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1 Introduction

The Faraday isolator (FI) placed after the mode cleaner has a magnet that generates an intense B
(magnetic) field. Part of this B-field leaks out of Fl into surrounding areas. Because of the

dynamic displacement of FI due to seismic noise, this stray B-field fluctuates with a frequency

and amplitude determined by the combination of the seismic noise and the transfer function of the
optical table on which Fl is placed. This B-field fluctuation can affect the operation of the

magnetic actuators used for nearby mirrors. In this note we consider how large this effect can be.
We first compare this effect of FI with the influence of an ambient B-field considered by D.

Coyne [1]. Then we make a more realistic estimation for the actuator magnets used for the last
mirror of the mode cleaner, which is placed closest to Fl in the current input optics design.

2 Explanation of the model and assumptions

2.1. System overview and coordinates definition

Figure 1 illustrates the coordinates used in the present model. The z axis is set along the optical
axis where z=0 is set at the exit of Fl. The y axis is coming out of the page perpendicularly. The FI
magnet’s dimensions are as shown in Tablel. As a baseline for comparison with the |00 physical
layout, we tilted the mirror by 45 deg to the optical axis.

2.2. Summary of assumptions

In this note, we made the following simplifying assumptions:

* FI's seismic vibration represents FI’s relative motion to the actuator magnets.

* Flis placed on a vibration isolation stack using viton springs and FI's seismic vibration can be
represented by the product of a horizontal ground-to-stack transfer function and ground noise.
We use the horizontal ground-to-stack transfer function used by G. Gonzalez [2].

* The ground noise that the stack experiences can be represented by measured ground noise
after removing the peak appearing at frequencies lower than ~0.1 Hz. Here the removal is to
take into account the fact that the actuator and FI are placed close enough to ignore the low
frequency component which are meaningful for much longer distances. We use ground noise

measured at Livngston, LA [2] by cutting off the peak >IXb@HZ-> around 0.1 Hz. (This
corresponds to neglecting the wavelength microseismic motion.)

* The mirror has rotational freedom about its three principal axes as an cylinder.

» The stray B-field leaking from FI can be described by the B-field generated by a solenoid [3]
that has the dimensions shown in Tablel.

» The influence of FI stray B-field is assessed by comparing it with the open-loop displacement
of the mirror that is evaluated as the product of a ground-to-stack transfer function, a stack-to-
pendulum transfer function and ground noise. We use the same ground-to-stack transfer func-
tion and ground noise for the mirror as Fl, and use the horizontal-to-horizontal, stack-to-pen-
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dulum transfer function that S. Kawamura has calculated [4].
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Figure 1: Faraday isolator and SOS actuator configuration. y axis is coming
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out of the page. Thin arrows indicate the directions of dipole moments.

Table 1: FI magnet dimensions

Outer radius (a2) Inner radius (al) Length (2b) Field strength jat
center of magnet
25 mm 7.5 mm 60 mm 0.7 Ts

2.3. Force, torque and their temporal variations

Let B(X, y, z)oe the stray B-field. When the FI couples to seismic noise, the stray B-field varies as
a function of time. To first order, its time derivative can be written as:

d_B_aBBg 9B gy, 0B fz "

dy dt o0z dt

wherex, y, andz represent the frequency dependent seismic vibration of Fl.

x(t) = Ax(w)exp(iwt) 2
y(t) = Ay(o)exp(iot) @)
z(t) = Az(w)exp(iwt) (4)

Substituting egs. (2) - (4) into eq.(1), and integrating the result with respect t® th@eomes

0 0

O
B=Bp+ Disomw Bomy+a_Z

ox oy
whereBy(X, y, z)is the static B-field that the actuator magnet would feel if FI was completely
stationary.

Bo mz%exp(iwt) =B + B1exp(iwt) (5)
0

The forceF and torqua that a magnet having a dipole momgrieels can be written as
F = grad(pn [B) = grad(p [Bg) + grad(p [B1)exp(iwt) = Fg + F1exp(iwt) (6)
and
T=puxB = pux(Bg+Bpexp(iwt)) =10+ T1Xp(iwt) , (D

respectively.
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Thus ifB is given as a function of y, andz, F andt can be evaluated from egs. (6) and Eg).

andtg are the static force and torque that the actuator magnet feels due the presence of the FI, and
F, andt,are the amplitude of the temporal fluctuation of the force and torque caused by seimic
noise. We calBj, Fp andtg the static component, aBg, F; andt, the dynamic component.

2.4. Stray B-field

We contacted several FI manufacturers to ask for the spatial distribution of the stray B-field. One
manufacturer among them who has over twenty-year experience of developing low leakage B-
field FIs provided most substantial information. According to this manufacturer [5] their new
model FI has been designed to have minimum B-field leakage. They say that because of this
special design to suppress the stray B-field, its spatial dependence cannot be expressed
analytically, and therefore, they have calculated the z dependence of B numerically. For
proprietary reasons, they do not disclose the numerical solution except for the facts that at the far
field (z>8*outer diameter of the FI magnet =0.25 x 8 = 20 cm, in our case) the B-field attenuation

has z/gp'4 dependence on the optical axis wheygisithe clear aperture and z is the coordinate

along the optical path, that the B-field at the center of the magnet is 0.7 T, that the field decays
radially much faster than along the optical axis, and that their new model FI's B-field decays
much faster than their old model Fl. They disclosed that their old model Fl is well approximated
by a solenoid. Other manufactures said that the B-field of their own Fls can be well approximated
by a solenoid. For these reasons, we used the solenoid model in this estimation. The figure below
compares the decay of the new FI and old Fl. Note that both in the B-field and its slope, the
solenoid model is larger than the New FI model. Our estimation, therefore, is in the safe side.

Assuming a solenoid having the dimensions shown in Tablel for the FI magnet, the stray B-field
can be written as [3]

4
Bx(X ¥, 2 = 3x[B,(z+ b) O (z+ b)

(z+ B2+ (x+y)?2)°/2 Y

By 33 = 3y Balz+ b ——L ®
((z+ D)=+ (x+y)9)
3 0 2 0
Bz(x Y, 2 = %EBa(z+ b) (I (z+ D) ; 3(z+ b) -100 (10)

(z+ 02+ (x+ )23 20z+ 2+ (x+y)2 T
whereB,, B, andB, are the X, y, and z components of the static stray B-figldespectivelyB,

is the B-field strength along the z axiss a half of the FI magnet’s length afpxy, z)is set as
shown in Fig.1. Fig.2 shows the on-axis B-fiBlgthat we use in this estimation.
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Figure 2: On-axis B-field used in this estimation

2.5. FI's seismic vibration

The FI's vibration due to seimic noise can be estimated as a function of frequency by multiplying
the ground vibration and the transfer function. Fig.3 shows the FI's vibration used in this
estimation.We estimated the FI's displacement by multiplying the ground noise (see Fig.4 of Ref
[2]) and horizontal ground-to-stack transfer function (see Fig. 13 of Ref. [2]), whereas the SOS
open-loop noise by multiplying the same ground noise, the same ground-to-stack transfer function
and the stack-to-pendulum transfer function (horizontal to horizontal) [4]. To consider only short
range ground noise influences, we cut off the microseismic peak appearing 0.1 - 0.3 Hz in Fig.4 of

Ref. [2] and replaced it by a constant value of 1%h0/HZ->,
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Transfer function and seismic vibration
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Figure 3: Ground noise, transfer functions and resultant seismic vibrations used in this
estimation.

3 Calculations

Now thatBy is given by egs.(8) - (10) as an explicit function of space, the force, torque and their

temporal fluctuations can be estimated from egs. (5) - (7) for a given magnet, where the amplitude of
the seismic vibration of the FI from Fig.3 are usedAar Ay andAz in eq.(5). Then with the calculated

forces and torques the actual displacement of the mirror can be estimated using an appropriate equation
of motion. Below we first consider the displacement of a large mirror actuated by a single magnet
operating under the influence of the stray B-field, and compare the result with the Coyne’s calculation

in which he estimated the displacement of the same mirror due to the torque caused by an ambient B-
field internal to the chamber and that due to the force caused by the gradient of the ambient B-field [1].
Then we estimate the displacement of a small mirror actuated by six magnets in a realistic
configuration. Here the large and small mirrors mean the large and small optics used in LIGO [6].

3.1. Single actuator magnet case and comparison with the effect of an
ambient B-field (for a large mirror)

Prior to the estimation of the mirror displacement, we calctgfe 1y andt, that a single actuator

magnet feels when its dipole moment vector is oriented at 45 degree to the optical axis. Figs. 4 - 6
respectively show, y,andz components of the static force and tor&gety, and the amplitude of the

dynamic componerf; andt, calculated for an actuator magnet placed on a pfa28 mm as a
function ofx andz This height of 23 mm is a realistic number for actuator magnets used in LIGO [6].
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For this calculation we used the nominal dipole moment of 0.010% ésed by Coyne [1] and

the maximum seismic vibration amplitude of%® observed in Fig. 2. Figs. 4 - 6 show that
while both the static and dynamic components decay quickly as going away from the FI, a
considerable level remains at x<5 cm where actuator magnets are designed to be placed [6].

We next estimate the displacement of a mirror caused by the dynamic components of the force
and torque. To compare the result with the Coyne’s estimation on the effect of an ambient B-field,
we use a large mirror in this estimation. Following the Coyne’s calculation, we evaluated the
displacements due to the force and torque to the actuator magnet as a sinusoidal response; i.e.,

8,=F,/20 Mw?, §,'=F /20 Mw?, &,'=F /20 Mw?, andd, =t 1,420 §0?, 8,'=d g T,/20 o,

3,/=d o T,/20 P, where the superscripts t and r denote the displacement due to the translational
and rotational motion, respectively, andl, are the mass and moment-of-inertia of the large

mirror, dy is the incident beam offset for the large mirror [1] and 20 is the safety factor from SYS

requirements. (Coyne uses the factor of 20 in the denominatdxs=6f,/Mw', 8y'=F /M w7,
etc., so did we.) We evaluated the moment-of-inertia by assuming that the mirror is a cylinder;

2 |2
|-M[fz+|\/|Dl—2 (12)

where M, r and | are, respectively, the mass, radius and thickness of the cylinder. Table 2
summarizes the values we used for this calculation (see the row for the large mirror). Fig.7 and 8
compare the calculated displacements with the displacements due to the ambient B-field [1].
When the mirror is 20 cm away from the Fl along the optical axis, the resultant displacement is
comparable (to a factor of 10) or smaller than the displacement due to the ambient B-field. Note
that it is more than several orders of magnitude lower than the ambient field case in the
gravitational wave band (>40 Hz). When the mirror is 50 cm away, the calculated displacements
are lower than the ambient field case in the whole frequency range. Table 3 summarizes the
calculated dynamic forces and torques felt by the single magnet as a function of the distance from
the Fl,z(cm).

Table 2: Mirror dimensions

, . , . . Beam
Diameter Thickness Weight Moment of inertia offsetd
large mirror | 25.4 cm 10 cm 10 kg 0.0391458 kg 1 mm
small mirror | 7.62 cm 2.5cm 0.25 kg 0.0001042 kg | 3mm
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Figure 4: Calculated force and torque felt by a single magnet (x components)
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Figure 5: Calculated force and torque felt by a single magnet (y components)
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Figure 6: Calculated force and torque felt by a single magnet (z components)

Table 3: Dynamic components of force and torque around 0.1 Hz (single magnet case)
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Comparison of displacement due to force by Faraday grad(B)
with that by structure Eddy current grad(B) at z=20 cm with

nominal Mu ;
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Figure 7: Comparison of displacement due to Fl stray B-field with displacement due to
force by ambient B-field gradient (upper) and displacement due to torque by ambient B-
field (lower). LOS actuator is placed 20 cm from FI.
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Comparison of displacement due to force by Faraday grad(B)
with that by structure Eddy current grad(B) at z=50 cm with
nominal Mu
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Figure 8: Comparison of displacement due to FI stray B-field with displacement due to
force by ambient B-field gradient (upper) and displacement due to torque by ambient B-
field (lower). LOS actuator is placed 50 cm from FlI
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3.2. Realistic actuator magnets arrangement (small mirror)

Next, we estimate the displacement of a small mirror under the configuration shown in Fig.1. We
considered all the dynamic components of the forces and torques felt by the six nfagnkts (

F12 T1x Tyyand 14, for magnet a through f) to derive translational and rotational equations of

motion and solved them for displacements normal and parallel to the mirror surface due to
translational motion, and displacements due to horizontal and vertical rotational motion of the
mirror. For these calculations, we used the same frequency response as the above-shown single

actuator magnet case but did not use the safety factor of 28; i ,/Mw?, 6pt:Fp/Msco2,

8,\=F /M, &=d g TH/I?, 8,/=d o T,/1w? Here subscripts n, p, v and h denote normal to
the mirror surface, parallel to the mirror surface, vertical and horizontal, respeddyelyd|

are the mass and moment-of-inertia of the small miFgandt, (k=n, p, h, viare the total forces
and torques in the respective directions, dgds the incident beam offset for the small mirror

[7]. Table 4 shows the static and dynamic forces and torques calculated for each magnet together
with the total values at around 0.1 Hz where the Fl vibration is at its maximum.

Table 4: Static and dynamic force and torque at around 0.1 Hz (realistic case)

a b Cc d e f total

Fon (N) 2.298e-5 2.627e-4 -2.298e-% -2.627e14  -3.551e-4  7.803¢-4 4.251e-4
Fop (N) 3357e-4 -6.458e-4| -3.357e-4  6.458e-4 1.348e14 4.881e-4 6.229e-4
Fov (N) -4.611e-5 | 1.321e-4 -4.611e-5 1.321e-4 0 0 1.720e-4
Ton (NmM) 1.959e-5 1.558e-5 1.959e-5 -1.558ei5 1.083er5 -6.452e-5 -1.010e-4
Tgy (Nm) | -7.940e-6 | 1.400e-5| -7.940e-¢ 1.400e-5 O 0 2.028e-5
Fin (N) -4.636e-9| 1.651e-10 5.240e-9  -4.225e{9 5.234ef9  -3.310e-8 -3.132e-8
Fip (N) -5.022e-9| 1.815e-8 2.814e-9 -1.248e18 -7.106¢-9 -1.603e-9 -5.249e-9
Fiv (N) -1.424e-9 | 2.304e-9 2.280e-9 -8.046e19 -2.636e-8 4.817¢-9 -2.706e-9
T1h (Nm) 5.465e-10| -7.332e-10 -4.441e-10 6.085e-10 1.646e-10 8.400e-10 2.788e-9
T1y (Nm) | -1.922e-10 2.391e-10 -4.634e-10 -8.968er10 O 0 -6.542e-10
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Fig. 9 shows the resultant displacements when the small mirror is 17 cm away (taken from an
early version of the 100 optics layout) from the FI (see Fig.1) and compare them with the open
loop displacement noise of SOS. Here, the open loop noise is evaluated by multiplying the above-
used ground noise, the above-used ground-to-stack transfer function and the horizontal-to-
horizontal, stack-to-pendulum transfer function evaluated by S. Kawamura [4]. Because the stack
that the Fl is placed has no active control to compensate the seismic noise, this comparison with
an open loop displacement of the small mirror is reasonable. When we use the above-used

nominal dipole moment 0.0107 A4rthe calculated displacements are orders of magnitude
smaller than the SOS open loop displacement in the frequency region higher than 0.1 Hz, and
comparable with it at the lower frequency regidhis means that the displacement due to the FI
stray B-field should be compensated by the SOS acturateig.9, the calculated displacement

due to the Fl when Fl is 30 cm away from the SOS is also shown. In this case, the displacement
due to the FI is smaller than the SOS open loop displacement in the whole frequency region
considered.

A comparison of Fig.9 (upper graph) with Fig.7 (upper graph) around 0.1 Hz indicates that the
displacement calculated in the realistic six magnet configuration for the small mirror is four
orders of magnitude higher than the displacements caused by the force for the single magnet on
the large mirror. Note that this difference comes from the following factors:i.e., the ratio of the
large mirror mass to the small mirror mass=10 kg/0.25 kg = 40, the safety factor of 20 used only
in the single magnet case, and the ratio of the force felt by the single magnet to the total force by

the six magnets=3x10N/1.8x108 N=16 (see I, total in Table 4 and f in Table 3); overall

difference = 40 x 20 x 16=1.2x10The five-orders-of-magnitude difference between the
displacements in the realistic case (Fig.9, upper graph) and the displacements caused by the
torque for the single magnet (Fig.7 lower graph) can be explained in the same way by considering
that the ratio of the large mirror moment-of-inertia to the small mirror moment-of-inertia is

0.0391458 kg 1f10.0001042 kg =376, therefore the overall difference is 40 x 20 x 376=3x10
Also note in Table 4 that the totaj fis dominated by magnet f that is placed closest to Fl. These

mean that the difference in the resulting displacement between the single magnet case and the
realistic six magnet case is mostly due to the difference in the mirror size and the safety factor,
and partly due to some magnets placed close to Fl.

3.3. Orientations of SOS magnets and mirror (small mirror)

Finally, we examine if the displacements are sensitive to the orientations of the SOS magnets and
the mirror. Thus we considered the following two cases: (i) we arranged the SOS magnets in such
a way that the four magnets attached to the rear of the mirror and the two magnets attached to
sides of the mirror, respectively, have the same orientations of the dipole moments; (ii) we rotated
the whole mirror horizontally such that the incident angle of the laser beam might be 0 and 90
deg. In all the cases, the SOS magnet's dipole moment is the above-used nominal value, and the
mirror is placed 17 cm from the FI.

Fig.10 summarizes the results, where the top graph is the case when the SOS magnets are
arranged non-alternatively, and the middle and bottom graphs are the cases when the mirror is
rotated so that the incident angle may be 0 and 90 deg. In either case, no substantial difference is
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observed as compared with Fig.9 upper graph where the SOS is placed 17 cm away from FI with
the beam incident angle of 45 degree and the SOS magnets are oriented alternatively.

Small mirror displacement at z=17 cm, Mu=0.0107 (nominal)

SOS open-loop
displacement

100E+00

Displacement

100E-06

" == normal to mirror
£ NN N surface
- e ~ \
£ D “ U
_.I‘T 100E-12 e N D|sp|acemer_1t
. R parallel to mirror
: \ surface
¢ 100E-B \ V_ertlcal
2 X displacement
& N
Q N .
100E-24 A\ ———— Displacement by

N horizontal rotation

100E-30 —_ Displacement by
0.001 0.01 0.1 1 0 100 1000 vertical rotation

Frequency [Hz]

Small mirror displacement at z=30 cm, Mu=0.0107 (nominal)

1.00E+00 SOS open-loop
displacement
N 1.00E-06 <~ Displacement
T - L p
= :Xy//:;':—\. ~ s normal to mirror
Y _ et = ~ surface
£ 1.00E-12 RSN Displacement
g = \ parallel to mirror
£ 1.00E-18 X surface
8 \ Vertical
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3 1.00E-24 N P
o A\ ————— Displacement by
1.00E-30 horizontal rotation
0.001 001 0.1 1 10 100 1000 |_.._ ... Displacement by
Frequency [Hz] vertical rotation

Figure 9: Displacement of small mirror in a realistic SOS configuration with six magnets of
nominal dipole moment when SOS is placed 17 cm (upper) and 30 cm (lower) from FI.
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Figure 10: Calculated displacements for various cases; (top graph): SOS at z=17 cm from
FI, SOS magnets orientation = same orientation, beam incident andgde= 45 deg; (middle
graph): z=30 cm, magnets = alternatively9 = 0 deg, (bottom graph): z=17 cm, magnets =
alternatively, 6 = 90 deg. All magnets has mu nominal.

page 17 of 18



LIGO-T970149-00

4  Conclusions

This calculation shows that as far as the current optical configuration is concerned, the
displacement of the small mirror due to the combined effect of FI stray B-field and FI's seismic
motion should be compensated by the SOS mirror actuators. It is also shown that the
displacements are not sensitive to the SOS magnets and the angle of the mirror to the optical axis
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