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Abstract

A quiet hydraulic actuator has been designed and built for use in low-frequency

isolation and alignment systems to stabilize the optics in gravitational wave detectors.

By comparison to traditional electromagnetic and mechanical actuators, the hydraulic

actuator is particularly well suited for this application due to its relatively high force,

large stroke, low noise, and low frequency capabilities.

This type of actuator can be adapted to a variety of specifications. A matrix of

design trades is described which characterizes an actuator for use in low-frequency

alignment and isolation. However, these trades can also be used to scale the actuator

design to meet other performance requirements.

Three generations of actuators have been developed. The final design incorporates

a passive hydraulic damping mechanism that suppresses an undesirable resonance

peak in the open loop response. The absence of the peak is shown to greatly facilitate

feedback controller design and robustness.

Eight of these actuators were installed on a platform at LASTI – the LIGO test

facility at MIT. A diagonalized MIMO controller was implemented on the platform

incorporating both sensor correction and sensor blending techniques. Isolation per-

formance has been demonstrated in translational directions from 70 mHz to 7 Hz.

Large scale installation of the actuators has recently been completed at LIGO-

Livingston; one of two LIGO observatories in the U.S. Prior to installation at Liv-

ingston, the observatory was inoperable during the daytime because of severe cultural

noise. However, with the aid of quiet hydraulically actuated platforms, the observa-

tory may now operate at all times of day.
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Chapter 1

Introduction

The observation of gravitational waves will open a new window on the universe.

Several countries have engaged in the construction of observatories to pursue this

purpose. In the United States, there are two installations of the Laser Interferom-

eter Gravitational-wave Observatory (LIGO) that have reached the initial phase of

commissioning. However, in order to succeed in measuring gravitational waves, these

observatories must attain extraordinary levels of displacement sensitivity. Terrestrial

seismic noise is one of many disturbances that must be overcome before LIGO can

attain this sensitivity. In this work, a new actuator is developed to aid in the active

suppression of seismic noise and offer long-term alignment for the LIGO observatory.

1.1 Gravitational Waves

The existence of gravitational waves was first predicted by Einstein in 1916 to provide

a causal explanation to the gravitational force exerted by an accelerating mass. By

expressing gravitational force with the wave equation, it ceases to act instantaneously,

as suggested earlier by Newton, and instead travels at the speed of light.

At this time, gravitational waves have yet to be observed, but there has been an

indirect observation made by Hulse & Taylor [1], [2]. Through careful study of the

orbital decay in a neutron star binary system, Hulse & Taylor found the decay rate

to be in excellent agreement with the predicted energy lost to gravitational radiation.

1



2 CHAPTER 1. INTRODUCTION

Time = 0 T = 1 PeriodT = 
3P

4
T = 

2P

4
T = 

 P

4

h+

hx

Figure 1.1: The effect of a gravitational wave passing perpendicularly through an
object. Note the plus h+ and cross hx polarizations. Courtesy of Brian Lantz.

Gravitational waves are differential planar strain waves, meaning that an object

subjected to a gravitational wave is alternatingly stretched in one axis while com-

pressed in the orthogonal axis (figure 1.1). Similar to an electromagnetic wave, there

is both a plus, h+, and cross, hx, polarization.

The strain produced by an gravitational wave is tiny: h ∼ rs1rs2/(roR) where

rs1 and rs2 are the Schwarzschild radii of the masses involved (rs = 2GM/c2). The

remaining variables are G, is the gravitational constant; R, the distance to the source;

M , the mass of each star and c, the speed of light. The ratio of G2/c4 is so small

that the only measurable sources of gravitational waves are produced by masses on

the order of a solar mass.

1.1.1 Gravitational Wave Sources

Despite the need for large masses, there are a variety of sources that may be powerful

enough to be detected. A commonly discussed source is the coalescence of two com-

pact objects such as neutron stars or black holes. For an estimate of the strain that

these sources would produce on Earth, consider a pair of 1.4 solar mass (∼3×1030 kg)

neutron stars located in one of the closest galaxies (the Virgo Cluster, for example)

at a distance R of approximately 15 megaparsec or 4.5×1023 meters. Moments before

impact these stars may orbit each other at frequencies approaching 400 Hz. The

resulting strain on Earth will be approximately 10-21 [14].
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1.2 Gravitational Wave Detection

In spite of the extraordinarily small strain on earth, several methods have been pro-

posed to detect gravitational radiation for astrophysical observation. These include

bar detectors which consist of a large suspended mass whose longitudinal flexible

mode is at a frequency of about 1 kHz for which there are anticipated gravitational

radiation sources. However, in more recent times, most research effort has been di-

rected toward laser interferometric detectors, and at this time, several countries have

recently commissioned detectors of this type.

Rainer Wies first proposed a practical interferometric detection scheme in the

1970’s [3]. However, the first to embark on the path toward building a interferometric

detector was a British-German group known as GEO [4]. This group is responsible

for the GEO600 detector in Hanover, Germany. Subsequent to this, several countries

have constructed detectors: the Japanese built a detector with impressive sensitivity

for its size called TAMA [5], there is an Italian/French effort known as Virgo [6], and

the Australian group, ACIGA, built a detector in Western Australia [16], [7]. LIGO

is both larger and more sensitive than any other existing detector, but for each of

these, the mechanism for detection remains fundamentally the same.

1.2.1 Laser Interferometric Detection

Laser interferometry is attractive for gravitational wave detection because of its in-

herently high displacement sensitivity and the capability to project light over large

distances. The high displacement sensitivity is necessary because of the weak coupling

of gravitational waves to masses on Earth, and since the detection of gravitational

waves is based on measuring a strain, the signal is amplified by a large baseline.

The Michelson configuration is typical for all detectors, and the fundamental as-

pects of the interferometer arrangement differ little from the 1887 original [17]. The

important distinction for gravitational wave detection is that the mirrors are not con-

nected to a rigid structure. Instead, each mirror is freely suspended to respond to

gravitational wave effects.

In the event of a gravitational wave, the space between the freely suspended
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mirrors, or test masses, is stretched much like the smiley face in figure 1.1. The inter-

ferometer is sensitive to this distortion and outputs the resulting displacement signal.

It is important that the arms of the interferometer be arranged nearly orthogonally

so that the detector is sensitive to all orientations of gravitational wave.

Unfortunately, for terrestrially rooted suspensions1, a freely suspended mass is an

impossible ideality. No realizable suspension system can support a mass as though

it were floating in inertial space. Practical systems approach this ideal through the

application of multiple stages of suspension for isolation.

1.2.2 LIGO

There are two installations of LIGO: one in Hanford, Washington and another in

Livingston Parish, Louisiana. Both of these observatories are now operational. The

current configuration of each observatory is commonly known as Initial LIGO with

the expectation of an Advanced LIGO configuration by approximately 2010. The

work discussed in this thesis was originally intended for Advanced LIGO, but due

to an unexpected excess of ground motion at the Livingston observatory (LLO), the

hydraulic actuators discussed here have been commissioned as part of Initial LIGO

at Livingston.

The LIGO observatories consist of two 4 km long beam tubes arranged orthogo-

nally to one another (figure 1.2). Each beam tube contains one arm of a Michleson

interferometer with a Fabry-Perot resonant cavity. The end mirrors of the Fabry-

Perot cavity are contained in Beam Splitter Chambers (BSC) at either end of each 4

km long beam tube. The BSC at the Corner Station houses the beam splitter and the

surrounding Horizontal Access Modules (HAM) contain a variety of support optics

for the main interferometer.

Initial LIGO is intended to sense gravitational waves at frequencies between 50

and 7000 Hz from sources within 15-20 megaparsecs. The goal of Advanced LIGO is to

increase the sensitivity of the instrument to distances approaching 200 megaparsecs

over a frequency range of 10 to 10,000 Hz. This translates into a factor of ∼10

1An alternative to the terrestrial observatories is a space based observatory such as the proposed
LISA mission. The masses in the LISA satellites will clearly be immune from seismic disturbances.[8]
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reduction in the strain-equivalent noise floor (figure 1.3) which requires nearly every

aspect of the detector to be improved or replaced with the notable exception of the

vacuum envelope.

Among the many noise sources that threaten the successful operation of the LIGO

detector, ground motion induced vibrations can disrupt the operation of the inter-

ferometer and add noise at the low end of the gravitational wave detection band.

The sources and magnitude of seismic disturbances vary with frequency (figure 1.3).

Overall, the root-mean-square (rms) of the ambient ground motion at each site is ap-

proximately 1 µm. Much of the spectral contribution to this rms motion comes from

the so called microseismic peak in the 0.1-0.3 Hz band. The microseismic peak results

from coastal ocean water waves exciting surface waves along the Earth’s crust. An-

other notable disturbance source is human activity which contributes largely between

1 and 10 Hz. This is of particularly apparent at LLO, where commercial logging in

the surrounding forest causes a factor of ∼10 increase in motion during the daytime.

At very low frequencies, the surface of the Earth undergoes a tidal motion on the

order of 200 µm peak to peak [9] caused by attraction to the sun and the moon.

Seasonal temperature variations may also introduce annual length variations as large

as 1 mm.

In the presence of these disturbances, suspensions for LIGO must provide both

alignment and isolation. Alignment control is important in all degrees-of-freedom

(DOF) to aim the interferometer beam at the center of the test mass, and particularly

along the beam line, to control the length between the two ends of each optical

cavity. To achieve lock and limit noise in the output from the interferometer, the rms

fluctuations in length between test masses at the ends of each optical cavity must be

limited to 10−13 m for Initial LIGO, and 10−14 m for Advanced LIGO (within the

detection band). Isolation is necessary to reduce test mass motion so as to enable

gravitational wave detection.
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Figure 1.3: Current estimates of the contributions of various detector noise sources to
the Advanced LIGO strain (h) sensitivity level (left), and the resulting requirement
on displacement noise for the second stage of the two stage active isolation system
(right). Models of the ground motion measured at LLO and LHO are included (right).
Note that the ground motion around 1 Hz at the Livingston site (LLO) is much larger
than that at Hanford (LHO). [10] [12]

1.2.3 Suspension Systems in LIGO

The suspension systems in LIGO (figure 1.4) include both passive and active systems

distributed over multiple stages. The overall design intent is to employ small throw,

low noise actuators near the test mass, and once these actuators approach the limits

of their range, reallocate the control effort to larger, noisier actuators closer to the

ground. This minimizes coupling of actuator noise to the test mass, and leads to a

design where the actuators are well matched for their application.

Initial LIGO

The suspension system for initial LIGO consists of a single, two-wire pendulum hang-

ing from a passive isolation stack. The passive isolation stack provides isolation in the

vertical direction and rests on the support table, which is held externally to the vac-

uum chamber by the crossbeams and eventually the piers (figure 1.5). The isolation

system that interfaces the pier tops to the corners of the crossbeams is the External
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Figure 1.4: A schematic of the suspension system used in LIGO. The suspension
system from the ground up starts with the piers which support the External Pre-
Isolator (EPI) system. The EPI system supports the crossbeams which pierce the
vacuum chamber (not shown) and carry both the multi-stage isolation system and
the pendulum suspension.

Pre-Isolator (EPI) which is the stage of interest for this work.

The position of the test mass at the bottom of the pendulum is controlled by

four electromagnetic actuators. The control authority of these actuators is limited

and when the motion of the mass begins to exceed their capability, control effort is

diverted to the EPI system.

The EPI system, as originally conceived for Initial LIGO, is capable of horizontal

motions (X and Rz), and is actuated by piezoelectric stacks. The range of motion

of the piezoelectric stacks is limited to ±90 µm, and since the piezoelectric material

is stiff, it is difficult to accomplish vibration isolation at frequencies as low as 1 Hz.

Nevertheless, the piezoelectrically actuated EPI system (PEPI) is capable of operating

with the test mass actuators to acquire and maintain lock of the interferometer for
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limited periods of time.

The PEPI system at LLO has been replaced with a Hydraulically actuated Ex-

ternal Pre-Isolator (HEPI) because the range of motion of PEPI is not sufficient to

track the Earth tides and the extreme cultural noise observed at the LLO site. The

increased cultural noise at LLO can be attributed to the commercial logging activities

in the forest surrounding the observatory and a nearby freight railway track.

Advanced LIGO

The proposed suspension design for Advanced LIGO [12] is considerably more sophis-

ticated than Initial LIGO. The test mass is the lowest mass in a quadruple pendulum

that hangs from a two-stage, electromagnetically actuated isolation platform. The

two stage system rests on the support table which is supported by the HEPI system.

Similar to Initial LIGO, the HEPI system is included in the proposed Advanced

LIGO suspension to attenuate large amplitude disturbances so that systems within

the vacuum tank only need to operate about their centered position. This is reduces

noise, and the range of motion required of stages located inside the vacuum chamber

where the electromagnetic actuators are ill suited to holding large, long-period offsets.

Specifications for HEPI

For both generations of suspension, the specifications for the HEPI system are fun-

damentally the same. The HEPI system must be capable of translating ±1 mm in

X, Y and Z while providing a factor of 10 of isolation from frequencies as low as the

microseismic peak at ∼1/6 Hz to frequencies where cultural noise is significant, 1-5

Hz. To reach these objectives, the HEPI system must be at least a factor of 10 quieter

than the ground and capable of providing adequate bandwidth to meet the isolation

requirements.

Stiff vs. Soft Suspensions

A common classification for suspended stages in LIGO and elsewhere in the literature,

is either stiff or soft, based on the natural frequency of the suspended platform with



10 CHAPTER 1. INTRODUCTION

In
it
ia

l 
L
IG

O
 B

S
C

A
d
v
a
n
c
e
d
 L

IG
O

 B
S
C

S
in

g
le

p
e
n
d
u
lu

mT
h
e
 Q

u
ie

t 
H

y
d
r
a
u
li
c
 

A
c
tu

a
to

r

V
a
lv

e

A
c
tu

a
ti
o
n

p
la

te

T
w

o
 s

ta
g
e
 a

c
ti
v
e

is
o
la

ti
o
n
 p

la
tf

o
r
m

Q
u
a
d
r
u
p
le

p
e
n
d
u
lu

m

P
a
s
s
iv

e

is
o
la

ti
o
n

s
ta

c
k

S
u
p
p
o
r
t

ta
b
le

C
r
o
s
s
b
e
a
m

P
ie

r

T
r
ip

o
d

B
e
ll
o
w

x

y

z

x

y

z

F
ig

u
re

1.
5:

T
h
e

su
sp

en
si

on
sy

st
em

fo
r

In
it

ia
l
L
IG

O
,
an

d
th

e
p
ro

p
os

ed
su

sp
en

si
on

d
es

ig
n

fo
r

A
d
va

n
ce

d
L
IG

O
as

ap
p
li
ed

to
th

e
B

S
C

ta
n
k
.

B
ot

h
th

e
In

it
ia

l
an

d
A

d
va

n
ce

d
su

sp
en

si
on

sy
st

em
s

in
cl

u
d
e

an
ex

te
rn

al
st

ag
e.



1.3. THE QUIET HYDRAULIC ACTUATOR 11

respect to where the attenuation is needed. A soft suspension attempts to attenuate

motion passively by setting the natural frequency below the frequencies where the

isolation is required. Conversely, the natural frequency of a stiff system is set higher

than the isolation band, and low-frequency isolation is attained through active control.

The decision between a stiff or soft system lies in the choice of natural frequency.

The natural frequency determines the stiffness of the offload springs that support the

weight of the suspended platform, and the choice of natural frequency dictates much

about the design of the stage. The advantage of a soft system is that it requires less

actuator authority because the offload spring stiffness is lower.

The major disadvantage of a soft system is long term stability. The position of a

softly suspended platform is very sensitive to temperature variations due to changes

in spring stiffness and length (Appendix C.2). Since the static sag of even a 1 Hz

suspension is 250 mm, a small fluctuation in spring stiffness can cause major changes

in position. Furthermore, for the large payloads as found in LIGO, a soft spring is

either excessively large or exhibits stress levels that pose concerns of safety and noise

caused by creep events.

Consequently, the EPI system is stiffly suspended at 8 Hz, and the two-stage active

isolation system proposed for Advanced LIGO also features natural frequencies at or

above 2 Hz.

1.3 The Quiet Hydraulic Actuator

There are several examples in the literature [20],[18] that describe systems capable

of meeting the proposed alignment and isolation objectives set forth for HEPI. The

unique challenge posed by the HEPI system is to develop an actuator capable of

meeting these performance objectives, but with the formidable low-frequency, range

and low-noise capabilities requisite to the LIGO application.

The EPI payload weighs approximately 2000 kg, and with an 8 Hz natural fre-

quency, the actuator must deliver 1250 N of force in order to displace 1 mm. The

actuator must be capable of maintaining these high force levels indefinitely while not

exceeding a displacement noise level at least a factor 10 less than the ground.
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Quiet high low med med low low low
Hydraulic ⊕ ª ª ª ⊕ ⊕ ⊕
Mechanical

high low high high high low high
⊕ ª ⊕ ⊕ ⊗ ⊕ ⊗

Electromagnetic
high high low high low low low
⊕ ⊕ ⊗ ⊕ ⊕ ⊕ ⊕

Piezoelectric/ med high high low low high low
Magnetostrictive ª ⊕ ⊕ ⊗ ⊕ ⊗ ⊕

Table 1.1: Candidate actuator technologies for the EPI system. A ‘high’ above a ‘⊕’
indicates that the corresponding quality is prominent and desirable. A ‘ª’ indicates
the quality is acceptable and a ‘⊗’ designates an attribute as unsuitable. For example,
the high force of the hydraulic actuator is desirable while the medium stiffness is
merely acceptable.

1.3.1 Candidate Actuators

There are several types of actuators that potentially could meet the requirements of

the EPI platform. These potential candidates are listed in table 1.1. The mechanical

category includes various ball screw and lever arrangements. These are unacceptable

because of the noise inherent in rolling interfaces. Some mechanical flexure/non-

contact electromagnetic combinations were considered, but the resulting package was

excessively large. The absence of stiffness found in direct actuation with a linear

electromagnetic actuator results in a poorly behaved system (such an arrangement

was attempted as discussed in Appendix C.1). It is also challenging to obtain an

electromagnetic actuator with sufficient force and range of motion, especially with

the required lateral clearance to accommodate a multi-DOF installation. Piezoelectric

materials fail because of their limited range and high hysteresis. A piezoelectric stack

large enough to meet the range requirements of EPI would be very sensitive to shear

failure from transverse forces.
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The quiet hydraulic actuator is the only candidate that is acceptable in every cate-

gory. The success of hydraulics in this application is made possible by the application

of the principles which define quiet hydraulics.

1.3.2 Quiet Hydraulics

The field of quiet hydraulics was pioneered by the work of Dan DeBra of Stanford Uni-

versity (formerly Lawrence Livermore National Labs) and Taco Viersma of Delft Uni-

versity. In general, quiet hydraulic systems exhibit much of the high force character

of conventional hydraulics but with significantly lower noise at the cost of decreased

bandwidth.

The low noise performance can be attributed to the defining attributes of quiet

hydraulics: laminar flow and the absence of frictional interfaces. Conversely, most

conventional hydraulic systems operate in the turbulent flow regime. The pressure

fluctuations implicit in turbulent flow couple directly into piston position causing

displacement noise, and often, an audible hum. Quiet hydraulic systems forfeit the

speed of conventional hydraulics to attain low noise levels by limiting flow velocities

to remain laminar.

The quiet hydraulic actuator avoids frictional interfaces by incorporating a pair

of flexible bellows instead of the conventional piston and cylinder arrangement (fig-

ure 1.6). Flow in and out of the bellows is modulated by a network of variable

hydraulic resistances that resemble a Wheatstone bridge. The variable resistances

are nozzle/flapper impedances that are embedded in a commercially manufactured

hydraulic servo valve.

1.4 Outline of the Thesis

Commercially available servo valves are intended for use in turbulent systems, and

thus require modification for use in the quiet hydraulic actuator. Chapter 2 addresses

the design of laminar flow nozzles and other modifications to the stock servo valves.

The design of the quiet hydraulic actuator is motivated by mathematical models
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Figure 1.6: A schematic of the hydraulic actuator. A pump supplies pressurized
fluid to the servo valve which modulates flow, Q, to the bellows on either side of the
actuator plate. The actuator plate displaces according to the differential pressure on
either side of it and applies force to the mass suspended by the offload spring.

described in Chapter 3. Included in Chapter 3 is a design trades chart that shows how

various parameters of the actuator may be adjusted to meet alternative specifications.

The mechanical design of the actuator and the platforms that support the actuator

is developed in Chapter 4. Based on the discovery in Chapter 4 of a undesirable

resonance in the bellows, Chapter 5 discusses the redesign of the bellows and the

development of a novel hydraulic bypass network.

A discussion of the various control techniques applied to hydraulically actuated

platforms is given in Chapter 6, and Chapter 7 provides ideas for future installations

and actuator designs.
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1.5 Prior Art

The use of bellows as a hydraulic or pneumatic cylinder is an old, perhaps ancient,

concept. The arcane bellows used to move air or fluids in pumps to stoke fires or

irrigate fields are not functionally dissimilar from the basic geometry presented here.

More coincident arrangements appeared in applications like vehicle braking in the

early 1900’s (for example, see patent no. 1744241 by Pirrle). In more recent times,

the differential bellow arrangement of the quiet hydraulic actuator has become a

common solution for obtaining sub-micron level precision with hydraulics [21].

However, it is difficult to find examples of this differential bellows architecture de-

veloped specifically for feedback control in a multi-DOF system. Hence, the actuator

design discussed here is unique not in its underlying functionality, but rather, in the

specifics that make it suitable for active alignment and isolation.

The suitability for control is realized through careful design of the bellows and

the bypass network developed for this application. Slocum [21] mentions need to

consider the design of the bellows for a bellows based actuator, but does not mention

the specific design feature that is found to be important here: the breathing stiffness

of the bellows (discussed in Chapter 5). Similarly, the bypass network, a laminar

flow hydraulic resistor and capacitor has been demonstrated as a effective means to

damp undesirable modes by DeBra [22] for passive isolation systems. However, the

application of this passive network into an active differential bellows system is unique.

1.6 Research Contributions

The primary contribution of the work presented in this thesis is the development of

a quiet hydraulic actuator proven to be suitable for multi-DOF control. This result

is the culmination of sustained development both in the design of the actuator and

the surrounding systems.

The final actuator prototype used in LIGO is the last of three prototypes devel-

oped over the course of this research. The final design incorporates two novel features

to a quiet hydraulic, two-bellow configuration. Firstly is the low-inductance, passive
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hydraulic bypass network that suppresses the bellows’ breathing resonance observed

in the first actuator prototype. Secondly, the final actuator prototype incorporates

custom designed bellows with a convolution shape that maximizes the ratio of breath-

ing stiffness to axial compliance. Thirdly, to operate in the high quality clean room

environment of LIGO, the actuator also includes an embedded bleed network to en-

sure that hydraulic fluid will remain sealed in the actuator during the removal of

entrapped air.

Fourthly, several new control techniques were developed for the hydraulic ac-

tuator installed in the LIGO observatory. These include the application of sensor

correction and sensor blending generalized to modal control of an eight actuator plat-

form. Finally, the performance requirements for LIGO have been experimentally

demonstrated.



Chapter 2

The Hydraulic Flapper Valve

The hydraulic actuator converts differential flow into velocity of the suspended mass.

Similarly, the purpose of the hydraulic flapper, or servo, valve is to convert constant

flow provided by a pump into a controllable source of differential flow to drive the

actuator.

Hydraulic servo valves are commercially available from a variety of manufacturers,

but in their stock configuration, these valves are intended to operate in the turbulent

flow regime. In this experiment, turbulence must be avoided to reach the low noise

criteria for LIGO, and while the valves may be operated at low flow rates, the stock

nozzles inside of the valves are designed to stimulate turbulence. In this chapter,

modifications to the valve nozzles are discussed along with techniques to mitigate the

nonlinearity associated with operating the valve in the laminar regime.

The servo valve is a hydraulic analog of a Wheatstone bridge. The value of the

variable resistances is dependent on the electrical control current applied to the servo

valve. By applying current to the valve, it is possible to unbalance the hydraulic

bridge and create differential pressure between the corners of the bridge (C1 and C2

in figure 2.1).

A servo valve is typically comprised of a steel flapper controlled by an electro-

magnetic torque motor operating between two nozzles. The position of the flapper is

dependent on the electrical current input into the valve torque motor. The hydraulic

resistance of the flapper valve is determined by both the resistance of the nozzles and

17
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Figure 2.1: The HSC Valve and the Parker DYP2S Valve
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Figure 2.2: A Typical Flapper Valve Layout

the variable resistance produced by the height of the gap between the flapper and

the nozzle face (h in figure 2.2). A typical nominal gap between the nozzle and the

flapper is 0.2 mm.

There are several different flapper valve configurations. In this experiment two

configurations were tested. The first actuator prototype used the single flapper HSC

(Hydraulic Servo-Valve Corporation) manufactured valve. Since the HSC valve has

only one flapper, the first actuator prototype includes a manifold with two fixed

resistors to complete the bridge. Alternatively, later models of the actuator used

the Parker manufactured DYP2S servo valve which has two separate flapper/torque

motor pairs and four nozzles. With the DYP2S valve, the bridge is internal to the

servo valve case. There are subtle differences in the application and operation between

these two configurations, but both are capable of successfully controlling the actuator.

The choice as to which valve to use was made mostly on the basis of commercial

availability.
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2.1 Hysteresis

The upper portion of the flapper is within the magnetic path of the torque motor

(figure 2.2). The coils change the dipole orientation in the material they surround in

order to create angular motion at the tip of the flapper (near the nozzles). As a result,

the torque motor operates with a 2% hysteresis. This small hysteresis is suppressed

by the feedback loops used to control the actuator. Hence, the valve hysteresis has

not been observed to disrupt the linearity of the actuator. However, the actuator can

be observed to relax to a new equilibrium position when the feedback loop is switched

off, and this may partially attributed to this hysteresis.

2.2 Nozzle Design

The stock commercial valves are designed to operate in the turbulent regime. To this

end, the stock nozzle design features a sharp edge intended to help trip turbulence.

For this actuator, turbulent flow must be avoided and the obvious solution is to soften

the edges of the nozzle. However, this must be done with some care so as to avoid

creating areas of localized accelerated flow. Furthermore, with the reshaped nozzle,

the nozzle face and flapper behave like a parallel plate impedance. This behavior is

nonlinear in the laminar flow regime, but can be made more linear by adjusting the

fixed resistance of the nozzle. The nozzle design for this application is then driven by

two objectives: maintain laminar flow and minimize nonlinearity.

2.2.1 Nozzle Exit Shape

[19] A sketch of the stock nozzle design is shown Figure 2.3 along with two alternatives.

The first alternative is the intuitive solution of simply replacing the sharp edge with

a fillet and flattening the face of the nozzle. A more elaborate solution is to use a

hyperbolic shape as shown on the far right of Figure 2.3. The hyperbolic shape is

applied in an effort to maintain constant area and therefore constant flow velocity

throughout the nozzle and flapper interface.

The hyperbolic shape is a consequence of the desire to minimize flow velocity
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Figure 2.3: Nozzle dimensions and three possible nozzle shapes. From left to right: the
stock nozzle, a flat faced nozzle with a fillet, and a nozzle with hyperbolic curvature.

fluctuations at the flapper/nozzle interface. This implies that the cross sectional area

of the fluid path should remain constant as fluid travels down the circular nozzle bore

and radially outward between the flapper and the nozzle face. Hence, the area of the

cylinder defined by the radius of the outward flowing fluid (from ri to ro) and the

distance between the flapper and the nozzle face (from hi to ho) must remain constant

and equal to the cross-sectional area of the nozzle bore.

πr2
i = 2πrh(r) (2.1)

h(r) =
r2
i

2r
for ri ≤ r ≤ ro (2.2)

At first, this may appear to be an ideal solution, but it is unreasonable to assume

that fully developed laminar flow will prevail throughout this region. Fluid dynamics

texts [27] suggest that unsteady (not fully developed) flow may continue where the

ratio of entrance length to height is less than 1000. In the case of the flapper and

nozzle, that ratio ((ro − ri)/havg) is much closer to unity.

In consideration of the unstable flow in this region and the difficulty of accurately

manufacturing a hyperbolic profile (at this miniature scale), the nozzle design fea-

tures a simple fillet (the center case in figure 2.3). A valve with these nozzles was

subsequently tested on a small flow bench, and in the operating range expected of

the actuator, no significant unstable flow was observed. By virtue of the empirical
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results of this test and many that followed, the nozzle design with a simple fillet was

adopted for all future valves.

2.2.2 The Variable Nozzle/Flapper Resistance

There are two components to the resistance in the flapper valve: the fixed resistance

from the bore inside the nozzle, Rn, and the variable resistance created by the flapper

and nozzle face, Rf . In the laminar regime, the variable resistance exhibits an inverse

cubic nonlinearity that is unacceptable at large flapper deflections. However, it is

possible to minimize this nonlinearity by careful choice of nozzle impedance.

By the notation set forth in figure 2.3, the fixed resistance of the nozzle is:

Rn = Rnozzle bore =
8µLn

πr4
i

(2.3)

where µ is the viscosity of the working fluid and Ln is the length of the nozzle bore.

Alternatively, the nozzle/flapper interface can be approximated by a parallel plate

impedance. The impedance of parallel plates to laminar flow is [27]:

Rparallel plate =
12µ · Length

Width ·Height3
(2.4)

where the Height is the distance between the flapper and the nozzle face (h in figure

2.2), and the Width and Length can be loosely associated to the diameter of the

nozzle face. A more accurate representation results from deriving the parallel plate

resistance for radial flow constrained between two plates. The Width becomes the

circumference of the outward advancing flow perimeter, 2πr, and the Length is the

distance along the radial path, r:

Rradial plate =

∫ ro

ri

12µ

2πrh3
dr (2.5)

Rradial plate =
12µ

2π h3
ln

(
ro

ri

)
(2.6)

The flapper resistance may be separated into two constituents: a normalized change
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in height, h/(h ± x), and a nominal fixed resistance, Ro, for the impedance of the

flapper centered condition:

Rf = Ro

(
h

h± x

)3

(2.7)

Ro =
12µ

2π h3
ln

(
ro

ri

)
(2.8)

where h is the nominal height when the flapper is centered. The second term in

equation 2.7 is further normalized with respect to the change in height:

Rf = Ro

(
1

1± ε

)3

(2.9)

where ε = x/h. The total resistance of the flapper/nozzle interface is the combi-

nation of the fixed resistance of the nozzle bore and the variable resistance of the

flapper/nozzle interface:

Rflapper/nozzle = Rn + Rf (2.10)

The purpose of deriving this model of the flapper/nozzle resistance is to mitigate

the nonlinearity in Rf by specifying the nozzle resistance, Rn. This decision can be

made empirically by plotting the differential pressure over a range of flapper positions

while varying the ratio of the flapper/nozzle interface resistance, Ro, to the nozzle

resistance, Rn. Based on inspection of figure 2.4, the most linear plot of differential

pressure results from a nozzle resistance that is equal to the nominal flapper resistance,

Ro (flapper centered). This can also be shown analytically by matching the slope of

the differential pressure function at the flapper centered point and at some point of

reasonable deflection. For the fully differential bridge in the DYP2S, the pressures at
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the control ports are:

Pc1 =
R2

R1 + R2
Ps (2.11)

Pc2 =
R3

R3 + R4
Ps (2.12)

R1 = Rn + Ro

(
1

1 + ε

)3

(2.13)

R2 = Rn + Ro

(
1

1− ε

)3

(2.14)

where Pc1 and Pc2 are the pressures at the control ports and Ps is the supply pressure.

Due to the differential nature of the valve, R1 = R3 and R2 = R4. The differential

pressure across the control ports:

∆P (ε) = Pc2 − Pc1 =
γ

((
1

1+ε

)3 − (
1

1−ε

)3
)

2 + γ
((

1
1+ε

)3
+

(
1

1−ε

)3
) (2.15)

where γ = Ro/Rn.
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Setting the slope of the differential pressure with the flapper centered equal to the

slope when the flapper is displaced at ε = .7:

∆P ′(ε) |ε=0= ∆P ′(ε) |ε=.7 (2.16)

and solving for γ yields the expected γ ∼= 1.
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Figure 2.5: Measured and predicted resistance of one resistance in the DYP2S valve
(e.g. one of the four resistances R1, R2, R3, and R4).

A flow bench was constructed to determine the resistance of valves with the new

nozzles. The flow bench can also provide resistance measurements of each of the

individual flapper nozzle pairs within the DYP2S valve (e.g. resistances R1, R2, R3,

and R4). One such measurement is shown in figure 2.5 along with the predicted

resistance from equations 2.14 or 2.14. The predicted behavior of the valve closely

matches the measured resistance except for large negative inputs. This discrepancy

is attributed to the inability of the actual valve to completely seal off the nozzle.

As the flapper touches down on the nozzle face, the resistance increases sharply, but
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the nozzle is not completely sealed. Higher values of control current continue to

close off the gap increasing the resistance slowly. Alternatively, the model assumes

a maximum possible resistance that cannot be surpassed with increasing (negative)

control current, and as a result, the plot of the model levels off at large values of

control current.

More information regarding the operation of the DYP2S valve can be found in

Appendix A.



Chapter 3

Actuator Design Synthesis

The design of the hydraulic actuator was motivated by several one-dimensional math-

ematical models. In this chapter, these models will be developed and discussed with

respect to the functionality of the actuator. These relationships eventually lead to a

design trades chart that links significant design parameters to operational character-

istics of the hydraulic actuator.

3.1 A Static Model

A first step in understanding the fundamentals of the actuator is to investigate a static

model. The static model is useful for sizing the actuator and providing estimates of

noise limitations imposed by the fluid supply pump and the servo valve. In this

model, the hydraulic fluid is assumed incompressible and all structural compliance in

the system is ignored. The equations here are derived with respect to Figure 3.1.

The derivation begins with a force balance between the actuator and the founda-

tion:

(P1 − P2)Ab = Koff (zf − za) (3.1)

where Ab is the area of the bellows. In the previous chapter the differential pressure,

P1−P2, was defined as a function of the variable resistance created by the nozzle and

27
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flapper valve. The variable resistance was defined as:

Rf = Ro ·
(

1

1± ε

)3

(3.2)

where ε = x/h. This can be approximated using a Taylor series including terms only

up to first order as:

Rf = Ro · (1∓ 3ε) (3.3)

With this approximation, the equation of differential pressure is greatly simplified.

For the HSC manufactured valve, differential pressure is:

∆P (ε) =
R1

R + R1

− R2

R + R2

=
−6RoεR

(3Roε + R + Ro) (3Roε−R−Ro)
(3.4)

where R is the fixed resistance built into the manifold (only for the HSC configu-

ration). In equation 3.4, 3Roε is much smaller than R or Ro and can be ignored.

This can then be substituted into equation 3.1 to solve for the ratio of static force to

normalized flapper position ε.

F

ε
= 6AbPs︸ ︷︷ ︸

(1)

R ·Ro

(R + Ro)2

︸ ︷︷ ︸
(2)

(3.5)

For any flapper position, it is advantageous to maximize the force, F . This can

be done by increasing the area of the bellows or the supply pressure in part (1) of

equation 3.5, but both of these choices have associated penalties. Alternatively, the

ratio (2) can be maximized by choosing the appropriate value of R. This is the case

when R is set equal to Ro (which can be shown by searching for the local maxima).

This can also be understood as maximizing the pressure recovery or converting as

much of the supply pressure into differential pressure. Setting R/Ro = 1 further

simplifies equation 3.5 to:
F

ε
=

3

2
AbPs (3.6)

The maximum allowable valve drive current noise can be estimated by setting

F = koffδmax where δmax is the maximum allowable displacement due to noise (about
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Figure 3.1: The Actuator Layout

1 nm at lower frequencies ∼1 Hz), and koff is the offload spring stiffness. For an

offload spring stiffness of 1·106 N/m and a bellows area of 0.1 m, the allowable drive

current noise can be estimated as:

δε =
2koffδmax

3AbPs

∼= 1 · 10−6mA (3.7)

Similar approximations can be made for the Parker manufactured DYP2S valve.

For the DYP2S valve, the differential pressure becomes, after the simplification of

equation 3.3 (recall from chapter 1 that R2 = R4 and R1 = R3),

∆P (ε) = P1 − P2 =
R2

R1 + R2

− R3

R4 + R3

=
R1 −R2

R1 + R2

= 3ε (3.8)

The DYP2S is inherently optimized in that the upper two resistors, R1 and R4, are

nominally matched to the lower two resistors, R2 and R3. It should be noted that due

to the fully differential nature of the DYP2S valve, the pressure recovery is twice as
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high as that yielded by the HSC valve (compare equation 3.8 to 3.4 with R/Ro = 1).

3.2 Fluid Compliance

The simple static model can be refined by accounting for the compressibility in the

hydraulic fluid. To illustrate the effect of fluid compressibility, consider one-half of a

conventional piston shown in figure 3.2. In this figure there are two ways to decrease

the volume. The fluid may be drawn in through the orifice by moving the piston in

the horizontal direction (ẋp); this is equivalent to adding fluid to the volume (Qp).

Alternatively, the fluid can be compressed by increasing the pressure Pp by the applied

force, Fp.

F
p

A
p

Q
pP

p

L
p

x
p

Figure 3.2: A conventional piston.

The mass balance for the fluid in the piston is dependent on the piston position

and the flow out of the piston:

∑
Mp = ρApLp +

∫
ρQpdt (3.9)

where Mp is the fluid mass in the piston and Ap is the cross-sectional area of the

piston. The change in mass is:

dMp

dt
= −ApLp

dρ

dt︸ ︷︷ ︸
(1)

+ ρAp
dLp

dt︸ ︷︷ ︸
(2)

+ ρQp︸︷︷︸
(3)

(3.10)
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Term (3) in equation 3.10 represents the flow into the piston, term (2) is the flow

generated by piston movement (changes in the length, Lp) and term (1) results from

the compliance of the fluid under the pressure Pp. Terms (2) and (3) are equivalent

since dLp/dt is a velocity. In order to better understand the relationship between

density and pressure, consider a fixed mass, M , of length L and area A:

M = ρAL (3.11)

dM

dt
= 0 = AL

dρ

dt
+ ρA

dL

dt
(3.12)

AL
dρ

dt
= −ρA

dL

dt
(3.13)

The change in length with time, dL/dt is related to the internal pressure of the

piston by the compliance of the fluid. In this one dimensional case, fluid compliance

is analogous to axial elastic deformation of a solid bar. The axial spring rate of a bar

is EA/L where E is the modulus of elasticity, A is the cross-sectional area and L is

the length. The spring rate is equal to the change in force divided by the change in

length: dF/dL = EA/L. If both sides of this expression are divided by the cross-

sectional area, A, the expression becomes dP/dL = E/L where P is the pressure. If

this is divided by dt and the modulus of elasticity is replaced by the bulk modulus,

the result is dL/dt = β/L · dP/dt which can be applied to equation 3.13:

AL
dρ

dt
=

−ρβA

L

dP

dt
(3.14)

dρ

dP
=

−ρ

β
(3.15)

Equation 3.15 expresses the relationship between density and pressure and may be

substituted into equation 3.10:

dMp

dt
=

ρVp

β

dP

dt
+ ρAp

dLp

dt
+ ρQp (3.16)

where in term (1), the chain rule has been applied and dρ/dt is expanded to dρ/dPp ·
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dPp/dt. Finally, for constant volume, equation 3.16 becomes:

ṖpVp

β
+ ẋpAp + Qp = 0 (3.17)

where dLp/dt = dxp/dt.

3.3 A Dynamic Model of the Actuator

A dynamic model may be derived for the actuator that incorporates the compliance

of the fluid. This derivation is based on the actuator with the DYP2S valve, but

the results are very similar with the HSC valve configuration. The variables in the

derivation correspond to figure 3.1. For this preliminary definition, the stiffness of

the foundation Kf ,and the stiffness of the connection between the actuation plate

Ma and the mass Mm are both assumed infinite. This indicates that the foundation

moves with the ground (zf = zg), and the motion of the actuator plate is equal to

that of the suspended mass (za = zm).

In this model there are three inputs: the ground motion, zg; the valve flapper

position, ε; and disturbance forces, D, applied to the suspended mass. For this first

derivation, the primary output of interest is the actuator plate position, za, but as

the compliances for the actuator connection and foundation are added to the model,

the list of states will grow to include the foundation and suspended mass position

(equations 3.40 - 3.43).

The derivation begins with force balance:

(Mm + Ma)z̈ = (P1 − P2)Ab + Koff (zg − za) + D (3.18)

Equations of volume (similar to section 3.2):

Ṗ1Vb

β
= Q1 + A(ża − żg) (3.19)

Ṗ2Vb

β
= Q2 − A(ża − żg) (3.20)
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Nodal equations (PR is the return pressure):

PS − P1

R1

−Q1 − P1 − PR

R2

= 0 (3.21)

PS − P2

R4

−Q2 − P2 − PR

R3

= 0 (3.22)

Bridge equations:

PS = P1 + P2 (3.23)

∆P = P1 − P2 (3.24)

these may be combined to yield:

2P1 = PS −∆P and 2P2 = PS + ∆P (3.25)

Assuming that the return pressure is close to zero (gage), PR can be ignored and the

summation of equations 3.19 and 3.21 can be used to eliminate Q1:

Ṗ1Vb

β
=

PS − P1

R1

− P1

R2

+ A(ża − żg) (3.26)

For the next step, equation 3.25 can be used to replace P1 with the more convenient

∆P . In addition, the resistors R1 and R2 are replaced with their respective linearized

models from equation 3.3.

ṖS −∆Ṗ Vb

2β
=

PS + ∆P

2Ro(1− 3ε)
− PS −∆P

2Ro(1 + 3ε)
+ A(ża − żg) (3.27)

The two fractions on the right side of equation 3.27 are nonlinear with respect to ε,

but can be approximated with a Taylor series:

PS + ∆P

2Ro(1− 3ε)
− PS −∆P

2Ro(1 + 3ε)
→ ∆P

Ro

+
PS

Ro

ε +

(
PS + ∆P

Ro

− PS

Ro

)
ε2 . . . (3.28)

In the interests of linearity, only the first two terms of the expansion are maintained.
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The derivative of the supply pressure, ṖS in equation 3.27 may also be omitted because

if the supply pressure is properly conditioned, variations in PS should be small. The

final equations of motion take the following form:

(Mm + Ma)z̈a = ∆PAb + Koff (zg − za) + D (3.29)

∆Ṗ =
2β

Vb

(
Ab(żg − ża)− ∆P

Ro

− PSε

Ro

)
(3.30)

These two equations can be combined to form a single transfer function relating

actuator displacement to valve position (assuming that zg = 0).

ZA

ε
=

2βPSAb

(Mm + Ma)VbRo

s3 +
2β

VbRo

s2 +
2βA2

bRo + KoffVbRo

(Mm + Ma)VbRo

s +
2Koffβ

(Mm + Ma)VbRo

(3.31)

In equation 3.31, ZA is the Laplace Transform of za and s is the Laplace variable.

Figure 3.3 illustrates the transfer function of equation 3.31 for typical values.

3.3.1 Pole Frequencies

The third order denominator of the transfer function can be broken into a single real

pole and two complex poles. The frequency of the real pole represents the frequency

where the force created by the offload spring is equal to the force of the differential

pressure applied to the area of the bellows (Koffza = ∆PAb). This frequency is

named the channel frequency. Below the channel frequency, the actuator behaves

like a force actuator (a valve command is translated into a force), and above this

frequency, a valve command translates to a velocity (evident from the first order

negative slope at frequencies above the channel frequency).

There are several ways to determine the channel frequency. One method is to

carry out the derivation of the dynamic actuator with equation 3.18 modified to:

∆PAb = Koffza (3.32)
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Figure 3.3: The transfer function of equation 3.31.
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Due to the relatively low frequency of the channel frequency, all of the inertial terms

are omitted. The disturbance forces and the ground motion are also absent in an

effort expose the terms of interest. Solving for the transfer function between the

actuator plate position, za, and valve command, ε, yields:

ZA

ε
=

constants

s +
2Koffβ

2βA2
bRo︸ ︷︷ ︸

(1)

+ KoffVbRo︸ ︷︷ ︸
(2)

(3.33)

The frequency of the pole can be simplified by looking at the relative magnitude of the

terms in the denominator (1) and (2). For typical values, 2βA2
bRo À KoffVbRo and

as a result, KoffVbRo can be ignored. The resulting value of the channel frequency

is:

ωch =
Koff

A2
bRo

(3.34)

The same result may be obtained by examining the denominator of equation 3.31.

At low frequencies, the magnitudes of the higher order (s3 and s2) coefficients are

much smaller than those associated with the s and zeroth order terms. Removing the

s3 and s2, and solving for the remaining pole frequency yields the same result.

It is possible to isolate the second order system from the denominator of equation

3.31 by carrying out polynomial long division with the known channel frequency

pole. After some simplification, the actuator transfer function may be rewritten in
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the canonical form.

ZA

ε
=

Θ

(s + ωch) (s2 + 2ζωns + ω2
n)

(3.35)

Θ =
2βPSAb

(Mm + Ma)VbRo

(3.36)

ζ =
1

RoAb

√
(Mm + Ma)β

2Vb

(3.37)

ωn =

√
2βA2

b + 3KoffVb

(Mm + Ma)Vb

(3.38)

Equation 3.38 can, with only minor loss in precision, be simplified to:

ωn =

√
2βA2

b

(Mm + Ma)Vb

(3.39)

3.3.2 Hydraulic Resonance

It is important to note that the natural frequency of the hydraulic actuator is weakly

dependent on the offload spring stiffness and strongly a function of the stiffness of the

fluid. When the offload spring is ignored, the resonant frequency is equivalent to the

hydraulic resonance. Hydraulic resonance is the mass–spring mode associated with

the fluid stiffness and the payload mass (Mm + Ma in figure 3.1).

The spring stiffness for a hydraulic piston may be understood by analogy to the

axial stiffness of a bar as was done in section 3.2. The axial stiffness of a bar is

K = EA/L = F/∆x. If the numerator and denominator of this relationship are

multiplied by area, the relationship is K = βA2/V = P/∆V where ∆V = A∆x.

Using this K in the typical expression for natural frequency,
√

K/M , yields equation

3.39 where A = Ab, V = Vb and M = Mm +Ma (there is a remaining factor of 2 since

the actuator plate has a bellow on either side of it).

Equation 3.39 may be used to estimate the frequency of hydraulic resonance.

Unfortunately, the result will be very optimistic. Two things compromise the stiffness

of the fluid. The first is entrapped air in the fluid. This can be reduced by procedural
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techniques. Bleed ports and running fluid through the system for a long period before

first time operation can reduce the affect of entrapped air such that the bulk modulus

may be as high as 1/3 the advertised value. To further reduce gas entrapment,

Viersma [32] adds that at no point in the system should the fluid be allowed to fall

freely in air as is sometimes seen at the return into the pump station reservoir. The

second and more nefarious difficulty results from the breathing stiffness of the bellows

and will be described in Chapter 5.

3.3.3 Foundation and Connection Stiffness

In the formulation of the dynamic model, it was assumed that the foundation of the

actuator was rigidly attached to the ground and the actuator was rigidly attached

to the payload. While both of these interfaces are quite stiff, they are not infinitely

stiff, and therefore, must be accounted for in the model. In the simple one degree of

freedom model, these terms can be introduced with a small modification of equation

3.29 and the inclusion of two more states.

Mmz̈m = Kc(za − zm) + Koff (zg − zm) + D (3.40)

Maz̈a = ∆PAb + Kc(zm − za) (3.41)

Mf z̈f = −∆PAb + Kf (zg − zf ) (3.42)

∆Ṗ =
2β

Vb

(
Ab(żf − ża)− ∆P

Ro

− PSε

Ro

)
(3.43)

3.4 Design Trades Chart

The simple models derived in this section along with the requirements for the hy-

draulic external pre-isolation system can be combined to yield a design trades chart.
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Chapter 4

Actuator and Platform Design

The design of the quiet hydraulic actuator is optimized for ease of control. While

control theory, and especially the computational power available have both improved

dramatically in recent times, it is the opinion of the author and this research group

that systems designed to simplify control will yield higher performance and be more

robust than systems where the mechanical design is completed without such fore-

thought.

Similarly, the challenge in designing the platform lies in minimizing cross-coupling

and maximizing stiffness to facilitate control.

4.1 The Design Space

A design space may be either sharply confined with only a small range of solutions, or

alternatively, broad in the choice of parameters enabling multiple successful solutions.

The design of this actuator falls in the latter category. The principal parameters may

deviate from those described here and the actuator can still meet the performance

requirements set forth in Chapter 1.

Due to the flexibility in the design space, the parameters for this hydraulic system

were chosen to be compatible with previous quiet hydraulics research where similar

technology was successfully demonstrated on precision machine tools [19]. This was a

considerable advantage that accelerated the development of the actuator and greatly

41
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facilitated the commissioning of the prototype actuators and pumping station.

Much of the design of the actuator is dictated by the system it is destined for.

The LIGO requirements set forth in chapter 1 specify a payload mass of 2000 kg,

a range of motion of ±1 mm, a bandwidth greater than 20 Hz and a noise floor a

factor of 10 less than the ground motion (about 10-9 m/
√

Hz. from 1 to 10 Hz.). The

parameters of the actuator are born from these requirements.

4.1.1 Natural Frequency Selection

The first step in the design of an isolation system is the choice of natural frequency.

While this decision has implications for the entire system, it is of critical importance

to the actuator design because the natural frequency dictates the force requirement

by setting the stiffness of the offload springs.

The selection of natural frequency has many associated tradeoffs common to all

suspension systems. However, due to the high stiffness and high force qualities of the

hydraulic actuator, this system is somewhat unique by comparison to canonical soft

or hard mount isolation platforms [20].

A soft suspension (lower natural frequency) is desirable because it affords more

passive isolation at lower frequencies. However, the additional passive isolation comes

at the cost of system stability. The static sag, zsag, is inversely proportional to the

square of the natural frequency: zsag = g/ω2
n. Hence, lowering the natural frequency

strongly affects the static sag (for example, a 1 hz suspension sags 250 mm while a

10 Hz suspension will sag only 2.5 mm). Moreover, since the modulus of elasticity

is temperature dependent, the spring constant changes with temperature causing the

static sag to change as well (appendix C.2). As a result, the position of the platform

will change with temperature in direct proportion to the sag. This can be shown by

manipulation of a few common relationships. In the following, δKoff and δzsag are
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the deviations from the nominal spring constant and sag.

zsag =
Mmg

Koff

(4.1)

zsag + δzsag =
Mmg

Koff + δKoff

(4.2)

δzsag = − MmgδKoff

K2
off + δKoffKoff

(4.3)

If the cross term, δKoffKoff is ignored,

δzsag

zsag

= −δKoff

Koff

(4.4)

Thus, the change in sag is proportional to the change in spring constant.

In conclusion, the stability of the system overall, and particularly the stationarity

of the horizontal modes (for example, the swing modes), is greatly improved with a

stiffer system.

A stiff system is also advantageous for the design of the offload springs. Consider-

ing that the size of the spring is approximately proportional to the inverse square of

the associated decreasing natural frequency, the change in size of the offload mecha-

nism is significant as the natural frequency is made smaller. Lastly, a stiffer system

greatly improves the elements of installation and initial alignment.

Naturally, there are some limitations incurred by adopting a stiff system. A stiff

system will reduce the amount of passive isolation and require more force for a given

displacement. However, the impedance of the actuator is large up to the frequency

of the hydraulic resonance (ωn in equation 3.38). Thus, for this system, the only

benefit to setting the natural frequency significantly below the hydraulic resonance is

the reduction of required force for displacement. In the case of hydraulics, this last

concern is typically insignificant because the hydraulic actuator is inherently a high

force device.

Based on these conclusions, a natural frequency of 8 Hz was selected for the offload

suspension system in this project.
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4.1.2 Actuator Sizing

Much of the physical size of the actuator is a dictated by the size of the bellows. The

principal characteristics of the bellows, the diameter and length, are determined by

a set of requirements that are not independent.

The force requirement for the actuator is set by the maximum displacement (1

mm) and the offload spring stiffness (set by the payload natural frequency of 8 Hz).

Given these specifications and the differential pressure, it is simple to determine the

required bellows area, and thus, the diameter of the bellows. However, the differ-

ential pressure is difficult to define because it is obscured by the choice of supply

pressure and the amount of pressure recovery (the fraction of supply pressure con-

verted into differential pressure) that is possible in the bridge network (the servo

valve). Theoretically, if the servo valve was capable of completely closing off a nozzle

(causing resistance to be infinite), the differential pressure could reach the supply

pressure (for the DYP2S configuration figure 2.1). Practically this is not the case,

and it is undesirable to operate the valve to its limits due to the nonlinear behavior

associated with such large amplitude inputs (see figure 2.4). Experience with the

servo valves has shown that it is reasonable to operate with a pressure recovery of

about 30%. These properties of the valve set two requirements for the bellows: as an

upper limit, the bellows must be able to survive exposure to the supply pressure, and

for typical operation, the cross-sectional area of the bellows must be large enough to

meet the force requirement with a differential pressure of 0.3Ps.

Alternatively, another set of requirements arise from the length of the bellows. The

axial stiffness of the bellows is directly proportional to the length of the bellows. It is

desirable that the axial stiffness be small by comparison to the stiffness of the offload

springs for two reasons. First, the stiffness of the bellows is in parallel to the offload

springs, and therefore, a significant bellows stiffness will require equivalently more

force for a given displacement. Next, if the stiffness of the bellows is comparable to

the offload springs, any change of the bellows stiffness caused by a change in the fluid

temperature could impose a time dependance of the fundamental system vibration

modes. To avoid these adverse effects, the stiffness of the bellows is, somewhat

arbitrarily, limited to 1
10

of the offload spring stiffness.
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Figure 4.1: The design space for the bellows sizing. Stiffness refers to the requirement
that the axial bellow stiffness be less than 1

10
of the offload spring stiffness. Force is

the minimum diameter required to create enough force for 1 mm displacement (for
Ps = 0.7 MPa). Packaging provides an indication of the maximum reasonable length,
and diameter for the actuator to fit comfortably with the ancillary equipment.

The considerations discussed above are shown graphically in Figure 4.1. Note that

this figure is not a thorough description of the space. In the figure, both the supply

pressure (Ps = 0.7 MPa) and the convolution geometry of the bellows remain fixed.

Furthermore, Figure 4.1 does not address the effect on the performance variables

defined in table 3.1. Nonetheless, it does show how the current bellows size (diameter

of 120 mm and length of 104 mm fits within some of the physical constraints.
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4.2 Quiet Hydraulic Actuator Design

The mechanical design of the quiet hydraulic actuator may be broken into three parts:

the quiet hydraulic piston, the parallel motion flexures and the tripod flexure.

4.2.1 The Quiet Hydraulic Piston

The quiet hydraulic piston and cylinder is comprised of two bellows arranged around a

plate (figure 4.2). This flexible bellows based design makes this configuration immune

to the nonlinear, stick-slip behavior that is characteristic of the frictional interfaces

found in conventional piston and cylinder arrangements.

Actuator Plate

Q
2

Q
1

P
1

P
2

Top Foundation Plate

Bottom Foundation Plate

Figure 4.2: The quiet hydraulic piston. Flows Q1 and Q2 supply pressures P1 and P2

inside of the bellows. The piston is shown schematically on the left and as designed
in the first version of the actuator on the right. Note the parallel motion flexures
attached to the actuation plate.

4.2.2 Parallel Motion Flexures

The motion of the actuator plate or piston is maintained in the axial direction by

two parallel motion flexures. The flexures must be soft in the axial direction to avoid
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reducing the range of motion, and conversely, they must be large enough to resist

buckling under lateral compressive loads.

In the axial direction, the flexures behave as beams with fixed - fixed end condi-

tions. The flexures can be constructed from thin material allowing for a small bending

stiffness. However, the thin section that enables the low bending (axial) stiffness also

increases the likelihood of buckling.

There are two sources of compressive loading that can lead to buckling: the weight

of the actuator plate when the actuator is installed horizontally and the horizontal

force created when the tripod (figure 4.3) is displaced by a neighboring actuator.

The tripod is designed to be soft in rotation, and based on this design (and results of

quantitative models), the weight of the actuator plate is the predominant force. As

this weight is not very large, it is straight-forward to develop flexures that meet both

criteria.

The final design of the flexure is 0.5 mm (.020 in.) thick by 25.4 mm (1.0 in.)

wide and 38.1 mm (1.5 in.) long. The axial stiffness is 2.41·104 N/m which is less

than 1
10

the offload spring stiffness, and the combined expected compressive loadings

are approximately a factor of 10 less than the critical buckling load.

4.2.3 The Tripod Flexure

The quiet hydraulic piston as described above is complete and sufficient for single

degree of freedom applications, but the applications considered here require that

multiple actuators operate in concert. A multi-degree of freedom system dictates

that actuators be arranged orthogonally to one another, and this further requires

that the design of the actuator tolerate transverse displacements and tilts.

The solution employed here is to combine two rotational joints separated by a

distance. The first rotational joint is the parallel motion flexures. The parallel motion

flexures allow the actuator plate to be soft in pitch and roll, but stiff in yaw. The

bellows accomodate these degrees of freedom. Near the connection to the payload,

the tripod (figure 4.3) flexure is the other rotational joint. The tripod flexure is

similar to a ball and socket joint in that it is soft in all rotational degrees of freedom,
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Figure 4.3: The quiet hydraulic piston with tripod flexure. The tripod flexure is
added to the actuator to accommodate transverse motions. This enables multiple
actuators to operate in concert.

but stiff in the three translations. Transverse motion is made possible because of the

coordinated flexibility of both the parallel motion flexures and the tripod (figure 4.4).

4.2.4 First Actuator Prototype Results

This design process culminates in the first actuator prototype (figure 4.3). A hori-

zontal and vertical actuator pair were tested extensively in the Quiet Hydraulic Test

Platform (section 4.3.2). The initial open-loop response of the actuator is shown in

figure 4.5. This differs notably from the predicted response using the models pre-

sented in chapter 3. The obvious difference between the predicted behavior and the

measured behavior is the lightly damped resonance at ∼27 Hz. While the model can

be made to capture these dynamics by dramatically reducing the fluid bulk modu-

lus, the cause of the decreased resonant frequency is not a shortcoming of the fluid.
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Tripod Attach

Plate

y

Figure 4.4: Transverse motion compliance with the tripod flexure. In the event of a
transverse motion, y, the tripod flexure rotates clockwise (in this example) and the
actuator plate tilts counterclockwise. The combination of these two rotations and the
separation between them allow for the transverse displacement.

Instead, the reduced stiffness results from an unexpected compliance of the bellows.

This breathing compliance observed in the bellows is discussed in detail in chapter 5.

4.2.5 The Quiet Hydraulic Actuator Bolted Prototype

The manufacture of a bolted prototype (figure 4.6) followed the initial welded pro-

totype to address the need for flexibility in the actuator configuration. The effort to

reduce the bellows breathing resonance necessitated testing different bellow geome-

tries and modifications to components internal to the bellows (namely the bypass

network described in chapter 5). The bolted prototype offered the opportunity to

completely disassemble the actuator and modify or replace any of the critical compo-

nents.
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Figure 4.5: An open loop transfer function from vertical valve drive to displacement
sensor output. The two traces labeled with bulk modulus values, β [Pa], are generated
with the model whereas the data is measured from the hydraulic test platform. Note
that the model matches the data only when the bulk modulus is reduced by nearly
two orders of magnitude from the expected value.

In addition to the modifications made to suppress the breathing resonance, the

bolted prototype also features modified tripod legs and bellows slugs. The tripod legs

were modified to increase the axial stiffness of the connection between the actuator

and the payload (believed to be partially responsible for the first zero in figure 4.5).

The small notches shown on the tripod in figure 4.6 greatly decrease the rotational

stiffness of the legs allowing for the nominal diameter to be larger (0.375 in. as

opposed to 0.25 in. in the original prototype). This larger nominal diameter provides

a much greater axial stiffness since the stiffness along the bar increases as the square

of the radius.

The bellows slugs are placed within the bellows to remove excess fluid that might

contribute to reducing the hydraulic resonant frequency. While the stiffness of the

fluid is not expected to dominate the hydraulic resonance (even with stiffer bellows),
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Figure 4.6: A section view of the bolted actuator prototype.

removing fluid from the actuator has potential advantages for weight savings and

opening up additional space inside of the actuator.

4.2.6 The Final Quiet Hydraulic Actuator Design

The final actuator design incorporates all of the developments of the previous two

prototypes into a tightly integrated package. The most significant addition is the

bypass network integrated into the center of the actuation plate, but other features

are introduced into this design to make the actuator more suitable for installation

into the LIGO clean-room environment.
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The concern for clean-room compatibility led to an all welded design that mini-

mizes the number of o-ring seals. While the experience in the Stanford labs has been

that o-ring seals are very reliable, the LIGO Lab community is more comfortable

with welded connections, and hence, the final design is monolithic at the cost of the

serviceability apparent in the bolted prototype.

In all of the previous prototypes, entrapped air is removed or bled from the bellows

by opening up the pressurized bellows to the surrounding environment. Clearly, this

messy procedure would not be acceptable in the LIGO installation, and in order to

circumvent this, pin valves were integrated into the structure of the actuator.

There are five small and one large pin valve on the actuator. Each of the small

pin valves allow cavities in the actuator to be open to the return pipe. The small

pin valves are oriented such that the actuator may be bled in either the horizontal or

vertical orientation. The large pin valve controls the return from the valve. When the

large pin valve is closed (tightened), the fluid is forced to circulate into the bellows and

out through the five return ports opened by the small pin valves. This configuration

allows for fluid to be circulated through the actuator for long periods of time in

order to ensure that the entrapped air volume is minimized. After several days of

circulation, the large pin valve is opened and the small pin valves are closed. Following

this, the actuator is ready for operation.

Instrumentation in the Final Actuator Design

Embedded in the final design are mounts for both a Kaman manufactured DIT-

5200 displacement sensor and a Marks Products L4C seismometer. The displacement

sensor is mounted on a linear bearing with micrometer control. This facilitates the

calibration of the displacement sensor and enables the sensor to be centered after the

actuator has been mounted.

The feedback seismometer is intended to be placed inside of the upper bellow and

attached to the tripod plate. This arrangement provides a high degree of collocation,

but is only permissable in the vertical direction. The seismometer cannot be mounted

to the tripod plate in the horizontal orientation because of the tilt experienced by the

tripod plate during transverse displacements. As is implied in figure 4.4, the tripod
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plate tilt can approach 1/10th of a degree which is far beyond the acceptable limit for

a manageable frequency of the tilt-horizontal coupling zero.

4.3 The Platform

In order for the quiet hydraulic actuator to be used in LIGO, it must be integrated

into the structure that supports the LIGO optics. This presents several challenges

as the LIGO support structure was not originally intended for use with the quiet

hydraulic actuator.

To gain experience with the scale and configurations encountered in LIGO, a quiet

hydraulic test stand (figure 4.10) was constructed with two hydraulic actuators. Once

performance was verified on the test platform, the suspension and support structure

were developed to incorporate the hydraulic actuator around the LIGO BSC chamber.

The actuators and supporting structure is often referred to as the External Pre-

Isolator (EPI) because it is installed external to the vacuum system. When installed

with the hydraulic actuator, the system is called the Hydraulic External Pre-Isolator

(HEPI).

4.3.1 Design for Control in Active Platforms

The design of the hydraulic test stand and the EPI incorporate many features intended

to make the systems amenable for feedback control. Paramount among these is the

practice of collocating sensors and actuators. However, other advantages may be

accrued by careful positioning of the actuator and spring attachments, and attention

to stiffness in both the suspended elements and the foundation.

Collocation

In the context of feedback control, the metric of collocation between sensors and actu-

ators is expressed as the stiffness of the connection between the sensor and actuator.

A sensor and actuator are described as well-collocated if the member which connects

them is rigid (a solid bar of metal, for example). However, at some frequency this
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connection will begin to exhibit compliance and the sensor will no longer be perfectly

in phase with the actuator. Above the frequency where this occurs, it is difficult to

maintain stable feedback control as discussed in appendix C.3. Since compliance be-

comes prominent at higher frequencies, it is most important that the high-frequency

feedback sensor (typically a seismometer) be well collocated to the actuator.

Interfacing with the Suspended Mass

The goal in choosing the positions of attachment for the springs and actuators is to

minimize cross-coupling between degrees of freedom. For feedback control, coupling

between horizontal force to tilt is the most crippling because the horizontal seis-

mometer cannot distinguish between these two motions at low-frequency (appendix

D.2).

Tilt-horizontal coupling, as it is commonly labeled, may result from two types

of misalignments. If the horizontal actuator is displaced vertically (a distance hf in

figure 4.8) from the center of mass, force applied by the actuator will create a torque,

and therefor, a tilt. However, at low-frequencies this coupling is inconsequential by

comparison to any misalignment between the horizontal actuator and the center of

stiffness.

The center of stiffness is the point where the horizontal and vertical spring forces

intersect (labeled cs in figure 4.8). For typical values of spring stiffness and spring

spacing (rk), the spring forces dominate the dynamics of the suspended mass at

low-frequency. As a result, if the actuation force is misaligned (a distance hk) from

the center of stiffness, coupling from horizontal actuation to tilt will be prevalent at

low-frequencies.

Hence, at high-frequencies, the misalignment hf from the center of mass will

dominate the coupling to tilt from horizontal actuation, and at low-frequencies, tilt

coupling will be dominated by the misalignment hk from the center of stiffness. The

equations of motion for the system shown in figure 4.9 are (in state space form):

(
ẍ

θ̈

)
=

( −kh

m
khhk

m
khhk

I

−khh2
k−kvr2

k

I

)(
x

θ

)
+

(
1
m

0

0 1
I
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1

hf

)
Fh (4.5)
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Figure 4.8: A two degree of freedom suspension. In this simple model, it is assumed
that the springs possess only axial stiffness (as opposed to a realistic spring which
exhibits stiffness in the other five degrees of freedom as well). A vertical and horizontal
actuator apply forces FV and FH respectively. The center of mass is labeled cm and
the center of stiffness is indicated by cs.

Numerical values for each of the constants in equation 4.5 can be derived from the

geometry of the hydraulic test platform. Based on this, the values for some of the

constants for the test stand are: m = 150 kg, rk = 0.3 m and I = 13.2 kg/m2. The

spring constants are inferred by setting the vertical natural frequency to 10 Hz and

the horizontal natural frequency to 2 Hz (these values are only approximations to the

actual platform). On the hydraulic test platform, the actuator is well aligned with

the center of mass, but poorly aligned with the center of stiffness.

The difficulty in aligning with the center of stiffness arises because the position

of a spring’s effective pivot point can be difficult to predict. A coil spring confounds

this problem by typically exhibiting a pivot point that changes with orientation. In

the case of a coil spring, the effective pivot point location from off-axis motions will

differ when the spring is rotated 90 degrees. In other words, the transverse stiffness

of a coil spring is orientation specific simply by virtue of the asymmetric shape of the

coils and end shape of the spring. Alternative spring designs such as a wire hanging

from a cantilever blade (the length of the wire dictates the horizontal frequency while
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Figure 4.9: A driven transfer function of tilt caused by a horizontal force. This figure
is generated based on a model of the simple platform shown in figure 4.8. Here, the
tilt generated by horizontal force is minimized if the force is applied to the center
of stiffness at low-frequencies (hf = hk), and at high-frequencies, it is preferable to
align the actuator with the center of mass (hf = 0). The ideal case is to align the
horizontal stiffness and the actuator with the center of mass (hf = hk = 0) which
reduces the tilt coupling to zero.

the blade stiffness sets the vertical frequency) can be much easier to predict.

In order to investigate the effects of misalignment in the context of the simple

model of figure 4.8, an offset, ∆= 30 mm, is introduced. The coupling to tilt from

horizontal force is illustrated in figure 4.9 for the cases of the actuator misaligned

from the center of mass (hf = ∆ and hk = 0), the center of stiffness (hf = 0 and

hk = ∆) or both (hf = hk = ∆). Note that if there is no misalignment (hf = hk = 0)

then there is no coupling to tilt.

It is unlikely that the optimum, no tilt, case will be observed. Not only because

of the difficulty of predicting the pivot point of the springs, but more significantly
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because of the qualities of the sensors. At low-frequencies the sensitivity to tilt of

seismometers exceeds the available precision for aligning the actuator to the center

of stiffness. Indeed virtually any tilt in the platform will be amplified and displayed

prominently in the output of the seismometer as the tilt-horizontal coupling zero

(appendix D.2).

At high-frequencies, the situation is reversed because the seismometer is operating

past its internal natural frequency, and therefore, resists tilt. As implied in figure 4.9,

and due to the dynamics of the seismometer, it is reasonable to assume that with

standard shop practices all output at high-frequency will be due to horizontal motion.

Alternative means for reducing tilt are to increase the moment of inertia or the

suspended mass or the separation of the vertical springs (rk). While neither of these

techniques have the opportunity to completely abolish tilt, the coupling can be re-

duced by these practices.

Design for Stiffness

Design for stiffness as opposed to strength is the hallmark of mechanical design for

control. A design optimized for stiffness typically far exceeds the requirements for

strength, and most importantly for control, exhibits high resonant frequencies.

High stiffness is what makes collocation possible, but is also a concern for both

the suspended mass and the structure that supports the actuator. Compliance in

the suspended mass results in resonant modes that populate the response of the

system and complicate controller design. Usually, it is possible to damp these modes

providing that they do not interfere with the collocation between the sensor and

actuator. Nonetheless, control design in the absence of flexible modes is much easier.

Flexibility in the foundation that supports the actuator can also lead to detri-

mental effects. From the perspective of feedback control, the most inconvenient of

these occurs when the suspended mass and the foundation move in unison causing

the displacement sensor output to be zero. This can be understood by imagining

the foundation and the suspended mass as discrete rigid bodies connected by springs.

The foundation mass is connected to the ground by the foundation spring and the
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suspended mass is connected to the foundation by the offload spring. The actu-

ator acts between the suspended mass and the foundation, and the displacement

sensor measures the distance between the two masses. At a particular frequency

(ω =
√

Kf/(Mm + Mf )) the two masses move together and the displacement sensor

outputs zero.

For these reasons, control design is simplified by stiff structures with flexible modes

far outside the desired bandwidth of control.

4.3.2 The Quiet Hydraulic Test Platform

The quiet hydraulic test platform, Figure 4.10, is designed to mimic one corner of the

eight actuator installation in LIGO. To this end, the suspended mass is approximately

one-quarter the mass of the LIGO installation, and the suspension frequency is tuned

to be the same as intended for LIGO.

Quiet Hydraulic Test Platform Instrumentation

The test platform is instrumented with sensors for the purposes of feedback and

feedforward control. Since the LIGO requirements specify both alignment and isola-

tion performance, there are both displacement and inertial sensors connected to the

suspended mass for feedback control. The primary feedback sensor, a displacement

sensor, is integrated into the tripod to be well collocated with the actuation plate.

The feedback inertial sensor, an HS-1 manufactured by Geospace Corporation, is

mounted near the displacement sensor. For sensor correction (section 6.2.2) control,

a Streckheisen corporation manufactured STS2 seismometer is located on the ground

near the platform. The STS2 measures accelerations in x, y and z simultaneously

down to frequencies of 8 mHz. Embedded within the suspended mass are two S13

seismometers (manufactured by Teledyne / Geotech) with a 1 Hz natural frequency.

These seismometers are used as witness sensors to measure the isolation performance

of the control system external to the feedback Loop.
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S13

S13

STS2
Offload Spring

Vertical

Actuator

Horizontal

Actuator

Suspended

Mass

Figure 4.10: The quiet hydraulic test platform. Two actuators are arranged around
a suspended mass of similar weight to one-quarter of the working mass in LIGO.
In addition to the displacement sensors resident to the actuators, there are two S13
witness seismometers nested in the mass and a STS2 low frequency seismometer on
the ground. The feedback seismometers are not shown here.

Design of the Test Platform

The hydraulic test platform embodies many of the ideas discussed in section 4.3.1.

However, the design is not free from imperfections which serve as good examples to

develop an even greater appreciation for the ideas outlined earlier.

The connection between the vertical actuator and the mass is an example of a

stiffness driven design. The actuator is bolted (with a 1.0 inch diameter bolt) to a 2.0

inch x 2.0 inch aluminum beam (figure 4.10). This beam is also bolted to the mass,

but it must span the gap created by the housing of the vertical S13 seismometer. The

bending stress experienced by the beam when the actuator is in operation is at most

1/10th the yield stress of the material. However, in spite of the seemingly excessive
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design, the beam is compliant enough to have negative implications on performance.

Figure 4.5 shows a driven transfer function of the displacement sensor output from

the first actuator prototype in the test platform. The compliance of the connection

bar is the cause of the zero at 55 Hz. While the internal resonances of the connection

beam are much higher, the bending stiffness of the beam (pinned at the connection

points) is predicted numerically to be 4.0·107 N/m which in combination with a 300

kg payload explains the mode at 55 Hz. Hence, even structures that appear to be

excessively overbuilt can contribute to low-frequency resonances especially wherever

material is used in bending.

The pyramid structure at the top of the platform supports the vertical actuator

and spans the distance from the corners (1 m corner to corner). By virtue of the

diagonal (as opposed to purely horizontal) load lines and large tubular structure, this

aspect of the foundation has a stiffness predicted by finite element methods to be

1.0·1010 N/m. The first modes believed to result from from the foundation are above

200 Hz.

The most significant deviation from the guidelines of section 4.3.1 occurs in the

attachment of the actuators to the payload. The axis of the vertical actuator naturally

traverses the center of mass, and comes acceptably close to the center of stiffness.

Alternatively, while the axis of the horizontal actuator is well aligned with the center

of mass, it is well separated from the center of stiffness. The cause of this is that

the location of the center of stiffness is, in this case, dominated by the transverse

stiffness of the vertical actuator as opposed to merely the coil springs. Since the

horizontal actuator is separated from the effective flex point of the vertical actuator

by approximately 700 mm, tilt is readily observed from low-frequency horizontal

actuation. The horizontal S13 witness seismometer is sensitive to tilt, and tilt motion

is evident in the transfer function of S13 output (figure 4.11).

The tilt introduced by this oversight can be suppressed by adding additional hor-

izontal springs. However, before this can be done, the torsional stiffness of the plat-

form and the position of the center of stiffness must be determined. This is done by

monitoring changes in the frequency of the tilt-horizontal coupling zero while adding

horizontal stiffness to the mass. At the frequency of the tilt-horizontal coupling zero,
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Figure 4.11: Driven transfer function of the horizontal S13 output from the horizontal
actuator in the hydraulic test stand. Prior to the installation of additional horizontal
springs, tilt dominated the output of the horizontal S13 at frequencies below the
tilt-horizontal coupling zero at 0.3 Hz.

the horizontal motion measured by the seismometer is exactly canceled by tilt mo-

tion. This observation can be used to determine the preexisting stiffness and center of

stiffness of the platform if the added stiffness and the position of the added stiffness

are known.

To investigate this procedure, consider the platform in figure 4.12. The stiffness of

the horizontal spring KT at the offset distance hkt represents the rotational stiffness

of the platform including the horizontal stiffness of the coil springs, the transverse

stiffness of the vertical actuator, and the rotational stiffness implied by the separated

vertical coil springs. An additional spring, KA, is added in parallel, but offset on the

opposite side of the actuator a distance hka. The sum of moments acting at the center

of mass (in line with the horizontal actuator) is:

∑
M = θ(KT h2

kt −KAh2
ka)− x(KT + KA) (4.6)
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Figure 4.12: A two-dimensional schematic of the compliant elements attached to the
hydraulic test platform.

The sum of moments is equal to zero at the tilt-horizontal coupling zero, and at this

frequency, x/θ = g/ω2
tilt (appendix D.2). Therefore, at the tilt-horizontal coupling

zero, equation 4.6 reduces to:

g/ω2
tilt =

KT h2
kt −KAh2

ka

KT + KA

(4.7)

In this equation, the tilt-horizontal coupling frequency, ωtilt; the added spring stiffness,

KA; and the added spring offset, hka, are known. If ωtilt is known for two values of

KA, it is possible to solve for both KT and hkt. Once KT and hkt are known, KA and

hka can be selected to move the center of stiffness in line with the horizontal actuator.

Figure 4.11 shows the effect of this process.

Offload Springs

Coil springs are commonly employed as an offload mechanism to support the static

weight of a payload. The popularity of coil springs may be attributed to their compact

size and widespread availability. However, the well known shortcoming of the coil

spring is axial to rotational coupling. This coupling is caused by the uncoiling of the

spring as the spring is stretched. This problem is overcome in this experiment by

assembling springs from right and left-hand wound halves as is shown in figure 4.13.
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Figure 4.13: An offload spring for the test platform. The offload springs feature
both clockwise and counterclockwise turns to reduce coupling of vertical motion into
rotational modes.

4.3.3 HEPI

The Hydraulic External Pre-Isolator (HEPI) integrates the final design of the quiet

hydraulic actuator with the existing LIGO vacuum chambers. The HEPI system is

installed on two styles of vacuum chamber in LIGO, the Beam Splitter Chamber

(BSC), figure 4.14, and the Horizontal Access Module (HAM), figure 4.15. Both

chambers are similar in that they are surrounded by four vertical piers that support

the optical payload inside the vacuum chamber. The hydraulic actuators are placed

on top of these piers and beneath the crossbeams which carry the payload inside the

vacuum chamber.

A vertical and horizontal actuator are integrated with the offload springs into the

housing assembly. A housing assembly is then placed on top of each of the piers

and oriented such that the horizontal actuators are arranged tangentially around the

chamber. In total there are four vertical and four horizontal actuators per chamber.

In this configuration there are eight actuators for six degrees of freedom meaning that

the system is overdetermined.

An overdetermined system is not ideal because of the risk of wasting control
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effort when two actuators attempt to apply force in opposite directions. While it is

straightforward to avoid this problem in the system control algorithm, this particular

application is less sensitive because of the flexibility of the payload. The crossbeam

weldment and the piers are relatively soft in the overdetermined modes (discussed

further in chapter 6) greatly reducing the requirements of the controller.

The HEPI Housing

The HEPI housing, figure 7.1, was designed by LIGO engineer Ken Mason with input

from the author and others. The HEPI housing integrates a vertical and horizontal

actuator with a pair of offload springs. The design requirements of the housing differ

slightly from those discussed for the test platform, but the fundamental themes of

collocation and stiffness based design continue to be of great importance.

The additional requirements for the HEPI housing stem from needs for adjust-

ment. In order to reach the LIGO specification of manual payload positioning of

±5 mm, the HEPI housing has pneumatically actuated ball bearings which facilitate

displacement across the pier top.

The attachment surfaces between the pier top and the crossbeam cannot be ex-

pected to be parallel. Hence, the housing must incorporate means to adjust the

actuator positions to account for this misalignment. Furthermore, it is important

that these connections be stiff once the adjustments have been made so as to avoid

undesirable flexibility in the foundation. The adjustment is done by adding shims

between the sides of the actuators and the housing attachments. The bolt holes for

attaching the actuators are generously slotted to allow for a substantial amount of

adjustment in the actuator position. However, this adjustment comes at the cost of

difficulty during installation. Experience indicates that it can be quite challenging

to install and position the actuators with multiple shims. Alternatives to this design

are discussed in chapter 7.

Also unlike the test platform, the HEPI system is less sensitive to tilt-horizontal

coupling generated by misalignment between the horizontal actuators and the local

(per corner) center of stiffness. This is a result of the large separation distance between

offload springs on neighboring piers. The distance between offload springs, rk in figure
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4.8, is greater than 3 meters, and due to the substantial weight of the payload, the

offload springs are comparable in stiffness to the rotational stiffness of the actuator

tripod. Therefore, the alignment of the horizontal actuator with the local center of

stiffness is less important in this case.

Horizontal

Actuator

Vertical Actuator

Housing Interface

Assembly

Housing Base

Assembly

Stiffness

Bars

Offload

Spring
Bridge

Assembly

Offload

Spring

L4C

Pneumatic Ball

Bearings

Bridge

Assembly

Figure 4.16: An exploded view of the HEPI housing. Courtesy of Oddvar Spjeld.

On each corner of the HEPI system there are two feedback displacement sensors

(Kaman DIT-5200) and two feedback seismometers (Marks Products L4C). Both of

the displacement sensors and the vertical seismometer are integrated directly into the

actuator. The horizontal L4C is clamped into the housing interface assembly which is

mounted directly to the horizontal actuator. This arrangement is less desirable than
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attaching the L4C directly to the tripod plate because it places the tripod stiffness

between the actuation plate and the sensor. Since the tripod is axially stiff, and

there is no convenient way to attach the L4C closer to the actuation plate without

introducing tilt, this is an acceptable compromise.

4.4 Summary

The underlying theme of this chapter is mechanical design for feedback control applied

to the quiet hydraulic actuator and the associated platforms. Many examples of

this are discussed in this chapter. The most important of these is collocation. The

experience in this lab with the platforms discussed here and several others [12] is that

feedback control systems are often limited by how well collocated the actuator is to

the sensor. This is the reason why much of the instrumentation is integrated directly

into the actuator.

A substantial limitation of all vibration isolation systems is tilt-horizontal cou-

pling. If seismometers are used to measure horizontal motion, the platform must

be designed to minimize tilt. Minimizing tilt is a difficult design problem that is

frequency dependent, and must be addressed in the design of the platform. How-

ever, using the techniques discussed in this chapter, it is possible to obtain reliable

information from horizontal seismometers down to 0.5 Hz.

Finally, the results from the first prototype actuator on the test platform (figure

4.5) show that the bellows exhibit a breathing compliance that causes the bellows

breathing resonance. This sharp peak can easily be eliminated in software, but this

approach is accompanied by a significant loss in robustness. In the following chapter,

alternative methods are used to eliminate this peak in hardware.
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Chapter 5

The Bellows Breathing Resonance

At the conclusion of Chapter 4 an undesirable resonance was identified in the mea-

sured open loop behavior of the actuator. The resonance is undesirable for control

of the actuator because the peak must be inverted if bandwidths near or above the

peak are desired. This peak can be inverted by a number of standard controls tech-

niques, and it will be shown that the actuator can perform well in the presence of

this resonance. However, this type of plant inversion does not lend itself to the long

term robustness that is desired for LIGO, and therefore work has been devoted to

suppressing this resonance passively.

In this chapter, two means for suppressing this resonance are investigated. The

first, more obvious, solution is to redesign the bellows for an improved breathing

stiffness. The second method is to introduce a network of hydraulic resistances and

capacitances to passively damp the undesirable mode.

5.1 The Bellows

The bellows must be axially compliant to allow the actuator to move, but it is unde-

sirable for the bellows to volumetrically expand, or breathe, when a varying internal

pressure is applied. The resonance of chapter 4 was the first indication that the

bellows exhibited a breathing stiffness that is significantly lower than the stiffness

expected by the properties of the working fluid. This hypothesis was easily verified

71
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with three-dimensional finite element analysis (FEA) models. The ultimate goal in re-

designing the bellows is to create a bellow which has a breathing stiffness comparable

to that of the stiffness inherent to the working fluid.

In order to develop such a bellow, it is necessary to understand the relationship

between the various elements of the bellow geometry and the breathing stiffness.

Analytical results are used to explore this design space, and in many cases these

results are confirmed by FEA models. Before discussing the trends in geometry, it is

useful to define breathing stiffness in a way which can be compared to the stiffness

of the working fluid.

5.1.1 Breathing Stiffness

Breathing stiffness is a measure of a structure’s ability to maintain a constant volume

in the presence of a changing internal pressure. This is analogous to rigidly attach-

ing the ends of the bellow to a pair of flanges that are fixed in position and then

introducing a varying internal pressure. The effect of the internal pressure is to cause

features of the bellow convolution geometry to distort or bulge particularly in the

straight sections of the convolutions (Figure 5.1).

Figure 5.1: Bellow convolution distortion due to internal pressure.

Quantitatively, the breathing stiffness is the change in volume caused by a change

in pressure: ∆V
∆P

. However, in order to compare different bellow geometries, it is
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convenient to define a spring rate representative of this stiffness. This can be obtained

by manipulation of Hooke’s law, dF/dx = K. If the change in volume of the bellow is

expressed as the bellow cross-sectional area multiplied by the change in displacement:

∆Vb = Ab∆x, and the change in pressure in the bellow is expressed as the force divided

by the bellow cross-sectional area: ∆Pb = ∆F
Ab

, then the breathing stiffness can be

expressed as a linear spring stiffness:

Kbreathing =
∆PbA

2
b

∆Vb

(5.1)

The breathing stiffness of the bellows introduces a new compliance to the dynamic

equations of motion for the actuator. In particular, equation 3.19 and 3.20 become:

Ṗ1

(
Vb

β
+

A2
b

Kbreathing

)
= Q1 + A(ża − żg) (5.2)

Ṗ2

(
Vb

β
+

A2
b

Kbreathing

)
= Q2 − A(ża − żg) (5.3)

where A2
b/Kbreathing results from the breathing compliance of the bellows and is added

in series with the fluid compliance term, Vb/β.

5.1.2 Bellow Design

In view of Figure 5.1, it is evident that omitting the straight sections of the con-

volutions will improve the breathing stiffness. However, the axial compliance of the

bellow which is essential to the function of the actuator is dependent on the convo-

lution geometry and is greatly improved by the straight sections in the convolutions.

Hence, in the search for an optimum bellow convolution geometry, it is not merely

the breathing stiffness which must be maximized, but rather, the ratio of breathing

stiffness to axial stiffness:
Kbreathing

Kbel
.

The design of the bellows is based on convolution geometry that has no flat sec-

tions. While it is evident that this change will improve the breathing stiffness, the

challenge here is to design a bellow that is sufficiently compliant axially while demon-

strating the best possible ratio of breathing to axial stiffness.
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Roark’s book [24] (Table 30, Case 6b and 7b) features solutions for a bellow

with circular convolutions (sections of a toroid) based on a paper by Clark [25].

These solutions include both axial and internal pressure loadings, and are useful for

determining the scaling effects caused by changes in the convolution geometry.

The convolution geometry is described by three variables: the outside radius, Rbel;

the convolution radius, rbel; and the thickness, tbel (figure 5.2). Each of these variables

is confined to a specific range by either size or manufacturing limitations. As discussed

in section 4.1.2, much of the actuator size is dictated by the overall dimensions of

the bellow. In order to ensure that the actuator will be compatible with the systems

at LIGO, the length and diameter of the bellow are limited to 12.5 cm (5 inches).

Adopting this even aspect ratio has the additional advantage of making the bellow

insensitive to squirm.

2Rbel

r
bel

Figure 5.2: Some of the pertinent dimensions of a bellow with no flat sections in the
convolutions.

The effect of changing various elements of the bellow geometry is complicated by

the axial stiffness requirement. In order for the actuator to function, the bellow must

be an order of magnitude more axially compliant than the offload spring stiffness

(section 4.1.2). Therefore, the maximum allowable axial stiffness is set at 8.5×104

N/m. This encumbers the scaling because the minimum number of convolutions

required to meet this axial stiffness changes for each combination of bellow geometry.

The approach taken here is, for each set of bellows dimensions, to calculate the number

of convolutions needed to exceed the axial compliance requirement. For that number

of convolutions, the breathing stiffness is calculated, and the ratio of breathing to
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axial stiffness determined.
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Figure 5.3: The effect of varying convolution radius on the breathing to axial stiffness
ratio for a bellow thickness of 0.15 mm (0.006 in.) and outside diameter of 12.5
cm (5.0 in.). The trace for most of the convolution radii shown has been omitted
because for those convolution radii, the axial stiffness requirement causes the number
of convolutions to be large. In these cases, the large number of convolutions cause
the bellow to be unacceptably long.

If the outside diameter of the bellow is set, for the moment, at 12.5 cm (5.0 in.),

the ratio of breathing to axial stiffness increases sharply with decreasing convolution

radius as shown in figure 5.3. In this figure, the thickness is set to 0.15 mm (0.006

in.). For larger thickness and the same range of convolution radii, the number of

convolutions required to meet the axial compliance causes the bellow to be too long.

It is fortunate that a thickness of 0.15 mm is acceptable because it is also at the lower

limit of the available fabrication capabilities, and the upper limit for allowable stress

under the actuator operating pressures.

The thickness of 0.15 mm (0.006 in.) provides the broadest range of possible
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convolution radii for an outside diameter of 12.5 cm. In figure 5.4, the thickness is

held constant at 0.15 mm, and the both the convolution radius, r, and the outside

radius, R are varied. Here again, the length limit of 12.5 cm is imposed. This

limits the number of allowable convolutions and causes most combinations of r and

R to yield unacceptable results. The areas in the figure where the trace is shown

are combinations that are compatible with the size limitations. In the figure, it is

apparent that increasing the outside radius and decreasing the convolution radius

results in the best ratio of breathing to axial stiffness.

1 2 3 4 5 6 7
Convolution Radius [mm]

R = 2.5 cm
R = 3.8 cm
R = 5.1 cm
R = 6.4 cm
R = 7.6 cm

Figure 5.4: The effect of varying convolution radius and outside radius on the breath-
ing to axial stiffness ratio for a bellow thickness of 0.15 mm (0.006 in.). The traces
on the plot are not shown in the regions where the number of convolutions required
to exceed the axial stiffness limit cause the bellow to be too long.

Based on the results of figures 5.3 and 5.4, the final dimensions chosen were:

outside diameter of 12.5 cm (5.0 in.), length of 12.5 cm (5.0 in.) and convolution

radius of 2.1 mm (0.850 in.) with 12 convolutions. For this combination of dimensions,

a FEA model was created in the Algor software environment. The ratio of breathing

to axial stiffness predicted by Algor was 876 which compares decently with the 750

predicted by the analytical methods.
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5.1.3 Final Bellow Design

The final design of the bellow was manufactured to the dimensions listed above.

The breathing stiffness of this bellow was predicted to be 8.5×107 N/m, a factor

of nine better than the original bellow, but still below the stiffness of the working

fluid, 1.5×108 N/m for these dimensions. Assuming that the resonant frequency is

dependent on the bellows breathing stiffness, this should result in a factor of three

increase in frequency (as frequency changes with the square root of stiffness); moving

the bellow’s breathing resonance out to nearly 100 Hz. Unfortunately, this was not

observed. The resonance moved from 27 Hz to 38 Hz with the new bellows. The

cause for this shortcoming stems from the compliance of the connection between the

actuator and the mass. At 38 Hz, the connection stiffness becomes the dominant

compliance and masks the improved stiffness of the bellows.
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Figure 5.5: A transfer function from the valve to the displacement sensor with the
new bellows geometry.
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5.2 The Bypass Network

As an alternative to increasing the stiffness of the bellows, the concept of the bypass

network is to dissipate undesirable energy associated with the aforementioned reso-

nance. The bypass network is the hydraulic equivalent of a resistor and capacitor in

series between the two bellows.

The bypass network is a path between the two bellows (Figure 5.6) with impedance

to flow that varies with frequency. While at no time is there fluid exchange between

the two bellows, at high frequencies the diaphragm becomes compliant and there is

an exchange of volume. The oscillation of the diaphragm draws fluid through the

resistance, Rbyp, and in so doing, dissipates energy in the form of heat.

Q
1

Q
1

P
1

P
2

R
byp

Diaphragm

C

R
byp

R
byp

R
byp

Figure 5.6: The electrical representation of the bypass network, and a schematic of
the hydraulic bypass network shown between the stacked bellows.

Bypass Capacitor

The bypass network incorporates a clamped plate to serve as a diaphragm. The volu-

metric compliance of the diaphragm creates the effect which is analogous to electrical

capacitance. Volumetric compliance is similar to the breathing stiffness discussed
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in Section 5.1.1 except for the shape of the compliant surface. For the form factor

of a flat plate, the capacitance of the diaphragm is dependent on both the stiffness

and surface area of the diaphragm. The expression for capacitance, Cbyp is derived

starting with Hooke’s law:

F = Kbypx (5.4)

∆PAbyp = Kbyp
Q

Abyps
(5.5)

∆P

Q
=

Kbyp

A2
byps

(5.6)

Cbyp =
A2

byp

Kbyp

(5.7)

where Kbyp is the stiffness of the diaphragm, Abyp is the area of the diaphragm, ∆P

is the differential pressure, and Q is a flow through the bypass resistance.

5.2.1 Bypass Network Pole Frequency

The choice of frequency for the pole associated with the bypass network, fbyp =
1

2πRbypCbyp
, is a compromise between control authority and suppression of the undesired

resonance. Clearly, if the pole is set too low (the diaphragm compliance large), the

actuator will cease to deliver the required force, and if the pole is too high, the

suppression of the resonance will be minimal.

The effect of the bypass pole frequency can be qualified using a Matlab model of

the actuator installed on the LIGO BSC chamber (the system which the actuator is

ultimately intended for). Using this model, the frequency of the bypass pole is moved

to three different representative frequencies: 1, 8 and 50 hertz. The reduction of the

resonance (Figure 5.7) worsens considerably when the pole frequency is shifted from

8 to 50 hertz, but based on the plot, a pole frequency lower than 8 hertz may appear

compelling.

While a low frequency bypass pole may be advantageous for damping performance,

it is difficult to obtain the required compliance in the diaphragm without making the

diameter undesirably large. The minimum size of the diaphragm is limited by the
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Figure 5.7: The transfer function from valve drive to platform displacement with
various bypass pole frequencies. The model used to generate this figure is derived in
appendix B.

stress incurred by the differential pressure across the bellows. For any desired diam-

eter of diaphragm, the thickness can be reduced to reach the specified compliance,

but the resulting stress is often unacceptably high.

The predicted stress in the diaphragm for various pole frequencies and diaphragm

radii is plotted in Figure 5.8. In the plot, it is assumed that the bypass resistance

is held fixed at 2·109 Pa·s
m3 , and only the value of the capacitance is varied for each

pole frequency. The value of capacitance is used to determine a diaphragm stiffness,

Kbyp, and given the diaphragm stiffness and radii, an appropriate thickness can be

calculated. The stress in the diaphragm is then predicted for an applied pressure

of 2.8·105 Pa (40 psi) (approximately twice the expected differential pressure). The

stress prediction is calculated using Roark’s Book [24] Table 24, case 10b for a circular

plate with fixed edges.

Based on the Matlab model of the actuator installed on the LIGO BSC chamber

(Figure 5.7), a relatively low-frequency bypass pole (near 1 Hz) may seem attractive

for the standpoint of improved damping. However, it is argued here that the improve-

ment in damping is not sufficient to justify compromising the mechanical design with

a large diaphragm plate. In consideration of this, a compromise is made by setting
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Figure 5.8: The predicted stress in the diaphragm for various pole frequencies and
diaphragm radii. In this figure, the bypass resistance is held fixed while the capaci-
tance is varied for each pole frequency. For each value of capacitance, a volumetric
stiffness, Kbyp, is calculated for a given radii using Equation 5.7. Given a stiffness and
radius the required diaphragm thickness can be calculated and the associated stress
is predicted assuming 2.8·105 Pa (40 psi) of pressure.

the bypass pole frequency at 8 Hz.

5.2.2 Bypass Resistance

Instead of increasing the capacitance to lower the frequency of the bypass pole, an

alternative is to increase the bypass resistance. While this is a natural approach in

electrical circuits, it is not easily realized in hydraulics because the onset of parasitic

inductance occurs at surprisingly low frequencies.

Parasitic inductance first appeared in a prototype of the bypass network. In this

first attempt, the fluid paths to the diaphragm were designed to be small enough to
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create the bypass resistance. The inductance of a round pipe is:

Lround =
4ρ · length

π · diameter2
(5.8)

Hence, if the length is relatively large and the diameter small to provide ample re-

sistance, the inductance can be overwhelming. In the case of the prototype, the

inductive impedance dominated the bypass path in the frequencies of interest ren-

dering the bypass completely ineffective. Based on this experience, a more realistic

model of the actuator and bypass network is shown in Figure 5.9.
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Figure 5.9: A more realistic schematic of the hydraulic actuator and bypass network.

After the failure of the prototype, the design of the bypass resistance was reevalu-

ated with attention to the associated inductance. Both a parallel plate and a tubular

configuration were considered for this evaluation. The resistance is designed by forc-

ing the ratio of the inductance to the resistance to be small at the frequency of the

resonance.
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Diameter

Length

Figure 5.10: A circular tube type resistor.

Circular Tube

For a circular tube, the ratio of inductive to resistive impedance is:

Lround

Rround

=

4ρ · length

π · diameter2
s

128µ · length

π · diameter4

=
ρ · diameter2

32µ
s (5.9)

In this relationship, the frequency variable, s, is set to the frequency of the breathing

resonance at ∼30 Hz. The ratio of the inductance to the resistance, Lround/Rround,

is set to 1/100 to ensure that the dominate impedance at the resonance is resistive.

With this and equation 5.10, it is possible to solve for the diameter. If the viscosity is

set to be 100 times water and the density equivalent to water (reasonable values for

mineral oil), the resulting diameter is 1.64×10−4 m. For a desired bypass resistance

of 2×109 Pa·s/m3, the associated length can be calculated to be 3.42×10−7 m.

There are several problems with this result. The diameter is very small which

will make the resistor sensitive to clogging. More importantly, since the diameter is

larger than the length, it is exceedingly unlikely that flow through the resistor will

be fully developed and laminar. Without laminar flow, these equations do not hold

and unsteady flow may result.
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Length Width

Height

Figure 5.11: A parallel plate type resistor.

Parallel Plates

Another means for making a hydraulic resistance is a pair of parallel plates. Here

again, the ratio of inductive to resistive impedance is the important figure of merit:

Lparallel

Rparallel

=

ρ · length

width · height
s

12µ · length

width · height3

=
ρ · height2

12µ
s (5.10)

As was done for the circular tube, this equation is used to solve for the height. For

the values above, the height is 2.5×10−4 m. However, when solving for the length,

the parallel plate resistance offers another degree of freedom: the width.

This additional degree of freedom is valuable because it enables the length to be

set to create steady flow conditions. To guarantee steady flow through a constricted

area, the length must be 10 times the height [27]. Given a height of 2.5×10−4 m, the

length can be set to 2.5×10−3 m. With the length and height defined, the equation

for parallel plate resistance is used to solve for the width. This yields 0.1 m which is

rather large by comparison to the dimensions of the actuator.

5.2.3 Final Bypass Design

The crucial lesson learned from the bypass prototype was that the fluid path to

and from the bypass must be extremely short in order to avoid parasitic inductance.

The most obvious solution to this dilemma is to place the bypass network directly

between the two bellows. However, the best candidate resistance, the parallel plate
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configuration, is too large to fit within the bellow diameter.

The solution to this predicament is to distribute the width of the parallel plate

resistance around a circular perimeter (Figure 5.12). Using this method, the resistance

width can be made almost arbitrarily large by adding additional circular plates to

the resistor stack. This resistor stack is affixed to the actuator plate and conveniently

hidden within the lower (actuator in the vertical orientation) bellow.

Resistor Stack

Actuator

Plate

Diaphragm

Resistor

Gap

Figure 5.12: The final design of the bypass network. The parallel plate resistance is
comprised of long, narrow gaps in the resistor stack (shown in the detail view).

Due to the ease of increasing the width of the parallel plate resistance, the final

bypass design features an inductive to resistive impedance ratio that is 1/600 at the

bellows resonance. The corresponding dimensions are: height of 1.0×10−4 m, length

of 1.0×10−3 m and width of 0.6 m. This width is distributed over three gaps that are

6.8×10−2 m in diameter.

5.2.4 Bypass Performance

When properly designed, the bypass network provides exceptional reduction of the

bellows breathing resonance (Figure 5.13). The model for the actuator with the
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bypass network is discussed in appendix B.
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Figure 5.13: A transfer function of valve drive to displacement sensor output for a
single vertical actuator in the quiet hydraulic test platform. The performance of the
bypass network is evident in the reduction of the bellows breathing resonance near 40
Hz. The resonance is at a slightly higher frequency than discussed previously because
of the improved bellow geometry.



Chapter 6

Control Synthesis

The performance requirements for LIGO specify parameters for both alignment and

isolation. These dual, and sometimes opposing, objectives require several different

sensors to be used together in control schemes that allow for position control while

simultaneously providing isolation.

The control architecture for the hydraulic actuator evolved with the actuator and

the platforms that support the actuator. The first platform, the Hydraulic Test

Platform (section 4.3), served as a simple, two degree-of-freedom, demonstration of

the hydraulic actuator, and a test bed for developing the two underlying control

techniques: sensor blending and sensor correction.

Once the actuator was shown to meet specification on the Test Platform, eight

actuators were installed on the BSC chamber at the LIGO Advanced System Test

Interferometer (LASTI) laboratory at MIT. The LASTI BSC platform posed several

challenges including overdetermined control, eight actuators to control six degrees of

freedom.

While the alignment performance of the actuator is of great importance to the

functionality of the LIGO instrument, the results shown in this chapter focus on

isolation performance. The justification for this is that the if the displacement sensor

noise characteristics exceed the LIGO position specification and there is ample gain on

the displacement sensor feedback loop then alignment performance can be assumed.

This assumption has since been verified by the hydraulic actuators installed at the

87
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LIGO Livingston Observatory (LLO).

6.1 Sensors

To satisfy the alignment criteria, a displacement sensor is incorporated into the de-

sign of the actuator. This provides alignment information down to zero-frequency.

Alternatively, active isolation from the ground requires an inertial reference. This is

provided by seismometers stationed on both the ground and the platform. Sensitivi-

ties and noise information for all of the sensors used on this project may be found in

appendix D.1.

6.1.1 Displacement Sensors

In the context of this experiment, the displacement sensor measures the difference

between the position of the actuator plate and the foundation: za − zf (figure 3.1).

If the actuator tripod and the foundation are assumed to be infinitely stiff then this

is the same as the difference between the mass and ground position: zm − zg.

The displacement sensor is incorporated into the actuator to provide the best

opportunity for collocation with the actuation plate. Collocation of the sensor and

actuator is critical to obtaining controllability at higher frequencies (in this case,

above about 10 hertz, but in general as discussed in appendix C.3).

The choice of displacement sensor adapted with the development of the actuator.

The first actuator featured an optical displacement sensor designed and manufactured

at Stanford. Preliminary results with this sensor indicated the noise from this sensor

was unacceptably close the LIGO noise requirements. Because of this, later editions

of the actuator featured the DIT-5200 manufactured by Kaman sensors. The noise

floor of the DIT-5200 is impressive, approaching 10−10 m/
√

Hz in the 1 to 10 Hz.

band.
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6.1.2 Seismometers

Seismometers are useful in this work as an inertial reference for either the ground or

the platform. An inertial reference is something that remains fixed relative to the

motion of the environment. This is best explained by describing the construction

typical of these type of sensors.

The most common embodiment of a seismometer is a suspended magnet sur-

rounding by a readout coil (figure 6.1). The readout coil is attached to the case

of the seismometer and when the case moves at frequencies higher than the natu-

ral frequency of the magnet suspension, the relative motion induces a voltage in the

surrounding coil proportional to the relative velocity.

Suspension

Case

Coil
Magnet

Figure 6.1: A representative section view of a seismometer. The suspension spring
suspends the magnet whose motion is read out by the surrounding coil. Practical
seismometers typically feature a more compact suspension system and two counter-
wound coils designed to buck stray magnetic fields. This configuration is also referred
to as a geophone.

The difficulty with seismometers is that below the natural frequency of the sus-

pended mass, the mass begins to move with the case and the relative motion ceases

to be detectable. At this point, the velocity signal output is reduced while the noise

remains and rapidly dominates as the frequency decreases.

When measurement to a lower frequency is required, it is common to use active

feedback to control the position of the suspended mass (the magnet in figure 6.1).
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In this embodiment, the output of the seismometer becomes the control authority

necessary to maintain the suspended mass in its centered position (proportional to

the acceleration of the mass). Active feedback allows for very high natural frequencies

and a wide bandwidth for acceleration measurement. It also offers improvements

in linearity since the suspended mass is held fixed with respect to the case by the

feedback control.

6.2 Control Techniques

Both sensor blending and sensor correction are useful techniques for either single in-

put/single output (SISO) or multi-input/multi-output (MIMO) systems. Discussions

of sensor correction techniques can be found in the literature [30], and an optimal

solution for sensor blending has recently been developed by Wenshang Hua [31].

6.2.1 Sensor Blending

Sensor blending is commonly used when no individual sensor can provide all of the

desired information over the frequency band of interest. In these instances, the output

of two more sensors are combined to make a supersensor.

idrive

S

zf

P zm

Fd

Fs

super sensor

Figure 6.2: A block diagram for the open-loop sensor blending between a displace-
ment sensor and a seismometer. The plant, P , includes the actuator and suspension
dynamics and is commanded by electrical current input, idrive, to the valve. The
displacement sensor has neglible dynamics and measures the difference between the
platform position, zm, and the foundation position, zf . The seismometer, S, is fil-
tered by the blending filter, Fs, before being combined with the filtered displacement
sensor output to make the supersensor.
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In applications where alignment and vibration isolation are important, as in LIGO,

a common embodiment of the supersensor is a displacement sensor blended with a

seismometer. For feedback control, the supersensor is more desirable than either of

the individual sensors for several reasons. Feedback control based solely on the dis-

placement sensor provides good low-frequency alignment with respect to the ground,

but feedback control with only the displacement sensor will cause the platform to

move with the ground. This is directly in opposition to the goals of vibration isola-

tion. Alternatively, a seismometer on the platform may be used to provide an inertial

reference. Tracking the output of an inertial reference will provide isolation from the

ground, but only at frequencies above the natural frequency of the seismometer. At

frequencies below the seismometers’ natural frequency, the signal to noise ratio be-

comes rapidly unacceptable with decreasing frequency (as discussed in the previous

section, seismometers are inherently AC coupled devices). A controller based solely

on seismometer output cannot maintain platform alignment and cannot be used at

low frequencies. Hence, a supersensor that is the combination of a displacement sen-

sor and a seismometer can provide both isolation and alignment over a broad range

of frequencies. Figure 6.3 shows how a displacement sensor and seismometer

may be combined in practice. The displacement sensor and seismometer filters are

developed by manually shaping the output in the frequency domain. In figure 6.3,

the displacement sensor filter is an elliptic filter that provides substantial suppression

at frequencies above 10 hertz. The purpose of this aggressive filtering is to ensure

that the displacement sensor output does not impede isolation performance at higher

frequencies. Similarly, due to the suppression of the displacement sensor, the seis-

mometer output is emphasized at higher frequencies providing inertial information

where isolation performance is desired.

Filters developed in this manner have no guarantee of creating a supersensor

sensor that is amenable to control, or even stable, in a feedback scenario. The most

common problem is the introduction of non-minimum phase (NMP) zeros. NMP

zeros often appear when two sensors outputs are combined with phase differences

approaching 180 degrees in a band where their magnitudes are near equivalent. Most

often, both sensors have equal magnitude only in the vicinity of the blend frequency,
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and therefore, it is prudent to arrange the filtered sensor outputs to have similar phase

at the blend frequency. This is difficult because, at the blend frequency, one sensor

must decrease in magnitude while the other must increase. As is obvious in the figure,

the usual compromise is that the blend does not occur at a particular frequency, but

instead, over a range of frequencies.

Complimentary Filters

Complimentary filters are two filters that sum to unity over all frequency. Com-

plimentary filters can be used for sensor blending and offer some advantages over

blending filters which are not complimentary.

A simple example of a complimentary filter set is a pair of first-order high and low-

pass filters. If these two filters share the same pole frequency, they can be summed

to unity (figure 6.4):

Flow =
a

s + a
(6.1)

Fhigh =
s

s + a
(6.2)

Flow + Fhigh =
a

s + a
+

s

s + a
= 1 (6.3)

The advantage of using complimentary filters is that they do not contribute to the

overall loop dynamics. Once two sensors are blended, the dynamics of the blending

filters are not visible in the supersensor output. This becomes significant when higher

order filters are used for the blending.

Normalized Complimentary Filters

It is often useful to normalize a sensor blending filter set with respect to each other.

The advantages of this are that the resulting normalized filters are complimentary

and the stability (in particular, the existence of non-minimum phase zeros) is made

obvious during the division of the filter sum. This is especially useful as the blend-

ing filters become more sophisticated. Given two blending filters, F1 and F2, the
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Figure 6.4: A simple example of complimentary filtering. Two sensors, sensor 1 and
2, have no dynamics and are filtered with Flow and Fhigh. The two filtered sensor
outputs are combined to make the supersensor.

normalized filters are:

F1n =
F1

F1 + F2

and F2n =
F2

F2 + F1

(6.4)

6.2.2 Sensor Correction

Sensor correction is a method of correcting the output a sensor by using informa-

tion from another sensor. In this experiment, sensor correction is used to eliminate

spurious ground motion from the displacement sensor.

The displacement sensor measures the difference between the position of the

ground and the payload: zm − zf (where zf is the same as the ground position if

the foundation stiffness is assumed infinite, figure 3.1). A controller attempting to

null the displacement sensor output will minimize the difference between the payload

and the ground position. As mentioned before, this causes the payload to follow the
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ground and prevents isolation from the ground. However, position control is nec-

essary to align the payload for locking the LIGO interferometer. A compromise to

these conflicting requirements is to remove the ground position term, zf , from the

displacement sensor output in specific range of frequencies.

Figure 6.5: A block diagram of a displacement sensor corrected by a ground based
seismometer. The seismometer, S1, measures the velocity of the ground, żf , which
is filtered by Fsc to provide the ground position, zf . The position output from Fsc is
used to correct the displacement sensor output, zm − zf .

In order to accomplish this, it is necessary to obtain a measurement of the ground

position. This can be done by using the output of a low-frequency seismometer

stationed on the ground near the platform. Because of the nature of the instrument,

the output of seismometer will either be the velocity or acceleration of the ground,

but with some filtering, this can be integrated to provide the ground position over a

band of frequencies. The position of the ground, zf , is then added to the displacement

sensor output, zm − zf , leaving only the payload position, zm. Finally, the feedback

loop acts to null the remaining output of the displacement sensor (zm), and thereby,

reduces the motion of the payload.

Since ground position information is applied directly to the plant, sensor correc-

tion is commonly mistaken for feedforward. The critical difference between sensor

correction and feedforward is that no knowledge of the feedforward plant dynam-

ics is necessary. This dramatically simplifies the implementation and improves the

robustness (since plant dynamics often change with time) of sensor correction.
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Sensor Correction Implementation

In order to implement sensor correction, the output of the ground stationed seis-

mometer must be filtered (integrated) to provide the ground position. This signal

must then be amplified by the sensor correction gain to drive the closed loop actuator

with a magnitude that mimics the effect of the ground.

The task of the ground stationed seismometer filter, Fsc (figure 6.5), is to merely

integrate the ground velocity, żf , to provide position, zf . However, this simple objec-

tive is made difficult by the characteristics of the seismometer. Since seismometers

are AC coupled devices, measurement of ground velocity is only available down to a

specific frequency. For conventional seismometers, this frequency corresponds to the

natural frequency of the instrument. However, the ground seismometer used in this

experiment is the Streckheisen STS2 which is actively compensated, and hence, the

low-frequency limit is set by the cutoff frequency built in to electronics of the instru-

ment (∼8 mHz). Therefore, the sensor correction filter must change sharply from an

increasing slope below the seismometer cutoff frequency to a -1 slope (integrating)

past the natural frequency.

There are sharp filters which would make this possible, but the affiliated disruption

in phase is unacceptable for canceling the displacement sensor output of the ground

position. Therefor, the sensor correction filter must compromise between rejecting

noise below the seismometer natural frequency and integrating to provide position

information above this frequency. An example of a sensor correction filter used in

this experiment is shown in figure 6.6.

The sensor correction gain can be predicted if the sensitivities of the seismometer

and the displacement sensor are well known. The sensor correction gain is equal to

the ratio of the displacement sensitivity of the filtered seismometer output to the

sensitivity of displacement sensor.

More commonly, the sensor correction gain is determined explicitly by taking the

ratio of two transfer functions. For a simple platform (figure 6.7) the two transfer

functions are:

H1 =
S2

S1 ∗ Fsc

and H2 =
S2

F
(6.5)
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Figure 6.6: A filter typical of those used for sensor correction (Fsc). Note that between
0.1 and 5 hertz, the phase deviates less than 10 degrees from a prefect integrator (-90
degrees).

where S1 ∗ Fsc is the filtered output of the ground stationed seismometer, S2 is the

output of the payload based seismometer, and F corresponds to the control input to

the closed loop hydraulic actuator. Both of these transfer functions are taken with

the actuator operating in closed loop (displacement sensor feedback). The ratio of

these two transfer functions is:

H2

H1

=
S1 ∗ Fsc

F
(6.6)

This ratio should be flat over the range of frequencies where the filtered ground based

seismometer, S1 ∗ Fsc, outputs ground position. The magnitude of this flat section is

the desired sensor correction gain.

6.3 Control of the Quiet Hydraulic Test Platform

The control strategies discussed above were first implemented on the quiet hydraulic

test platform (figure 4.10). The goal of the platform is to demonstrate the success of
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F

M

Figure 6.7: A simplified platform shown here to discuss the measurement of sensor
correction gain. The force F is supplied by the hydraulic actuator, S1 is a seismometer
located on the ground and S2 is a witness seismometer placed on the payload.

these strategies on a single actuator, and then, two actuators operating in concert.

6.3.1 Controller Design and Implementation

The design of the controllers evolved with the actuator, and notably with the intro-

duction of the bypass network. All of the controllers include both sensor blending

and sensor correction. These controllers are implemented on a real time controller in

the commercially available Dspace environment.

Due to the orthogonal arrangement of the actuators in the test platform, there

is little coupling between actuators, and the control can be implemented in a SISO

fashion. The control diagram for each actuator (figure 6.8) includes both sensor

correction and sensor blending. Within this diagram, there are four filters that must

be developed: Fd, Fs, Fsc and Fc.

The blending filters, Fd and Fs, are developed along with the overall filter, Fc. The

design of the blending filters is a compromise between emphasizing the displacement
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Figure 6.8: The closed loop system block diagram for a single actuator in the test
platform. This diagram combines figures 6.2 and 6.5 with the addition of the overall
controller, Fc.

sensor at low-frequencies and the seismometer at high-frequencies. For the first actu-

ator prototype, the sensors involved are the Stanford designed optical displacement

sensor and a Geospace manufactured HS-1 seismometer. Since the natural frequency

of the HS-1 seismometer is 4.5 hertz, the blend frequency is set to 8 hertz (figure

6.9). Note that at the blend frequency, the filtered displacement sensor output is less

than 180 degrees out of phase with the filtered seismometer output. The resulting

supersensor is relatively continuous across the blend frequency.

The overall filter, Fc (figure 6.8), improves the phase margin of the supersensor

near the unity gain frequency and increases the gain around 10 hertz. For the first

actuator prototype, the overall filter also inverts the bellows’ breathing resonance

at 28 hertz. On the subsequent prototypes, the absence of the bellows’ breathing

resonance (figure 6.10) enables the overall filter to be less aggressive (more robust),
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Figure 6.9: Blending filters and overall filter design for the first actuator prototype
on the test platform. The compensator here is the same as overall filter, Fc, in figure
6.8.

and the loop gain is much greater across the bandwidth of the controller.

In both examples of sensor blending (figures 6.9 and 6.10), the displacement sensor

blend filter is a simple gain. The dynamics of the displacement sensor output are

unaltered because the sensor correction provides ample isolation over the frequencies

where the displacement sensor output is prominent.

The sensor correction filter, Fsc, is based on inverting the dynamics of the seis-

mometer used to measure ground motion as discussed in section 6.2.2. In all of the

work presented here, the ground based seismometer is the Streckheisen manufactured

STS2. The STS2 is a 3-axis, active feedback seismometer that is capable of providing

inertial information down to 8 mHz. The filter used for sensor correction on the test
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Figure 6.10: Blending filters and overall filter design for the final actuator prototype
on the test platform. Note the absence of the bellows’ breathing resonance and the
increased low-frequency gain.

platform is similar to that shown in figure 6.6, and the output is useful for correcting

the displacement sensor from 0.1 to 5 hertz. The sensor correction gain is determined

by measuring the transfer functions H1 and H2 discussed in equation 6.5, and carrying

out the division of equation 6.6.

For the purpose of measuring performance, there are two witness sensors installed

directly inside of the payload. These witness sensors, Geotech manufactured S-13

seismometers, are external to the feedback loop. This is critical in order to obtain an

unbiased measurement of performance since the loop suppresses the motion measured

by the feedback seismometers. Since the total motion of the payload may be correlated
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to the feedback seismometer output, the feedback seismometers can give an artificially

promising measurement of performance.

6.3.2 Results from the Test Platform

The results shown in this section were generated by the final actuator prototype

installed in the test platform. The modeled results are based on measured data of

the plant and noise sources combined with the known controller transfer functions.

All of the measured performance data is from the S-13 witness sensors embedded in

the payload.

The feedback sensors and associated read-out electronics contribute noise which

limits the performance of the actuator. In the test platform installation, the feedback

sensors are the DIT-5200 displacement sensor and a 2 hertz natural frequency HS-1

seismometer.

Another source of spurious noise is the analog to digital interface (A/D and D/A)

that separates the realtime digital controllers from the physical system. The noise

from these processes is based on the number of bits in the converter and the amount

that the signal is oversampled. The smallest level that can be resolved by the converter

is called the quantizer step size, ∆ [28]:

∆ =
Xm

2B
(6.7)

where Xm is the input (or output) range of the converter and B + 1 is the number of

active bits in the converter. The number of active bits refers to the number of useful

bits that the converter can practically resolve. This is typically less than than the

manufacturer’s specification. The amplitude spectral density of the noise introduced

by quantizing the continuous signal is [28]:

Ncd = ∆

√
2T

12
(6.8)

where T is the sample period. In the case of the Dspace manufactured realtime

computer attached to the test platform, measurements undertaken in the lab indicate
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that the A/D converters are 16-bit with 12 active bits, and the D/A converters are

14-bit wherein 12 are active. The input and output range (Xm) is ±10 volts, and the

sampling rate used for the results shown here is 5000 samples per second.
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Figure 6.11: Amplitude spectral densities for the known noise sources of the test
platform.

The closed loop amplitude spectral densities (figure 6.11) of the noise sources

exhibit some interesting features. The A/D noise for the seismometer and the dis-

placement sensor are not flat because of the loop shaping in the controller and are not

the same because the blending filters are unique to each sensor. The noise from the

seismometer increases dramatically at low-frequency both because of the electronics

noise from the sensor readout board and the dynamics of the sensor. The total noise

in the system is dominated by the seismometer noise. This suggests that the perfor-

mance of the system would be diminished if the seismometer was further emphasized
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in the sensor blending.
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Figure 6.12: The measured and predicted displacement performance of the final ac-
tuator prototype mounted on the test platform.

The isolation performance of the system with sensor correction (figures 6.12 and

6.13) show that the actuator is capable of meeting the isolation performance specifi-

cation for LIGO. Also evident in the figures are the limitations to performance which

vary with frequency.

At frequencies below 1.0 hertz, the isolation performance is derived entirely from

sensor correction. The success of the sensor correction is determined by the ability of

the ground based seismometer, the STS2, and the sensor correction filter to provide

accurate information about ground position. The STS2 can provide velocity infor-

mation down to frequencies approaching 8 mHz., but at these low frequencies, it is

difficult to develop a sensor correction filter to purely integrate the velocity output

without distortion. The filter used for the test platform (figure 6.6) only resembles

an integrator (phase of -90 degrees) in the band between 0.1 and 2.0 Hz, and even

within this band, there is measurable (∼ 3-7 degrees) phase distortion. This phase
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distortion causes matching errors on the order of 10% thus limiting the isolation per-

formance to a factor of 10 reduction in the 0.1 and 2.0 hertz band. Outside of this

band, the isolation performance from sensor correction decreases with the increasing

phase distortion.
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Figure 6.13: The measured and predicted transmission performance of the final ac-
tuator prototype mounted on the test platform. The measured transmission is the
transfer function between the payload mounted S13 and the ground base STS2 seis-
mometer. The ASD ratio is the ratio of the amplitude spectral densities for the S13
and the STS2. The discrepancy between the measured transmission and the ASD
ratio is the uncorrelated noise between the S13 and the STS2.

The performance at frequencies around 1.0 Hz is limited by sensor noise. In this

narrow region, the total noise (largely due to the HS1) passes above the predicted

performance estimate and meets with the measured performance. This should im-

prove with a more sensitive (lower natural frequency and larger generator coefficient)

seismometer.
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Above 2.0 hertz, the isolation performance comes from feedback to the HS1 seis-

mometer. In this region, the performance is dependent on the feedback loop gain,

and therefor, the prediction of performance matches well with the measured per-

formance. However, in the 2 to 5 hertz band, the measured performance deviates

considerably from the prediction. This is in contrast to figure 6.13 where the pre-

diction follows the measured transmission more closely. The discrepancy between

these two measurements of performance, the amplitude spectral density (figure 6.12)

and the transmission (figure 6.13), is the measurement method. The amplitude spec-

tral density measurements are based on the individual outputs of the ground and

witness sensors whereas the transmission measurement compares these two outputs

simultaneously. During this simultaneous comparison, the signal analyzer, a Stan-

ford Research Systems SR785, removes noise that is uncorrelated between the ground

and the payload. Hence, the transmission measurement is falsely optimistic since the

goal of the platform is reduce the total motion; not merely motion correlated to the

ground. This excess of noise is not surprising since the payload is not in a vacuum,

and is therefor exposed to acoustic coupling and air currents.

6.3.3 Test Platform Results in the Horizontal Direction

In the horizontal direction, the isolation performance is not as impressive as in the

vertical direction. This difference stems from tilt-horizontal coupling, and the lack of

feedback gain caused by the absence of a bypass network in the horizontal actuator

(first actuator prototype). However, the results figure 6.14 demonstrate that a vertical

and horizontal actuator can operate in concert and significant isolation performance

can be realized with the original actuator design. The improvement of the spring

stiffness tilt correction discussed in section 4.3.2 is evident in figure 6.14.

6.4 The LASTI Installation

Once the performance of the actuator had been verified on the test platform, eight

actuators were manufactured and installed on the BSC tank (figure 4.14) at the LIGO
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Figure 6.14: Measured performance of the first actuator prototype in the horizontal
direction from supersensor feedback and sensor correction. The vertical performance
was unaffected by the horizontal loops.

Advanced Science Testing Installation (LASTI) located at MIT. The BSC chamber

and payload at LASTI are identical to those in use at the LIGO observatories, and

the purpose of the LASTI installation was to demonstrate the isolation performance

of the hydraulic external pre-isolator (HEPI) system in a full scale installation. The

HEPI installation at LASTI was the final demonstration of the actuator prior to

installation in the LIGO observatories.

The BSC installation offers several interesting control challenges. Surprisingly,

the least troublesome of these is the overdetermined arrangement of the platform

involving eight actuators for six degrees of freedom. The overdetermined control is

facilitated by the compliance in the platform and payload. However, this compliance

combined with the considerable size and mass of the system presents the greatest

challenges for the control implementation.

Based on the experience with the test platform, the Sercel manufactured L4C
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is used for the feedback seismometers in the BSC installation. The L4C exhibits

substantially better noise performance by comparison to the HS1 thereby alleviating

any concerns of sensor noise limitations for the HEPI system.

6.4.1 Controller Design and Implementation for the LASTI

BSC

The control architecture is similar to that used for the test platform, but generalized to

a multi-degree of freedom system. Sensor blending and sensor correction are applied to

each actuator individually, but once combined, the resulting supersensor outputs are

applied to modal directions involving groups of actuators. The result is a multi-input,

multi-output (MIMO) controller that is diagonalized in the chosen modal directions.

Within each of the modal directions, groups of four actuators are operated in

concert. Each pier supports both a vertical and a tangentially oriented (with respect

to the BSC chamber) actuator. Thus, for each BSC chamber, there are two groups

of four actuators: four oriented vertically, and four oriented tangentially (shown in

detail in chapter 4).

The controlled modes of the system (figure 6.16) are chosen to coincide with

the directions stipulated in the LIGO performance specifications. This is important

in order to guarantee performance in the orientations that are critical to the LIGO

instrument. The controller is diagonalized along these modal directions because there

is little cross-coupling between modes. This can be attributed to the flexibility of the

crossbeams and optics table (inside of the vacuum tank) which connect the four

corners of the system together. The highest cross-coupling exists between horizontal

actuators in the Rz mode, but even within this mode, the magnitude of the collocated

sensor output is almost a factor of ten larger than the next uncollocated sensor (figure

6.15). This observation led to a diagonalized controller that ignores cross-coupling

between modes.

Each of the eight actuators are equipped with a collocated displacement sensor

and seismometer making 16 feedback sensor outputs. There are three outputs from

the ground stationed STS2 seismometer for sensor correction of x, y and z, and
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Figure 6.15: Transfer function measurements of cross coupling between horizontal
displacement sensors. 1H to 1H is the horizontal displacement sensor output from
the horizontal actuator on pier 1, and 1H to 2H is the horizontal displacement sensor
output on pier 2 from the horizontal actuator on pier 1.

witness sensors on the crossbeams and optical table (inside the vacuum chamber) for

out-of-loop isolation performance measurements.

After these outputs are sampled by the A/D converters, the first step of the control

is to apply sensor correction to the displacement sensor outputs. This begins with

filtering the outputs of the ground stationed STS2 seismometer in order to obtain

measurements of ground position. Since all three axes of the STS2 are used, the

sensor correction filter Fsc (figure 6.18) becomes a 3x3 matrix of transfer functions

where the sensor correction filters populate the diagonal and all other elements of the

matrix are zero.

Following this, the sensor outputs are separated into vertical and horizontal sets

of four. In the vertical direction, the four displacement sensor outputs are filtered by

the vertical displacement sensor filters, FdV , and combined with the vertical, filtered

seismometer outputs to make four vertical supersensor outputs. The blending filters

applied here are similar to those shown in figure 6.3, and generally more aggressive

than those used on the test platform. The use of more aggressive blending filters
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Figure 6.17: Transfer functions of the Z mode controller and supersensor.

is motivated by the higher quality feedback seismometers used on the HEPI system.

With a lower natural frequency and an improved signal to noise ratio, the objective of

the blending filters shifts to further emphasize the seismometer at lower frequencies

(even below 1 hertz), and to dramatically suppress the displacement sensor above 10

hertz (where the sensor correction is no longer effective).

The four vertical supersensor outputs are then projected onto the Z mode direction

(pure vertical) by the convert to modal coordinates matrix gain block (figure 6.18). In

this orientation, a SISO controller is applied to this modal supersensor (figure 6.17).

The resulting control signal is rotated back into the actuator basis and added to the

Rx, Ry and OV control signals before being sent to the vertical actuators.

The pitch, yaw and vertical overdetermined modes (Rx, Ry and OV) are controlled

separately by a set of simple displacement feedback controllers contained in the FcV

transfer function matrix block. Again, this block is populated only along the diagonal

since cross-coupling between modes is ignored. Displacement feedback control alone

is sufficient for the rotational modes since the ground motion exhibits very little local
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rotational motion.

Similarly, the vertical overdetermined mode is controlled with displacement feed-

back. In circumstances where the payload and platform are stiff, applying control

effort to an overdetermined mode could be detrimental, but the HEPI payload and

support piers are sufficiently compliant to alleviate these concerns.
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Figure 6.19: Transfer functions of the Z mode controller with the conditionally stable
gain peak loop. L is the open loop compensated plant (from figure 6.18, P (SFsV +
FdV )FcZ), and FpZ is the additive filter. The additive path containing FpZ is only
engaged after the main loop is closed. Once engaged, the effect on the open loop
compensated plant is represented by multiplying by (1 + FpZ).

In addition to providing isolation from the ground at low-frequencies, another

goal of the HEPI system is to damp modes of the passive isolation stack. The passive

isolation stack for LIGO I consists of several masses separated by internally damped

compression springs. Despite the internal damping intended to suppress the modes of

the stack, the are several mass/spring resonances that are easily excited and disruptive
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to the interferometer optic. In order to ensure that these stack modes are sufficiently

suppressed, gain is added to the feedback loop at the resonances of the stack (figure

6.19). These gain peak loops, FpZ and FpXY in figure 6.18, are conditionally stable

meaning that they can only be closed after the main feedback loop has already been

closed.
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Figure 6.20: Transfer functions of the horizontal blended supersensor outputs pro-
jected onto the X and Y modes.

In the horizontal direction, the performance requirements apply to both the X and

Y modes, and to meet these requirements, these two modes are configured the same

as the Z direction. However, for the LASTI installation, it is prohibitively difficult to

incorporate the feedback seismometers into the control loop. The complication results

from substantial compliance separating the horizontal actuators from the horizontal

seismometers coupled with platform/pier compliance that is pronounced in the hori-

zontal direction. This compliance is responsible for the plethora of modes populating

the X and Y direction transfer functions above 10 hertz (figure 6.20). While it is

conceivable to control each of these modes individually, the resulting controller would
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be very sensitive to any perturbations in the plant, and therefore, utterly lacking the

requisite robustness.1

In the absence of useful seismometer output, the horizontal feedback control is

based entirely on the horizontal displacement sensors. In the X and Y directions,

isolation performance is obtained by sensor correction, while the yaw and overdeter-

mined horizontal modes (Rz and OH) are controlled with uncorrected displacement

sensor loops.

6.4.2 Results from the HEPI Installation at LASTI

The purpose of the LASTI installation is to demonstrate the functionality and isola-

tion performance of the hydraulic actuator in the HEPI system. While the function-

ality of the actuator was nearly flawless, the isolation performance was challenging

to obtain. Some of the obstacles to performance have already been discussed in

the preceding section, but the LASTI installation, and the environment surrounding

it, present some interesting hurdles that made the isolation performance difficult to

measure.

A significant problem with the HEPI installation at LASTI stems from the com-

pliance of the floor in the laboratory. On a compliant floor it is possible to uninten-

tionally create a positive feedback loop between the payload and the ground based

seismometer, the STS2. This occurs when the 2000 kg HEPI payload undergoes a

large magnitude (∼ 0.5 mm) horizontal translation with reasonable speed (even as

slow as 1 mHz. peak to peak). This movement of mass causes the ground beneath

the piers to deform and the floor beneath the STS2 to tilt. The STS2 is extremely

sensitive to tilt. Owing to tilt-horizontal coupling, the STS2 perceives this tilt as

horizontal motion. The horizontal motion measured by the STS2 is applied to the

payload through sensor correction worsening the situation and causing the system to

enter into an oscillation limited by the maximum velocity of the actuator (80 µm/s).

This problem is exacerbated by LASTI’s location. The LASTI laboratory is lo-

cated on the MIT campus in the center of Cambridge Massachusetts, and due to

1This problem is specific to the LASTI installation. Subsequent installations of HEPI in LIGO
feature better collocation between the horizontal actuators and feedback seismometers.
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Figure 6.21: The isolation performance of the HEPI installation at LASTI in the
X direction. The upper plot is an amplitude spectral density measurement of the
ground and the payload motion while the lower plot shows the transmission to the
payload from the ground. Note that the performance at frequencies below 0.15 Hz is
limited by a modified sensor correction filter that suppresses tilt motion, and above
∼7 Hz, the lack of performance can be attributed to the absence of useful horizontal
feedback seismometers.

the urban location, the ground motion at the lab is considerably higher than that

experienced at the LIGO sites. Furthermore, the ground motion at the lab cannot be

assumed to be stationary because of frequent bursts of large magnitude motion caused

by nearby trucks, subway trains and pile driving. These large magnitude bursts are

often accompanied by low-frequency tilt that initiates the horizontal displacement

required to couple the payload motion to the sensor correction. Once this cycle is

initiated, the sensor correction must be turned off before system can operate properly.

Measurements of performance were encumbered by the combined effects of payload

motion coupling into the sensor correction and the lack of stationarity in the ground
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motion. In order to maintain stability against tilt motion, the poles of the X and

Y mode sensor correction filters were moved from 0.01 Hz to 0.05 Hz. This reduces

the system’s sensitivity to floor tilt at the cost of abandoning low-frequency sensor

correction performance. The performance in the horizontal direction (figure 6.21)

reflects both the poor sensor correction performance at low frequencies and the lack

of useful feedback seismometer output at higher frequencies.

While the vertical performance for the HEPI installation at LASTI approached the

performance observed on the test platform, the isolation performance in the horizontal

directions is unimpressive. Unfortunately, due to the extent of the modifications

necessary, the verification of performance in the horizontal directions had to wait for

the HEPI installation in a LIGO site.

6.5 HEPI at the LIGO Livingston Observatory

At this time several HEPI systems have been commissioned at the LIGO observatory

in Livingston Louisiana (LLO). The commissioning and control of these systems has

been carried out by a team led by Professor Joe Giaime. The group led by Giaime

have accomplished some impressive results which are included here to show the per-

formance of the HEPI system with improvements motivated by the lessons learned

at LASTI.

Most notable among the improvements at LLO is the stability of the floor which

supports the HEPI installations. This floor is almost 8 time as thick as the floor at

LASTI, and thus far, no coupling between payload motion and the STS2 has been

observed. However, the absence of coupling may also be attributed to the use of an

improved sensor correction filter. The sensor correction filter in use at LLO is an FIR

filter developed by Wensheng Hua that integrates nearly perfectly down to 0.1 Hz.

before abruptly switching to a positive slope (derivative) to reject low-frequency tilt

motion.

Figure 6.22 shows the performance in the X direction at LLO. Note that the

microseismic peak at ∼0.15 Hz. is reduced by a factor of 10 and this reduction

continues up to 2 Hz.
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Figure 6.22: Transfer functions of the Z mode controller and supersensor. Courtesy
of Professor Joe Giaime.

6.6 Summary

The control of the hydraulic actuator evolved with the design of the actuator, and

in the case of the HEPI system, with the development of the platform. In both

situations, the performance improved with experience of working with the actuator

and the surrounding systems.

The performance of the test platform exceeds that observed on any of the HEPI

BSC installations. This can be attributed to the relatively high foundation stiffness

of the test platform made possible by its small size. In addition, the test platform

payload is dramatically less complex, and the stiffness between the payload and the

actuator is much higher. While these are the foremost causes for the performance

discrepancy between the two systems, it may be possible to improve the performance

of HEPI by incorporating the ideas of section 4.3 into the HEPI housing. This and

other improvements will be explored in the following chapter.
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The recent introduction of HEPI at LLO has already been recognized as a consider-

able improvement to the functionality of the observatory. Prior to the commissioning

of HEPI, it was impossible for the interferometer to maintain lock during the daytime

due to nearby logging activities. This meant that the observatory was only capable

of producing useful data during the nighttime (in the absence of trains). After the in-

stallation of HEPI, it has been possible to maintain lock during the day even through

the occasional passing freight train. As a result, LLO has moved from operating 23

percent of the time (during science run 1) to over 90 percent (recently, in science run

3).
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Chapter 7

Future Work

This chapter presents design alternatives to the core components of the Hydraulic

External Pre-Isolator (HEPI) system. A new actuator housing is proposed that

offers improvements over the existing housing design both in facilitating adjust-

ments/installation and improving overall stiffness. And, an alternative actuator con-

cept is put forth for improving the range and stiffness of the existing actuator. While

the proposed housing design could readily be built and installed, the new actuator

will require development and experimental verification before it would be qualified

for use in LIGO.

7.1 Actuator Housing

The EPI system is comprised of vertical and horizontal actuator pairs mounted on

top of the piers that surround the BSC (figure 4.14) and the HAM vacuum cham-

bers (figure 4.15). The purpose of the actuator housing is to provide mounting and

alignment of these actuator pairs. The housing must also support the offload springs

and some sensors. The principal design objectives for the housing are: stiff connec-

tions between sensors and actuators; adjustment of the EPI system position to center

the optic (∼5 mm); adjustment between the actuator pair and the vacuum chamber

crossbeam in 6 DOF that results in a stiff connection (since, experience indicates,

the crossbeam is never aligned in any DOF with respect to the pier top); and ease of

121



122 CHAPTER 7. FUTURE WORK

installation of both the housing and individual actuators.

7.1.1 The As-Built HEPI Actuator Housing

The actuator housing currently installed in LIGO was discussed in chapter 4, and is

shown again here in figure 7.1. The housing is made up of three constituents: the

base, bridge and interface assemblies. The base assembly is a four sided steel box that

supports the foundation end of the offload springs and incorporates both actuators.

The stiffness bars add to the stiffness of the base assembly in the horizontal direction.

The bridge assembly also adds stiffness to the base assembly, and provides locking

bolts to locate the suspended portion of the platform. The interface assembly attaches

to the crossbeam of the vacuum tank and supports the suspended end of the offload

springs.

The actuator housing is installed by attaching part of the interface assembly to the

vacuum chamber crossbeam. Since the crossbeam is typically misaligned in multiple

DOF with respect to the pier top, it is necessary to add shims between the inter-

face assembly and the crossbeam. Once the upper portion of the interface assembly

has been attached to the crossbeam and shimmed into alignment with the pier, the

remainder of the housing, including the actuators, is put into place.

Once the housing is in place and the payload balanced on the offload springs,

it remains to align and attach the actuators to the interface assembly. In order to

compensate for the misalignment between the actuators and the interface assembly,

the base assembly is designed with oversized fastener holes and the actuators have

several adjustable shim plates (shown attached to the actuators in figure 7.1).

This adjustment, both at the interface assembly and the actuators, is more than

sufficient to align the system and the actuators. However, the process for installation

is labor intensive and the shim plates do not always result in a stiff connection even

when they are clamped. Furthermore, it is especially difficult to install the vertical

actuator because it is designed to fit below the base plate of the housing base assembly.

Therefore, the vertical actuator must be suspended in place while it is attached to the

underside of the interface assembly (difficult for even a particularly strong individual
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Figure 7.1: An exploded view of the as-built actuator housing design. Courtesy of
Oddvar Spjeld.

since the actuator has a mass of nearly 40 kg).

With regard to stiffness, the housing is intended to provide a stiff foundation for

the actuators and stiff connections between sensors and actuators. The base housing

assembly has many features which are intended to create a stiff foundation. In the

horizontal direction, both the stiffness bars and the bridge assembly help to close the

structure loop across the open faces of the housing assembly. However, much of the

material in the stiffness bars and the bridge assembly is in bending with respect to

horizontal forces, and hence, does little to improve the overall stiffness of the housing.
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Additionally, the vertical actuator is suspended from its sides over an open hole in the

base assembly. The shim plates on the sides are loaded in bending and not attached

to the housing walls. The combination of these two issues lead to a vertical stiffness

that could be improved.

The link between the actuators and the L4C seismometers is the critical sen-

sor/actuator connection in the housing assembly. Both the vertical and horizontal

L4C seismometers are located inside of the interface assembly. This is convenient

for the vertical actuator since the sensor rests directly above the actuator and the

link between them is stiff. In the horizontal direction, the sensor is mounted on the

side of the interface assembly, and in as much as the interface assembly is stiff in

compression, the horizontal sensor is well collocated with the horizontal actuator.

7.1.2 A Proposed Actuator Housing

The new design proposed here preserves many of the aspects of the previous, as-

built, housing and benefits from experience accrued while working with the original

design. However, many aspects of the proposed design (figures 7.2 and 7.3) differs

substantially from the original assembly. The proposed design shown here is not

detailed and should be regarded as a conceptual design.

The goal of the proposed housing design is to reduce the number of parts while

greatly facilitating the installation of both the housing and the individual actuators.

This objective is primarily enabled by a 5-DOF mount which connects the actuators

to the the interface assembly.

The 5-DOF mount is comprised of a ball connected with two orthogonal bars to a

cylinder. The 5-DOF mount in combination with a set of slotted holes on the interface

assemble allows for alignment compensation in all 6-DOF. Once the mount has been

placed as desired, it may be locked in place by securing the clamping fasteners on the

ball and cylinder clamps.

The result of this is the that the housing may be installed on the pier top with

disregard to misalignment between the two installation surfaces and without shims.

The primary benefit is ease of installation, but other aspects of the design are enabled
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Attach to Pier Offload Springs
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Figure 7.2: Isometric views of the proposed actuator housing design. Not shown in
this design are the required payload locating hardware and rolling balls to translate
the housing and payload on top of the pier.

by the use of this mount. Specifically, since the actuator positions no longer need to

be adjustable, the actuators may be placed to maximize stiffness and accessibility.

Moreover, the interface assembly does not need to be shimmed, and hence, the housing

may be installed independently of the actuators.

Freedom of actuator placement allows for the for the structure to be manufactured

from plate elements. This results in a shell structure that is inexpensive to manufac-

ture and exhibits very high stiffness. The proposed housing is comprised entirely of

12 mm thick aluminum plates which are intended to be water-jet cut and dip-brazed

together. Two removable stiffness plates are added to the base assembly to improve

the horizontal stiffness.

There are some other simplifications to the installation procedure which are par-

ticular to the proposed design. The overall height of the proposed design does not

exceed the gap between the crossbeam and pier top which allows for the assembly to

be put in place directly from any number of angles. The vertical actuator rests on

top of the base plate of the base assembly as opposed to down inside the pier. This

simplifies both the installation and removal procedures.

With regard to sensor and actuator collocation, the proposed design assumes that
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Figure 7.3: An exploded view of the proposed actuator housing design. The adjust-
ment in Z is given by moving the cylinder clamp in the slotted holes on the Housing
Interface Assembly.
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the vertical L4C is placed inside of the actuator. The horizontal L4C is clamped by

the ball clamp and shares a direct connection with the top of the horizontal actuator.

Further Enhancements to the Proposed Housing

The proposed housing design offers many improvements for interfacing the existing

actuator design to the LIGO vacuum chambers. However, many more improvements

are possible if modifications to the actuator design are allowed. In particular, the

design of the actuator can be simplified if the actuator assembly is more tightly

integrated with the housing.

For example, the side foundation plates of the actuator interface directly with

vertical plates of the base housing assembly and are therefor redundant. An actuator

could be assembled without side plates and held together with only the manifold.

When the actuator is inserted into the housing assembly, the top and bottom founda-

tion plates are bolted to the housing base assembly. In this configuration, the three

side plates of the actuator may be excluded. The resulting actuator is less costly due

to the reduction of parts and significantly lighter weight.

7.2 The Floating Seal Actuator

The component which most critically limits the potential of the quiet hydraulic actua-

tor discussed in the previous chapters is the bellows. The bellows limit the maximum

displacement and bandwidth of the actuator, and contribute significantly to the man-

ufacturing cost (in part due to the added complexity of the bypass network). It would

be a great improvement if the impressive noise performance of the quiet hydraulic

actuator could be duplicated with a more conventional cylinder geometry that would

likely offer a considerably higher hydraulic stiffness.

In this section, a new configuration of quiet hydraulic actuator is described, called

the floating seal actuator (FSA). The force produced by the FSA does not depend on

the compliance of bellows. Instead, the cylinder and piston of the FSA are comprised

of a pair of hydraulic bearings (figure 7.4), and the bellows in this design serve only

as a compliant seal (unpressurized).
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Figure 7.4: The floating seal actuator schematic.

7.2.1 Hydraulic Bearings

The functionality of the FSA is based upon hydraulic bearings. Of particular concern

is the transverse stiffness of the hydraulic bearings. Clearly if the piston touches the

cylinder wall, the actuator will not meet the noise performance specification. This

subsection is devoted to the design of the hydraulic bearings. In general, there are

two types of hydraulic bearings: externally and internally compensated.

Externally Compensated Hydraulic Bearings

The externally compensated bearing [33] may be the most common and easily under-

stood. A common configuration for this type of bearing is a circular puck used as a

2-axis translational bearing to support a load (figure 7.5).

The puck supports the load by capturing a pocket of pressurized fluid in the cavity

beneath the puck. This fluid flows out around the perimeter of the puck at a rate
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Figure 7.5: A schematic of an externally compensated hydraulic bearing puck. The
puck is intended to support a vertical load by injecting pressurized fluid, at PS,
through the external resistance, R1, into the cavity beneath the puck and out the
perimeter of the puck. The parallel surfaces created by the perimeter of the puck
(separated by a height, h, for a distance L) create the internal resistance, R2.

which is modulated by the parallel plate resistance created by the lip at the perimeter

of the puck. The lip has a height from the bearing surface of, h, and a length, L.

If the height is reduced by an increase in load, the resistance of the parallel plates,

R2, increases. An increase in R2 causes there to be a larger fraction of the supply

pressure applied to the bottom of the puck. In this way the bearing exhibits stiffness

and compensates against variations in applied load.

This configuration is labeled externally compensated because the first resister,

R1, is external to the puck. Since R1 is external, size and manufacturing constraints

often dictate that the restriction be a small orifice or similar geometry that is prone

to clogging and turbulence. Since for this application, these two detriments are to be

avoided, it is desirable to consider an internally compensated bearing.

Internally Compensated Hydraulic Bearings

An internally compensated bearing behaves similarly to an externally compensated

bearing, but differs in that both resistances are built into the interface between the

bearing surface and the underside of the puck. The underside of the puck has the
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Figure 7.6: A schematic of an internally compensated hydraulic bearing puck. The
underside of the puck has a stepped profile that acts as two parallel plate impedances.

same shape as the puck shown for the externally compensated case except that h1 is

much smaller in this case. The effect of this is to produce two parallel plate resistances

in series. In this case, if the load increases causing the heights, h1 and h2, to decrease,

the pressure profile across L1 approaches a horizontal line while the profile across L2

becomes more steep. Since the force exerted by the puck is proportional to the area

under the pressure profile, the force increases as the puck approaches the bearing

surface.

The internally compensated hydraulic bearing shares the load compensation capa-

bilities featured by the externally compensated bearing but does not have the detri-

ments typical of the external resistance. However, the internal bearing configuration

of figure 7.6 has an abrupt edge between the two parallel plate resistances which may

not be desirable for avoiding turbulence. Hence, the approach taken here is to adopt

a tapered profile [32].

The Tapered Hydraulic Bearing

The tapered bearing (figure 7.7) is an internally compensated bearing that is func-

tionally similar to the internally compensated bearing described above, but blends
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the step between to the two resistances into one tapered profile. This section focuses

on the derivation of the governing equations for this type of bearing since it is the

proposed bearing for the FSA.

Ps

hmin

W

hmax

L
Q

x

h

Figure 7.7: The basic geometry for a tapered hydraulic bearing. A source provides
fluid at pressure, PS, which enters the tapered parallel plate gap at hmax and produces
a flow, Q. The width, W , is assumed to be quite large by comparison to hmax such
that flow out the sides can be ignored.

The tapered hydraulic bearing is a parallel plate impedance with a height that

varies with the length. The impedance of a parallel plate resistor with a constant

height is:

Rpp =
12µL

Wh3
(7.1)

where µ is the viscosity of the fluid.1 In terms of the variables defined in figure 7.7,

the change in height along the length of the tapered interface can be defined as:

h

hmin

= a + b
x

L
(7.2)

a =
hmax

hmin

(7.3)

b = 1− a (7.4)

To describe the resistance with a varying height, it is useful to define resistance change

1Note that the derivations shown here are for straight sections of a tapered bearing. This is
slightly different from the curved perimeter of the puck that was discussed (as a familiar example)
in the previous sections. The parallel plate resistance for a puck is Rpp = 12µL/(2πh3) ln(ro/ri),
but when the diameter of the puck is large by comparison to the length of the parallel plates, the
ratio ro/ri approaches unity. As this occurs, ln(ro/ri) becomes (ro − ri)/ri or L/ri.
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in of differential increments of length:

dR =
dP

Q
=
−12µdx

Wh3
=
−12µL

Wh3
min

(
hmin

h

)3
dx

L
(7.5)

The overall resistance for the tapered bearing, Rtpp, is the integral of equation 7.5

over the length:

Rtpp =
1

Q

∫ L

0

dP = Rpp

∫ L

0

(
hmin

h

)3
dx

L
(7.6)

Rtpp =
PS − PR

Q
= Rpp

2a + b

2(a + b)2a2
(7.7)

where PS and PR are the supply and return pressures. The impedance can be used

to determine the pressure profile by first defining the flow as:

Q =
PS − PR

Rtpp

= (PS − PR)
2(a + b)2a2

2a + b
(7.8)

The pressure profile is then:

∫ PS

P

dP = (PS − PR)
2(a + b)2a2

2a + b

∫ x

0

(
hmin

h

)3
dx

L
(7.9)

P (x) = PS − (PS − PR)
2(a + b)2a2

2a + b

x(2aL + bx)

2(aL + bx)2a2
(7.10)

The pressure profile can be integrated to find the force created by the bearing:

Ftpp =

∫ L

0

P (x)dA = W

∫ L

0

P (x)dx =
WL(PSa + Pr)

a + 1
(7.11)

If the substitutions are made for a and b, the force is:

Ftpp = WL
PShmax + PRhmin

hmax + hmin

(7.12)

Two tapered bearings may be arranged around a common bearing surface, as in

figure 7.8. In this case, the bearing force acts differentially. To discuss this behavior,
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the variables describing the taper are defined in the context of figure 7.8:

atop =
hmax

hmin

=
Ht + ht − z

ht − z
(7.13)

abot =
hmax

hmin

=
Ht + ht + z

ht + z
(7.14)

Similar to equation 7.12, the force created by the top and bottom bearings are:

ht

Ht

z

Figure 7.8: Two tapered hydraulic bearings sharing a common bearing surface.

Ftop = WL
PSatop + PR

atop + 1
(7.15)

Fbot = WL
PSabot + PR

abot + 1
(7.16)

And the total force will be:

Fdtpp = WL

(
PSatop + PR

atop + 1
− PSabot + PR

abot + 1

)
(7.17)

Given this force, it is possible to determine a spring constant for motions of the

bearing surface. The spring constant for the differential tapered bearing is the total

force divided by the displacement of the bearing surface, Kdtpp = Fdtpp/z. If equations
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7.13 and 7.14 are substituted into equation 7.17, the spring stiffness is:

Kdtpp =
2Ht(PS − PR)

(Ht + 2ht)2 − 4z2
WL (7.18)

Kdtpp
∼= 2Ht(PS − PR)

(Ht + 2ht)2
WL for small z (7.19)

It is useful to determine a specific spring stiffness that is not dependent on the length

and width:

K0 =
2Ht(PS − PR)

(Ht + 2ht)2
(7.20)

The values of Ht and ht can be chosen to maximize the specific spring stiffness by

finding the derivative of the specific spring stiffness with respect to Ht and setting it

to zero.

dK0

dHt

=
2Ht

(Ht + 2ht)2
− 4Ht

(Ht + 2ht)3
= 0 (7.21)

Ht = 2ht (7.22)

Hence, the tapered bearing displays the highest stiffness when the entry height is

three times the exit height (hmax = 3hmin from figure 7.7 is the same as equation

7.22). Equation 7.22 can be substituted into equation 7.17 to solve for the maximum

force when z = ht:

Fmax dtpp = (PS − PR)
WL

3
(7.23)

The bearing stiffness of the tapered bearings in the FSA is less than the stiffness

given in equation 7.19 because the FSA bearings are cylindrical instead of flat. The

force created for a given transverse displacement is less because the bearing stiffness

acts radially as opposed to along the direction of the displacement (vertical, in figure

7.9). In figure 7.9, a cylindrical bearing is displaced vertically a distance z. The

vertical displacement z translates into a radial displacement of cos(θ)z and the vertical

force created by this displacement is Fp = Krcos(θ)z where Kr is the bearing stiffness

in the direction of the displacement

The differential of the radial spring stiffness, Kr, is dKr = K0cos(θ)LdW =
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Figure 7.9: The force resultants and pressure profiles for a transverse displacement
of a cylindrical tapered bearing. As the bearing (Piston) undergoes a transverse
displacement (vertically shown here), the pressure profile changes from the nominal,
piston centered profile (dashed) to a displaced profile (solid). At the smaller gap on
top, the area under the pressure profile is increased from the centered position while
the bottom has decreased.

K0cos(θ)Lrdθ. Then the differential force in the direction of the displacement is

dFp = K0cos(θ)
2Lrdθ. The total force is the integrated force in the direction of the

displacement:

Fp = LK0z

∫ π

0

cos(θ)2rdθ =
1

2
πK0Lrz (7.24)

Therefore, if a flat bearing has a width of W = 2r, then for a flat bearing the stiffness

is Kdtpp = K02rL and the stiffness for a cylindrical bearing of the same width is:

Krdtpp = π/2K0rL (7.25)

The stiffness ratio for the cylindrical to the flat case is surprisingly high at π/4.

The implicit assumption in the calculation for the cylindrical tapered bearing is
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that the circumferential component of the flow is very small. This should be plausible

so long as L ¿ 2πr. When the length along the bearing, L, is much smaller than

the circumference, 2πr, the resistance to tangential flow should be high enough by

comparison to that in the direction along the bearing to make flow in the tangential

direction negligible.

7.2.2 Design of the Floating Seal Actuator

The component unique to the FSA, the hydraulic bearings, have been discussed in

the previous sections. What remains is to size the FSA and design an interface such

that the FSA can be used in multi-actuator platforms.

FSA Attachment Flexure

Similar to the hydraulic actuator of previous chapters, the FSA must operate simul-

taneously with other actuators in orthogonal degrees of freedom. The FSA must be

able to apply force axially while being compliant in transverse degrees of freedom.

Hence, the FSA is designed with an attachment flexure that is stiff axially, but soft

in the other five degrees of freedom.

Unlike the bellows of the earlier design, the hydraulic bearings of the FSA resist

tilt. This complicates the design of the attachment flexure because the flexure must

now provide both tilt and two degrees of rotational freedom. This is accomplished by

employing two tripod structures, one on either end of the actuator, separated by a

length, L (figure 7.10). As the attachment plate is translated in the z direction, the

attachment flexure tilts. The attachment plate and the piston are decoupled from

this tilt by the two tripod flexures which are soft in rotation.

Sizing the FSA

One of the most promising advantages of the FSA is that the bellow is only used

for sealing and does not compromise the stiffness of the actuator. While this has

implications of higher bandwidth, it also offers the opportunity for a much larger

maximum displacement which is limited on the current design solely by the bellows.
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Figure 7.10: The floating seal actuator with attachment flexure.

In this section, the FSA will be sized for a large displacement: δmax = 5 mm. This

large displacement places the FSA at the edge of the available design space (figure

7.11).

The configuration shown in figures 7.4 and 7.10 may be improved upon in sev-

eral ways. In the proposed design (figure 7.13) the bellows are placed internal to

the piston. This arrangement clearly offers better protection for the bellow. More

importantly, the length of the bellow can be large without adding unnecessary length

to the actuator. With the provision for more length, it is easier to find a bellow

that will have a low axial stiffness while still capable of withstanding the full supply

pressure (as a safety precaution). The bellow shown in figure 7.13 is sized to have an

axial stiffness much less than 1/10th the offload spring stiffness while still capable of

surviving at 2 MPa. Another advantage of this configuration is that the bearings are

separated by a large distance. This reduces the required bearing stiffness needed to

accommodate transverse forces and torques.

The dimensions of the bearings in the proposed design are derived from the equa-

tions discussed in section 7.2.1. The following is a brief discussion of how these

equations were applied to create the proposed design.

Given a maximum displacement of 5.0 mm and a natural frequency of 7 Hz, the

spring stiffness of the offload springs can be calculated based on the known mass.
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Figure 7.11: The design space available for the FSA given the natural frequency and
maximum throw (displacement).

For the BSC tank in LIGO, the mass per corner is 500 kg and the offload spring

stiffness is 9.7·105 N/m. As is indicated in figure 7.11, it is difficult to attain 5 mm of

displacement without exceeding the maximum allowable size or supply pressure. If a

cylinder diameter of 20 cm is employed, the supply pressure can be calculated based

on the equation:

Fmax =
PsAp

2
(7.26)

where Ap is the cross-sectional area of the cylinder. The factor of 1/2 stems from

the supply side of the piston having 1/2 the total area (figure 7.4). Unfortunately,

solving for the supply pressure with equation 7.26 will yield a supply pressure that is

too low to support the flow through the hydraulic bearings. At the maximum force,

equation 7.26 dictates that the pressure on either side of bearing A (figure 7.10) will

be equal. This is not acceptable for hydraulic bearings, and it is therefore necessary

to add a factor of safety. A factor of safety of 5 should be sufficient to guarantee flow

across the bearing in all situations. With this factor of safety, the required supply
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pressure becomes Ps = 1.5 MPa.

The next step is to determine the required stiffness for the hydraulic bearings.

The required stiffness can be determined by calculating the maximum transverse

force implied by the maximum transverse displacement of a neighboring actuator.

For bearing B (figure 7.10), this can be calculated by summing moments at the

center of bearing A:

∑
Mx = 0 = M − L sin(α)Fy − FzA + FBB (7.27)

FB =
1

B
(FzA + L sin(α)Fy −M) (7.28)

FB
∼= 1

B
(L sin(α)Fy) =

δmax

B
Fy (7.29)

where Fy is the maximum force of the actuator (Fy = Freq = δmaxKoff ) and the other

variable are described in figure 7.10. The dimension B is 9.1 cm in the proposed

design which by equation 7.29 implies that the force supported by bearing B is at

most 265 N. Under this load, the bearing is allowed to displace by half the minimum

bearing gap, hmin. This can be used to solve for the bearing length by using equations

7.25 and 7.20:

FB = Kb
hmin

2
=

3πrbLb(PS − PR)

25hmin

hmin

2
(7.30)

Lb =
50FB

3πrb(PS − PR)
(7.31)

where rb is the bearing radius and Lb is the bearing length. For the proposed design,

the length Lb is 9.2 mm. This is a minimum length, and since there is little penalty for

increasing the length of the bearing, a bearing length of 2 cm is used in the proposed

design.

Finally, the bearing height, hmin, is determined by establishing a maximum power

dissipation across the hydraulic bearings. The hydraulic power dissipation is the

square of the pressure drop divided by the resistance. The resistance for the tapered

bearings is given by equations 7.1 and 7.7. If the maximum power is set at 3.0 watts,
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the minimum bearing height can by solved for by:

hmin = 3

√
4µLb(3.0W )

3π(PS − PR)2rb

(7.32)

where µ is the viscosity of the hydraulic fluid. For the proposed design the minimum

gap height is 22 µm and a taper of 44 µm over the 20 mm length.

Machining a taper of 44 µm over a length of 20 mm is a step beyond common

machine shop practice. However, with some fixtures and modifications, it is possible

to manufacture tapers of this precision. The process [34] involves first adding a

transverse degree-of-freedom to the tailstock of a lathe. The taper surface to be

machined is attached to a fixture of substantially greater length (figure 7.12). The

increased length given by the round stock amplifies the small angle such that the

transverse motion of the tailstock is large enough to be measured with conventional

tools.

Fixture

Tailstock

Taper to

be Machined

Piston

Lathe

Figure 7.12: A process for machining high precision tapered surfaces.
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Appendix A

The DYP2S Valve

Several Parker manufactured DYP2S valves have been in service on experiments at

Stanford and MIT. This section is included to discuss some of the operational details

particular to this make and model of valve.

A.1 Valve Asymmetries

The DYP2S valve has two flappers and four nozzles. As such, there are four nozzle –

flapper interfaces are labelled in Figure A.1 as R1, R2, R3 and R4.

For each of the nozzle – flapper resistances, the position of the nozzle with respect

to the flapper in its nominal position is tuned during calibration to generate equivalent

resistances (by moving the nozzle closer or further from the flapper). Despite this, the

measurement of resistance on either side of a flapper – nozzle pair during operation

is not equal. This is a result of the flow coming from the upstream nozzle (R1 or R4)

displacing the flapper slightly towards the downstream nozzle (R2 or R3 respectively).

This causes the resistance between the upstream nozzle and flapper to be lower, and

consequentially, the resistance between the downstream nozzle and flapper is slightly

higher. This effect can be seen in that the calibration curves for one side of the

DYP2S valve do not cross at zero flapper displacement as shown in Figure A.2.

143



144 APPENDIX A. THE DYP2S VALVE

R1

R2 R3

R4

Return

Ps
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Figure A.1: The DYP2S valve.
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Figure A.2: Measured resistance of one side of the DYP2S valve.
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A.2 Flapper Issues

There are some known issues of the DYP2S valve involving the flapper. These dif-

ficulties can be avoided by only operating the valve through a fraction of its total

range. In light of this, the HEPI experiment at LASTI is drive current limited to one

quarter of the maximum rated current. Driving the valve to the full allowed current

may result in flapper snap down or flapper oscillations.

A.2.1 Flapper Snap Down

Flapper snap down occurs when the nozzle is driven close to the downstream nozzle.

As the flapper moves into close proximity with the downstream nozzle, the flapper

may create a seal with the downstream nozzle face perhaps with the aid of the force

generated by the flow striking the upstream side of the flapper. Once a seal is created,

the suction of the flow moving towards the return ensures that the flapper will remain

sealed to the nozzle face.

It is possible to recover from this state by driving the valve motor in the opposite

direction with a drive current approaching the maximum allowed, but the recovery is

far from linear. This should be avoided in any control system application.

A.2.2 Flapper Oscillation

Flapper oscillation has been observed in the DYP2S valve when the flapper is forced

up against the upstream nozzle. The flapper attempts to seal on the upstream nozzle

face, but in so doing, causes the pressure at the upstream nozzle exit to build to the

full supply pressure. Once this occurs, the flapper is forced back until the pressure

is reduced and the process repeats. This limit cycle effect has been observed to

cause some damage to the face of the flapper where it impacts the nozzle face, but

otherwise, the valve can recover immediately when the drive current is reduced. This

nozzle oscillation could be avoided by modifying the upstream nozzle as shown in

Figure A.3. In this proposed solution the DYP2S behaves more similarly to the HSC

valve with the external resistors. There are two disadvantages to this. First, the
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Figure A.3: A possible alternative to the DYP2S nozzle layout.

maximum pressure recovery (the maximum differential pressure) is halved because

the bridge is no longer fully differential. The second issue is that of the upstream

resistance. While it is tempting to reduce the diameter of the new hole in the nozzle

to meet the resistance requirement, the resulting diameter will be very small and

sensitive to debris. In this case it is better to leave the port diameter large and use

exterior laminar flow resistors such as those available from the LEE corporation.



Appendix B

A Model of the Actuator and

Foundation

A model of the actuator was developed in chapter 3. However, this model did not

include the discoveries of later chapters. Here a complete, one-dimensional model of

the actuator is derived that includes both the breathing stiffness of the bellows and

the bypass network.

The derivation begins with force balances for the suspended mass (Mm), the ac-

tuator plate (Ma) and the foundation (Mf ):

Mmz̈m = Kc(za − zm) + Koff (zg − zm) + D (B.1)

Maz̈a = ∆PAb + Kc(zm − za) (B.2)

Mf z̈f = −∆PAb + Kf (zg − zf ) (B.3)

Equations of volume (same as equations 3.19 and 3.19):

Ṗ1

(
Vb

β
+

A2
b

Kbreathing

)
= Q1 + A(ża − żg) (B.4)

Ṗ2

(
Vb

β
+

A2
b

Kbreathing

)
= Q2 − A(ża − żg) (B.5)
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Nodal equations (PR is the return pressure):

PS − P1

R1

−Q1 − P1 − PR

R2

− P1 − PR

Zm

= 0 (B.6)

PS − P2

R4

−Q2 − P2 − PR

R3

− P1 − PR

Zm

= 0 (B.7)

where Zm = Rbyp+Kbyp/A
2
byps is the impedance of the bypass. The bypass impedance

is comprised of a bypass resistance, Rbyp, combined with a diaphragm of stiffness

Kbyp and area Abyp. The overall equations for the bridge (resident in the servo valve

assembly):

PS = P1 + P2 (B.8)

∆P = P1 − P2 (B.9)

these may be combined to yield:

2P1 = PS −∆P and 2P2 = PS + ∆P (B.10)

Equations B.4 and B.6 can be used to eliminate Q1:

Ṗ1

(
Vb

β
+

A2
b

Kbreathing

)
=

PS − P1

R1

− PS − P1

Zm

− P1

R2

+ A(ża − żg) (B.11)

For the next step, equation B.10 can be used to replace P1 with the more convenient

∆P . In addition, the resistors R1 and R2 are replaced with their respective linearized

models from equation 3.3.

ṖS −∆Ṗ Vb

2

(
Vb

β
+

A2
b

Kbreathing

)
=

PS + ∆P

2Ro(1− 3ε)
− PS −∆P

2Ro(1 + 3ε)
+

∆P

Zm

+ A(ża − żg)

(B.12)

Two of the fractions on the right side of equation B.12 are nonlinear with respect to

ε, but can be approximated with a Taylor series:

PS + ∆P

2Ro(1− 3ε)
− PS −∆P

2Ro(1 + 3ε)
→ ∆P

Ro

+
PS

Ro

ε +

(
PS + ∆P

Ro

− PS

Ro

)
ε2 . . . (B.13)
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Figure B.1: A schematic of the actuator and foundation. Note the bypass impedance,
Zbyp, in the middle of the bridge (physically located between the bellows – see chapter
5).
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In the interests of linearity, only the first two terms of the expansion are maintained.

The derivative of the supply pressure, ṖS in equation B.12 may also be omitted

because if the supply pressure is properly conditioned, variations in PS should be

small. The final equations of motion take the following form:

Mmz̈m = Kc(za − zm) + Koff (zg − zm) + D (B.14)

Maz̈a = ∆PAb + Kc(zm − za) (B.15)

Mf z̈f = −∆PAb + Kf (zg − zf ) (B.16)

∆̇P

2

(
Vb

β
+

A2
b

Kbreathing

)
= −∆P

(
1

R
+

1

Zm

)
+ A(żf − ż)− Psε

2R
(B.17)

Equation B.18 combines the above equations in state-space form with the bypass

parameters shown explicitly. In equation B.18, Ψ is the compliance of the bellows in

series with the fluid, or Ψ =
(

Vb

β
+

A2
b

Kbreathing

)
.
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Appendix C

Design Synthesis Appendix

C.1 The Electromagnetically Actuated EPI

The Livingston LIGO observatory (LLO) became operational while the development

of the quiet hydraulic actuator was still in its infancy. Soon there after, the need

for an updated External Pre-Isolator (EPI) became apparent as the excessive ground

motion at LLO proved to be too much for the existing PEPI system. By virtue of

this need, the development of the hydraulic actuator was greatly accelerated, but

also in recognition of the risk associated with the new technology, a back up plan

was adopted. Hence, in parallel with the development of a Hydraulic External Pre-

Isolator (HEPI), the electoMagnetic External Pre-Isolator (MEPI) was constructed

in case of some unforseen shortcoming of the quiet hydraulic actuator.

The results from the MEPI system offer a unique opportunity to compare two

types of actuator in an otherwise identical system (figure C.1). The difference between

the two systems is the lack of stiffness in the electromagnetic, voice coil actuators on

the MEPI system. This lack of stiffness manifests itself as a plethora of peaks in the

open loop transfer function which confounds the control design for the MEPI system.
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Figure C.1: The feedback seismometer output of a driven transfer function taken on
both HEPI and MEPI.

C.2 Natural Frequency Temperature Dependence

In the discussion of suspensions that are defined as either soft or stiff, it is useful

to define a specific frequency to discriminate between the two categories. In this

work, this is defined as the suspension frequency where temperature variations cause

equivalent positional drift from either: variations in suspension spring stiffness with

temperature, or dimensional changes of the support structure caused by the temper-

ature fluctuation.

While this effect is consistent for all suspension spring designs, consider a coil

spring whose stiffness is defined by:

K =

d4E

2(1 + ν)

8D3Nt

(C.1)
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where d is the wire diameter, E is the modulus of elasticity, ν is poisson’s ratio, D is

the mean coil diameter and Nt is the number of coils. The change in the modulus of

elasticity with temperature is:

dE = EβdT (C.2)

where β represents the change in the modulus of elasticity with temperature (for steel

β = 2·10-4 ◦C -1 [29]). Hence, the change in spring stiffness, K, with temperature is

determined by inserting equation C.2 into equation C.1:

dK = KβdT (C.3)

The static sag of a suspension is Sag = mg/K, and the change of sag with respect

to the change in spring stiffness is:

dSag

dK
=

mg

K2

dK

dT
= Sag · β =

g

ω2
n

β (C.4)

where ωn is the natural frequency of the suspension and ω2
n = K/m. Similarly, the

length variation of the structure with temperature is:

dL

dT
= αL (C.5)

where L is the length of the structure and α is the coefficient of thermal expansion

for the structure. Then the frequency for which thermal variations cause equivalent

changes in position is when dL/dT = dSag/dK or:

g

ω2
n

β = αL (C.6)

which can be rearranged to:

ωn =

√
g

αL
β (C.7)

For a system that has a physical size of 1 m and is made of steel (α = 14·10-6 ◦C -1

[29]), the resulting natural frequency is ωn = 2 hertz.
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C.3 Collocation

The importance of collocation is easily demonstrated with a simple dynamic model.

Consider two carts of mass M connected by a spring of stiffness K moving across a

frictionless surface. (figure C.2). An actuator applies a force F to the left cart and

the positions of the carts can be readout at two locations x and y.

x y

F
M M

K

Figure C.2: A model of sensor/actuator collocation.

In the context of this work, the force F represents the hydraulic actuator and the

spring stiffness K represents a compliance that may, depending on which output (x

or y) is used, separates the sensor and actuator. The purpose of this example is to

show that using the collocated readout at x results in a easier to control plant than

using the uncollocated readout at y.

The two equations that govern the motion of the system are:

Mẍ = F + K(y − x) (C.8)

Mÿ = K(x− y) (C.9)

where the variables are referenced to figure C.2. The transfer functions to each of the

sensor outputs are:

x

F
=

Ms2 + K

Ms2(Ms2 + 2K)
(C.10)

y

F
=

K

Ms2(Ms2 + 2K)
(C.11)
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where s is the frequency variable.

In the case where the uncollocated sensor output is used, equation C.11, there

are no zeros in the transfer function, and hence, the phase loss does not recover after

the pole. The system where the collocated sensor output is used, equation C.10, is

therefor much more amenable to feedback control because of the additional phase.
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Appendix D

Controls Appendix

D.1 Sensors

This experiment features both displacement sensors and seismometers. The first

actuator prototype featured an optical displacement sensor designed and built in

the lab. Subsequent versions of the actuator employed the Kaman manufactured

DIT5200. Several different seismometers are used in this experiment for feedback,

sensor correction and witnessing purposes.

D.1.1 Displacement Sensors

The optical displacement sensor built for this experiment consists primarily of a split

photo diode mounted directly across from an LED. The light emitted from the LED

is obstructed by a flag with a 1 mm slit. The displacement signal is calculated by

taking the difference of the current generated by each side of the photo diode.

The ancillary structure surrounding these components is intended to prohibit am-

bient light from reaching the photo diode. A micrometer is fastened to the side of the

sensor so that the sensor can manually be set to its null position with high precision.

Another advantage of the micrometer is that it enables calibration of the sensor in

situ.

The Kaman manufactured DIT5200 is a differential (two heads) eddy current
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sensor. The advantage of the DIT5200 over the optical sensor is its impressively low

noise. However, the DIT5200 is both delicate and expensive. The sensor heads of

the DIT5200 are easily damaged on impact, and to reach the advertised performance,

both heads must be replaced when one is damaged.

Micrometer

Sensor

Heads

Target

Pre-amp

Board

Photo

Diode

Mount

Flag

Optical Displacement Sensor DIT5200

Figure D.1: The displacement sensors used in this experiment.

Similar to the optical sensor, the mount for the DIT5200 also incorporates a

micrometer head. Arched geometry is used throughout the design of the mount to

avoid placing material directly in bending (especially important for a feedback sensor).

D.1.2 Seismometers

Four seismometers are used in this experiment: the Geospace manufactured HS1,

the Sercel manufactured L4C, the Streckheisen manufactured STS2 and the Geotech

manufactured S13. With exception of the STS2, all of these instruments are passive

with one sensitive axis. The sensitivity and noise performance of the passive instru-

ments scales with the size of both the suspended mass (magnet) and coil, hence the

larger instruments exhibit better performance.

Alternatively, the STS2 is a 3-axis active device whose output is based on the con-

trol effort required to maintain a constant mass position. With an actively controlled

suspension, the effective natural frequency may be set to very low frequencies. The

natural frequency of the STS2 is 0.008 Hz.
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25 cm

(10 in)

HS1

L4C
STS2

S13

Figure D.2: The seismometers used in this experiment.

The output of a seismometer is derived from differential motion between the case

and the suspended mass. At frequencies below the natural frequency, the suspended

mass begins to move with the case and the motion ceases to be detectable. This char-

acteristic is evident in the sensitivity curves of the seismometers where at frequencies

below the natural frequency, the position sensitivity drops three orders of magnitude

per decade.

D.1.3 Sensor Noise

The noise profiles for all of the sensors is shown in figure D.4. The sensor noise

profiles for the displacement sensors are measured by rigidly fixing both ends of the

displacement sensor to a single piece of material and taking long duration spectral

measurements while the sensor is stored in an insulated box.

Alternatively, the noise profiles for the passive seismometers are predicted based

on the published noise performance of the readout op-amps and the resistance of the

sensor coil. The op-amp for each instrument is chosen to be impedance matched to

the coil such that the voltage noise divided by current noise is approximately equal to

the coil resistance in the frequency band where the seismometer is to be used. If more

than one op-amp match this criteria, the selection may be further refined by choosing

the op-amp which has the lowest noise in the band of interest. The three op-amps

commonly used in this experiment are the OP-27, LT1001 and the LT1124. Once an
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Figure D.3: The position sensitivities for seismometers used in this experiment. Note
that seismometer sensitivities are more commonly shown in terms of velocity.

op-amp is selected, the noise profile is calculated by summing the Johnson noise, op-

amp voltage noise and op-amp current noise in quadrature. This sum is multiplied by

the inverse of the sensitivity plot to give the final noise for the instrument. Note that

the predicted noise for the HS1 shown in figure D.4 agrees well with the measured

noise of the HS1 shown in figure 6.11.

The noise profile of the STS2 is calculated base on values provided by the man-

ufacturer. Because of the low-frequency and high sensitivity of this instrument, it is

difficult to verify these numbers experimentally.

D.2 Tilt-Horizontal Coupling

Tilt-horizontal coupling is a fundamental problem that plagues all horizontally ori-

ented seismometers (inertial sensors). The difficulty arises when it is not possible to

distinguish between the effect of accelerations and the Earth’s gravitational field. If
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Figure D.4: Sensor noise profiles for sensors used in this experiment.

an inertial sensor is represented by a simple pendulum, figure D.5 demonstrates how

an inertial sensor may give the same output for a horizontal acceleration and a tilt.

An inertial sensor detects motion with respect to inertial space by measuring the

apparent force acting on its proof mass in the sensor’s sensitive direction. When the

sensor is operating in the Earth’s gravitational field, the apparent force on the sensor

is:

F = m(ẍ− g cos(Θ)) (D.1)

where m is the mass of the proof mass, x denotes the sensor’s position in inertial

space, g is the gravitational acceleration constant on Earth, and Θ denotes the angle

of the sensor’s sensitive direction with respect to the local vertical, defined by the

gravitational field. Hence, the sensor’s output is not only a function of the sensor’s

position, but also a function of the sensor’s orientation. The sensitive direction, Θ,

can be decomposed as the sum of its nominal direction, Θ0, and its incremental
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Figure D.5: Tilt-horizontal coupling as described by a simple pendulum in a cart. It
is impossible for an observer inside of the cart to distinguish between the effect of
horizontal acceleration (a) and tilt (b).[35]

change, θ:

Θ = Θ0 + θ (D.2)

This is substituted into equation D.1, and the double angle formula is applied. Then,

the incremental change to the apparent force, f , is:

f = m(ẍ + gθ sin(Θ0)) (D.3)

Vertically oriented sensors are not coupled to the gravitational force because Θ0 = 0.

However, in the horizontal orientation, Θ0 = π
2

and the apparent force is:

f = m(ẍ + gθ) (D.4)

Hence, the motion of the proof mass is a result of both horizontal motion and the

local gravitational field. The response function of the sensor in the frequency domain

is given by the Laplace transformation of equation D.4:

F (s) = β(s)(X(s)s2 + gθ(s)) (D.5)

where the gain and phase relationships of the sensor dynamics and electronics are

implicit in β(s). Equation D.5 shows that the sensitivity ratio of tilt to horizon-

tal acceleration scales as g/s2. Hence, tilt measurement dominates the output of a
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seismometer at low-frequencies.
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