the hypothesis is that there is a source population characterized by “stréggthl an event rate
ng and our observation is a set df observed eventH :

{ﬁ}:{ﬁn:nzl...]\f}. (14

Focus first on the probability of a single evéht That event may be foreground or background.
The rate of foreground events is the product of the detection efficie(%@y (cf. egn. 11) and the
signal event raté s, which is what we wish to determine. Write the foreground event rate in terms
of the background event ratg; and a parameter, o € [0, 1):

«

e(ho)ivs = np = up (15)

1—a
As defined the parametaeris the probability that a particular event is a foreground event. In terms
of « the probability of a particular evettf is thus

P(H|ho, g, 7s) = (1 — ) Pg(H) + a.Pp(H|ho). (16)

2Again, we assume here stationary detector noise, calibration, etc., and treat the case of non-stationarity in section
6.1 below.
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Now assume that gravitational wave events are independent of each other, and that the same
is true of background events. The probability of making the observa{tﬁ is then product of

the probability of observingV events times, which is given by the Poisson distribution, and the
probability that theV observed events are characterized by the partidiiiaior

1 N=0

P ({HY |hy, T, 015,015 ) = P(N Lo 17
<{ }ho, T ”S> ( W{ 1Y, P(H,|ho, g, ) N > 1 (17)
where N
R
P(N|p) = F7e™ (18)
is the Poisson distribution and .
=T (nB + hse(ho)) (19)

is the expected number of events in an observation of livefime
From the likelihood and the observatit{nﬁ} we can find the bounds aiy for fixed A by the
usual techniques (e.g., Feldman & Cousins).

5 Approximations and the S1 analysis

In the S1 analysis the burst group made use only of the number of coincident events: neither the
event amplitudes nor the propagation direction were determined or played a role in the analysis. In
terms of the analysis described above this corresponds to the following set of approximations:

Pg(h) o< 1 (21)

i.e., we do not distinguish between the relative likelihood of different foreground, or background,
event amplitudes or incident directions. Under these two approximations the likelihood (cf. egn.
17) is the Poisson distribution:

P(N|}_£0’h3’h5) = P(N|u) (22)

wherey is given as before by the livetinig, the background ratez and signal raté s by equation
19:

=T [nB + e(ﬁo)hg} . (23)

An observation ofV events thus bounds(h,)T7s| and determines a point on the result curve.

While itis gratifying that what was done in the S1 analysis can be related to a rigorous analysis,
it must be emphasized thiditese are very poor approximations.
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6 Discussion

6.1 Non-stationarity

The detector noise and calibration are not steady over the entire obserfatMe can accom-
modate a time-varying noise and calibration if we can treat the noise and calibration as piecewise
constant in time and know in what interval each of fiieevents in the observatio{f/ } occurs.

Partition the total observation tinfféinto M sub-intervals of duratiot,, ZkM t, = T, inwhich
the noise and calibration are constant. Similarly partition the observ%tﬁ?)}ninto M disjoint sub-

observations A  , with the union of thel H } equal to{ﬁ}, such that all the events ind
k k k
occur in the intervat,. Associated with each sub-observation is the likelihood of making that
observation given the expected background rate in the given inté?(a{:ﬁ} ]ﬁo, tk, Bk, h5>.
k

Note that the background event ratg and the distributions”s(H) and Pr(H) will in general
be different in each sub-intervalhe likelihood for the complete observation of duratibis then

P{{Y k=12 o i) i) = TP} ot (28
k=1

From the likelihood we can derive the boundsanin the usual way.

Handling non-stationarity thus reduces to identifying epochs over which the noise and calibra-
tion are approximately stationary. Residual non-stationarity in each epoch will lead to a systematic
error in the analysis. The degree to which stationarity should be required in an epoch is thus set by
the level of the other systematic errors in the analysis.

Tracking calibration line amplitudes provides one method of identifying epochs over which
the calibration is stationary. Observing the time dependent rate of background events and using a
Bayesian Block analysis (cf. Scargle) is a possible approach to determining epochs when the noise
is stationary.

6.2 Background rate uncertainty

The background ratég is determined experimentally. Associated with the experimental back-
ground rate is an uncertainty. Let

Pg (np) dnp = ( degree of belief that is in [z, g + dng). ) (25)

We can marginalize the likelihood over this uncertainty, obtaining a new likelihood that is inde-
pendent of uncertaing

P({F[} |ho, T, 1) = /dﬁBPB(ﬁB)P({ﬁ} |ho, g, Ts) (26)

The uncertainty’s (n5) may be estimated by making many estimates of the background rate,
all at different delays, as long as the delays are much greater than any residual correlation time in
the input time series from which the events are determined.
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6.3 Improving the S1 analysis

The principal obstacle to improving the analysis undertaken in S1 is the determination of

e [ for observed events;

—

the background distributioRg (H);

the foreground distributios (H |);

the intervals over which the noise and calibration are constant.

6.4 Goodness-of-fit

Any observation{ﬁ} will yield a bound onng, even if the observation is, itself, very unlikely

given our state of knowledge regarding the expected distribution of everts ackground rate
ng, and source population modej. The value of the likelihood for the observati@[rﬁ} pro-

vides a measure of the degree to which the observations are expected in the context of the model.
Focus attention on the maximum of the likelihood over the sourcenratgven the observation.
Simulations for thigis will determine a distribution of observations and, correspondingly, values

of the likelihood under the assumption that the rate4s The value of the likelihood for the ac-

tual observation can be compared to this distribution in order to determine how exceptional the
observation is. If the observation is too exceptional given the best-fit (i.e., the maximum likelihood
value of)ng then we may wish to regard the bound/afnas suspect.

6.5 Alternatives to rate vs. strength

Having determined the likelihoof ({ﬁ} |EO, T,ng, hg) we can proceed to find theint bound

on (EO, ng): i.e., instead of finding the bound on the rate assuming the source distribution charac-
terized byh, we can find the region ifh,, ng) space that best explains the observations.
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