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Abstract. In a recent paper (CQG 21 (2004) 4041), Baskaran and Grishchuk
noted that frequency corrections, resulting from the photon round trips between
the test masses, contribute noticeably to the response of laser gravitational-wave
detectors. They calculate these corrections for a simple Michelson interferometer
and suggest that for ground-based detectors one can use a linear-frequency
approximation to the exact response formula. They also point out that these
corrections can be as large as 10 percent at a frequency of 1.2 kHz, and therefore
can introduce significant systematic errors in current searches for gravitational
waves with LIGO and VIRGO detectors. In this paper we re-examine these
results. We show that even for ground-based detectors, accurate analysis requires
the exact formula rather than the linear approximation. Using the exact formula,
we re-evaluate the effect of the frequency-dependent terms and show that the
corrections to the magnitude of the detector response are negligible (typically at
a sub-percent level). However, the corrections to the phase can be significant
(6 degrees at 1.2 kHz). We also extend the calculations to include the effect of
Fabry-Perot resonators in the interferometer arms. In particular, we show that
a simple approximation which combines the long-wavelength Michelson response
with the single-pole approximation to the Fabry-Perot response produces rather
accurate results. Finally, we estimate the errors that arise if one uses the long-
wavelength approximation in searches for periodic gravitational-waves emitted
e.g., by a known pulsar and in searches for an isotropic stochastic gravitational-
wave background. For frequencies of order 1 kHz, the errors arising from the long-
wavelength approximation are much less than one percent for searches performed
so far. The correction to the planned LIGO Hanford-Livingston cross-correlation
search for a stochastic background near 1 kHz is approximately 4 percent.

PACS numbers: 04.80.Nn, 95.55.Ym

1. Introduction

Searches for gravitational waves are currently conducted with km-scale laser
interferometers such as LIGO [1] and VIRGO [2]. These detectors utilize a Michelson
configuration which is further enhanced by the addition of Fabry-Perot cavities
in the interferometer arms. Development of efficient data analysis algorithms
requires accurate knowledge of the response of these detectors to gravitational waves.
Historically, there were two widely used approaches to calculate the detector response.
In one approach, it is assumed that the size of the detector is much less than
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the wavelength of the incoming gravitational wave, and therefore can be neglected
in the calculations. This approximation is often called the long-wavelength regime
[3]. The advantage of this approach is that it allows one to interpret the effect
of gravitational waves in terms of the motion of the test masses, appealing to our
physical intuition. In another approach, one does not make any assumptions about
the size of the detector compared to the wavelength of the incoming gravitational
wave [4, 5]. Such calculations lead to a more accurate detector response, but are often
considered unnecessary for ground-based detectors. It was pointed out by Baskaran
and Grishchuk [6] that the long-wavelength approximation can lead to noticeable
errors in the estimation of the parameters of the gravitational wave. In particular,
they showed that the error in searches for periodic gravitational waves can be as
large as 10% thus exceeding the uncertainties in the calibration proceedure, which
currently are at the level of 5% [7]. This observation questioned the validity of the
long-wavelength approximation and led to the necessity of estimating its impact on
the search results. Two points of this analysis however required clarification. First,
the authors assumed that for ground-based detectors it suffices to use the first-order
correction to the long-wavelength approximation thus introducing a linear-frequency
detector response, whereas the exact (non-linear) formula was readily available (and
also derived in their paper). Second, they did not include the transfer function
of Fabry-Perot cavities in the interferometer arms which play a crucial role in the
formation of the signal for LIGO and VIRGO. We are now going to fill in these gaps.

In this paper we re-evaluate the errors due to the long-wavelength approximation
and assess their impact on the current searches for gravitational waves with km-scale
laser interferometers. We will show that the linear approximation breaks down for
certain directions on the sky, and that even for ground-based detectors one should
use the exact formula to capture the frequency-dependence of the response. We will
also include the transfer function of the Fabry-Perot cavities in the interferometer
arms and show that it leads to significant modification of the results. Finally, we
estimate the errors from using the long-wavelength approximation in searches for
periodic gravitational waves and in searches for an isotropic stochastic gravitational-
wave background. We will show that in most cases the errors are negligible.

2. Michelson interferometer response (long-wavelength regime)

In the transverse-traceless gauge [3], a plane gravitational wave coming from direction
f is given by

hz](tv'f) = th(taf) ej_](ﬁ) +h><(t7'f) 6;3(’&), (1)
where hy x(t,%) = hy «(t + Z-7/c), and the polarisation tensors are defined by

e;-';- (ﬁ) = fifj — m;my, (2)

e (i) = limj +mgl; . 3)

Here ¢, 7 are chosen so that (17, m,n) is a right-handed orthonormal basis. (There is
rotational freedom associated with the choice of £, r.)

Consider a simple Michelson interferometer with arms aligned along the unit
vectors @ and b. In the long-wavelength limit (L/A — 0), a gravitational wave produces
a signal in the interferometer [8, 9]:

V(t) = %(aiaj — b6 hi(t,0), (4)
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Figure 1. Top: antenna patterns in the long-wavelength approximation, |Fy (7)|
(left panel] and |Fyx ()| [right panel]. Bottom: antenna patterns at the FSR
(f =37.5 kHz), |G+ (7, f)| [left panel] and |G« (7, f)| [right panel] (see Sec. 3.2).

or equivalently,

V() = Fy () (t) + B ()R (2). (5)

where
. 1 i
Fa(n) = 5 (aia; — bibj)ei (n) (6)

are the interferometer responses to the two independent polarisations (A = +, x) of
the gravitational wave. In the frequency domain, (5) becomes

V(f) = Fe(R)hs (f) + Fx (A)hx (f) (7)
where tilde denotes Fourier transform with respect to ¢.

Three-dimensional representations of the absolute value of F4 as a function of 7o
are often called antenna patterns. Antenna patterns have traditionally been plotted
for a particular choice of polarisation basis. Figure 1 (top panels) show the long-
wavelength antenna patterns Fy (i) for & = &, b = §j and a polarisation basis defined
by = —(ﬁ, m= é, where é, (ﬁ are the standard unit vectors tangent to a unit sphere.
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3. Michelson interferometer response (exact formula)

Taking into account the finite size of the detectors leads to frequency-dependent
detector responses as shown for example in early calculations for LIGO [4, 10, 11,
12, 13, 14] and LISA [15, 16, 17]. The detector output is now a convolution in the
time domain, which is more conveniently expressed in the frequency domain as

V() = Hy (i D (f) + H (i, )R ([) (8)
Here we briefly derive the detector responses H4 (7, f) following [13, 14].

3.1. Photon round-trip time

The interval for a photon propagating in the gravitational-wave background is
ds? = —c2dt? + [0;; + hij(t, @) da'da? = 0. (9)

Consider a round-trip for photons launched along a single arm a of a gravitational-
wave detector. The unperturbed trajectory for photons is z° = a’¢, where & is the
parameter along the trajectory: £ = 0 to L for forward propagation, and £ = L to 0
for the return trip. Substituting this trajectory in (9) and solving for ¢, we obtain

3
c(t —to) = / (14 hija'a?)
0

Let T be the nominal (unperturbed) photon transit time: T'= L/c. In the presence
of a gravitational wave, the transit time will slightly deviate from its nominal value
giving: Th 9 = T + 611 ,2. For forward propagation

L A~ A
STu(t) = %aiaj/ hij (to oy "—caé) de, (11)
0

V2 e, (10)

c

where tg is the starting time for the photon propagation which can be approximated
by to =t — T. For the return trip,

1, " L-¢ n-a

0T (t) = —a'd’ hi; [t — 4+ —¢& ) d&. 12
2(0) = gaial [ (10 E25 4 20 ) ag (12)
Here too ty can be approximated by tg = ¢t —T. The total change of the photon
propagation time during one round trip, 67,1 (t), can be found by adding 67> (¢) with
0T [t — Ta(t)], where Th(t) can be replaced with T to first order in h. Taking the
Fourier transform of §7; 1 (t), we obtain

5Tr»t»(f)

— = D(a, f) aiaje (Wha(f), (13)
where we introduced the transfer function
—i2nfT .
D(a, f) = ¢ [e™ Trsine (wfT-) + e~ "™ Tsine (n fT4)] , (14)

2
with short-hand notation T = T(1 £ a - n).
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3.2. Phase shift of a continuous wave

For continuous laser light with intrinsic angular frequency wg, the delay due to
gravitational waves leads to a phase shift ¥ = wydT. Superposition of the two beams
in a Michelson interferometer will produce a signal in the dark port proportional to
the differential phase V(t) = 9(t)/woT. In the frequency domain, the signal has the
general form (8) with H (7, f) given by

Gali, 1) = 5 [D@ f)aia; — Db, 1) biby | €(3) (15)
These are simply differences of the single-arm detector responses (13) for the two
arms & and b. Figure 1 (bottom) is a plot of the magnitude of the detector response
functions G4 (7, f) at the FSR (f = 37.5 kHz). Note the presence of additional lobes
and a factor of 5-8 reduction in overall amplitude relative to the long-wavelength
antenna patterns in figure 1 (top two panels). The long-wavelength approximation (6)
is a special case of these response functions:

Fy(n) = GA(ﬁvf”f:O’ (16)

indicating that a more appropriate naming convention would be infinite-wavelength
approximation.

8.83. Magnitude of frequency corrections

In [6], Baskaran and Grishchuk considered a first-order approximation to the exact
response function:

Gl )~ G 0) + £ 5 24(1,0). a7)
and suggested that is sufficient for ground-based gravitational-wave detectors. They
estimate the magnitude of this linear correction for a periodic gravitational-wave
signal, and find that it is approximately 10% for a frequency of 1.2 kHz. For
comparison, the uncertainties in the current calibration proceedure are approximately
5% [7]. Therefore, it is worthwhile to review these results.

We notice that the Taylor expansion in (17) is problematic because its coefficients
are functions of the source location—i.e., depend on n. One can see that the derivative
vanishes for some locations in the sky. Similar calculation of the second-order term,
proportional to the second derivative, shows that it remains finite at these locations.
At these places, the approximation (17) breaks down no matter how small the
frequency is. We therefore conclude that even for ground-based detectors one should
use the exact formula (15), rather than the linear approximation (17), to capture the
frequency-dependence of the response.

The magnitude of the error from using the long-wavelength approximation in
place of the exact formula is given by

|Ga(f, f) = Fa(h)|. (18)
This quantity is shown in figure 2 (middle two panels) for f = 1024 Hz. Indeed, the
largest value for this error is approximately 0.1, which constitutes a 10% effect when
compared with the maximum value of |F4|. (The top two panels are simply a different

representation of long-wavelength antenna patterns in figure 1 (top).) To understand
the meaning of this error, we also consider another quantity,

|Ga(n, )l = [Fa(R)], (19)
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Figure 2. Top: magnitude of the long-wavelength detector response functions
|F4|, middle: magnitude of the difference |G4 — Fa|, bottom: difference of the
magnitudes |G 4| — |Fal, all at f = 1024 Hz.

which is shown figure 2 (bottom). Note that the largest absolute value for this quantity
is less than 1%. This implies that the magnitude of the detector response is not affected
by the frequency corrections. Therefore, the effect of such corrections is almost entirely
in the phase of the response. The majority of this can be explained by the delay due
to the photon transit in the arms, a factor of e*2™/T in (14). Note that this factor is
not included in [6].

4. Effect of Fabry-Perot arm cavities

The presence of Fabry-Perot cavities in the interferometer arms adds further filtering
of the signal. If the amplitude of the light incident on the cavity is Ay and the phase
of the light in one round-trip is ¢(t), the multi-beam interference leads to
o0
E(t) = tl AO Z(Tl’f‘z)keiw(tizk’r) 5 (20)
k=0
where 712 and t; are the reflectivity and transmissivity of the c_avity mirrors. Let
the amplitude and the phase of this field be Aand U: E = Ae'Y. Approximating
e’ ~ 14141 in (20), and keeping only first order terms, we obtain that the amplitude
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of the field in the cavity is A =t; Ao/ (1 — rire) and its phase is given by
U(t) = (1—rira) Y _(rara)*u(t — 2kT). (21)
k=0
Equivalently, in the Fourier domain
1-— T1T2

UH=CWHP) . O = o mrr

Thus, the filtering properties of a Fabry-Perot cavity can simply be taken into account
by multiplying the Michelson response (15) by the direction-independent transfer
function C(f). Defining V(f) = U(f)/woT, we have

Ha(n, ) = Ga(, f) C(f). (23)
Note that the transfer function of the Fabry-Perot cavity can be also be written as

O(f) _ 2nfT ! Sinh(27rf0T') ,

sinh[27 foT(1 4+ if/ fo)]
where fy is the lowest order pole, fo = —lIn(rire)/(4nT). For the 4-km LIGO
detectors, fo ~ 86 Hz.

At f = 0, the response of a Michelson-Fabry-Perot interferometer (23) reduces
to the standard long-wavelength responses (6). For finite, but low frequencies
(27 fT < 1), one can improve upon this approximation by simply multiplying the
long-wavelength formulae (6) by a phase factor e~*2™/7 to take into account the delay
due to the photon transit time in the interferometer arm, and using the lowest-order
single-pole approximation for the Fabry-Perot response function:

C(f) = ei27rfTCp01e(f) , Chole(f) = H%f/fo )

(22)

(24)

(25)

Thus,
Ha(, f) = Cpoie(f) Fa(h). (26)
Note that simply approximating the exact Fabry-Perot response function C(f) with

the single-pole transfer function Cpere(f) leads to errors in phase as large as 10 degrees
at f = 2 kHz; approximating C(f) as in (25) leads to much smaller errors.

5. Effect on searches for periodic gravitational waves

A gravitational-wave signal from a pulsar is largely periodic (with center frequency f)
and therefore would greatly benefit from synchronous detection (heterodyne method)
[18]. Taking into account the frequency-dependence of the detector response, the
output of the heterodyne method is given by the following (complex) quantity

1 1 )
y(t) = 5 H+(ﬁ,f;t)§(1 + cos? L) —iHx (7, f;t) cost hoe'®o (27)

where hg is the amplitude, ¢ the inclination angle, and ¢y the initial phase of the
heterodyne method. The synchronous detection removes the dominant oscillatory part
of the signal at the center frequency f, and also corrects for any phase modulation
(Doppler shift) due to the rotation of the Earth and its orbital motion relative to
the pulsar. The remaining time-dependence in y comes from the Earth’s sidereal
rotational motion. (The unit vectors a, l;, which point along the detector arms, rotate
with the Earth and are thus time-dependent in equatorial coordinates.)
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Figure 3. Fraction of maximum available signal-to-noise ratio (i.e., match) as a
function of gravitational-wave frequency for fixed source declination (dec = 45°)
(left panel], and as a function of source declination for fixed gravitational-wave
frequency (f = 2048 Hz) [right panel].

The error associated with the use of the long-wavelength approximation for a
Michelson-Fabry-Perot interferometer such as LIGO is given by

2 (s + yiyz)dt

VI e /] g2t

where y; is the heterodyned signal (27) calculated using the exact response (23), and
y2 is the corresponding signal calculated using long-wavelength approximation (26).
The match represents the fraction of maximum available signal-to-noise ratio. The
integration time is one sidereal day. Figure 3 shows the match as a fuction of frequency
f for fixed source declination (dec = 45°) [left panel], and the match as a function of
declination for fixed frequency (f = 2048 Hz) [right panel] for the simple case where
¥, 1, and ¢ are assumed to be known with values v» = 0, ¢« = 0, and ¢9 = 0. This
choice of parameters corresponds to a circularly-polarised gravitational wave. (The

match =

(28)

detector arms @, b were taken to be those of H1 interferometer.) One can see that the
reduction in signal-to-noise ratio is much less than 1% for all directions on the sky
and for gravitational-wave frequencies up to 4 kHz. (A similar calculation, using the
long-wavelength (6) and exact (15) expressions for a simple Michelson interferometer,
leads to a reduction in signal-to-noise ratio of about 2% at 2 kHz, due primarily to the
phase factor e =277 in (14).) This rather simple example is representative of the size
of the systematic errors introduced by the long-wavelength approximation on searches
for periodic gravitational waves from known pulsars.

6. Effect on searches for stochastic gravitational waves

Assuming that the stochastic background is described by an isotropic, unpolarised,
and Gaussian-stationary random process one can show [11, 19, 20] that the expected
value of the cross-correlation for a superposition of random signals coming from all
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Figure 4. Overlap reduction function I'(f) for the two 4-km-long LIGO
interferometers H1 and L1, calculated using the long-wavelength and exact
detector response functions for a simple Michelson.

directions on the sky is proportional to the overlap reduction function:

5 * (A ~ —i2r fn-(¥1—22)/c
W) = 52 [ QB ) sl e EE0 ()

™

where summation over polarisation indices A is understood. The overlap reduction
function depends on the separation and relative misalignment of a pair of detectors
located at 71 and ¥, as well as on the individual detector response functions. Since
it is often convenient to factor-out any direction-independent response functions from
the integral in (29), we also define

F(f) - 2 /52 d2QﬁGIA('fL,f)G2A('fL, f)efiQﬂ'fﬁ-(flfié)/c, (30)

™

which depends only on the geometry of the detectors. A typical overlap reduction
function I'(f) is shown in figure 4 for the two LIGO 4-km inteferometers (H1 and
L1), calculated using both the long-wavelength (6) and exact expression (15) for the
detector response functions for a simple Michelson. (An analogous plot for v(f) would
have it wiggles suppressed at higher frequencies, due to the frequency dependence of
the Fabry-Perot response functions (22) and (25).)

Using the explicit forms of the exact and long-wavelength detector response
functions given in the previous sections, it is possible to derive analytic expressions
for the overlap reduction function not only in the long-wavelength approximation [19],
but also for the 1st-order corrections [14]. The one stochastic search so far influenced
by kHz frequencies was the L1-ALLEGRO search, which involved cross-correlating
the Livingston interferometer with the ALLEGRO bar detector in three different
orientations [21]. Table 1 contains the relevant corrections to T'(f) at f ~ 915Hz
due to the finite length of the L1 arms, using the long-wavelength (6) and exact
expression (15) for the detector response functions for a simple Michelson. The upper
limits in [21] were not affected to the stated precision by these corrections.
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Table 1. Impact of corrections to the long-wavelength approximation on the
LLO-ALLEGRO search. The corrections are less than 1%, except for the null
orientation. The upper limits in [21] were not affected to the stated precision by
these corrections.

() SU(f)  oT(H)/TW(S)

XARM 0.95333  —0.00089 —0.00093
YARM  —0.89466 0.00196 —0.00219
NULL 0.03181  —0.00073 —0.02305

Table 2. Corrections to the statistical error bars for pairs of interferometers
resulting from use of the long-wavelength approximation. The numbers in the
table are do /o, calculated assuming a white stochastic backgrounds across the
band shown, using the nominal design sensitivities of the instruments. The
4% correction for H1-L1 at 1 kHz is comparable to the current calibration
uncertainties for these searches.

fmin — fmax H1-L1 H1-V1 L1-V1

50 — 150 Hz —19x%x1073 22x107* 28x10~%
900 —1000Hz —4.1x10"2 28x10~3 28x 1073

Previous H1-L1 and H2-L1 correlation analyses have concentrated on frequencies
f < 300 Hz, but inclusion of the 3-km long VIRGO interferometer (V1) in LIGO’s 5th
science run (S5) has added interest in frequencies around 1kHz. A typical measure of
the impact of corrections to the low-frequency approximation is the fractional change
in the statistical one-sigma error bar [22]:

2 fmax 2 —1/2
U_L<5L2> / dfM , (31)
VT \3H7y, i Pi(f) P2(f)

calculated using both the long-wavelength and exact detector response functions.
(Here T is the observation time, Py o(f) are the power-spectra of the detector output
at the two sites, and we are assuming that the stochastic background is white—i.e.,
has constant power in the band fiin t0 fmax.) Since any overall direction-independent
response function (e.g., C(f) or Cpoie(f)) enters the numerator and denominator of
the integrand in (31) in the same way, the results of the comparison are the same
for either a simple Michelson or a Michelson interferometer with Fabry-Perot arm
cavities. Asshown in table 2, the corrections associated with using the long-wavelength
approximation are less than 1% at frequencies (50-150 Hz) considered in previous
searches, and for the H1-V1 and L1-V1 pairs around 1kHz. But for the H1-L1 cross-
correlation around 1 kHz, the correction is 4%, comparable to the current calibration
uncertainties for these searches.

7. Summary

In this paper, we have re-examined the errors due to the use of the long-wavelength
approximation to the detector response, and its impact on current searches for
gravitational waves with km-scale interferometers such as LIGO and VIRGO. We have
extended the linear-frequency approximation analysis of Baskaran and Grishchuk [6]
by comparing the long-wavelength expression for the detector response (6) to the
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exact formula (15) for a simple Michelson, and we have included the transfer function
of Fabry-Perot cavities (23) in the interferometer arms. We have argued for the use of
exact expressions for accurate analysis of the frequency-dependence of the response,
as the linear approximation breaks down for certain directions on the sky. For a
simple Michelson interferometer, the error in using the long-wavelength response is
primarily in phase, and can be as large as 10% of the maximum long-wavelength
response (see figure 2). For a Michelson-Fabry-Perot interferometer, the combination
(26) of the long-wavelength Michelson response (6) and the single-pole approximation
to the Fabry-Perot transfer function (25) produces rather accurate results, effectively
taking into account the missing phase factor in the long-wavelength approximation for
a simple Michelson. Finally, we have used the exact and long-wavelength formulae to
estimate the errors that arise from using the long-wavelength approximation in current
searches for periodic gravitational waves (see figure 3) and an isotropic stochastic
background (see tables 1 and 2). In almost all cases, the errors are negligible, being
at the sub-percent level. The only exception is the planned H1-L1 cross-correlation
search for a stochastic background around 1 kHz, where the use of the long-wavelength
approximation would introduce a systematic error of approximately 4%.

Although our analysis has shown that the long-wavelength approximation for
a Michelson-Fabry-Perot interferometer (26) is sufficiently accurate for searches
performed so far (which have typically been for frequencies below a few kHz), planned
searches at higher frequencies will require one to go beyond the long-wavelength
approximation for accurate analysis. For example, the presence of Fabry-Perot cavities
in the interferometer arms gives us another frequency band to search for gravitational
waves. For the 4-km LIGO interferometers this is approximately a 200-Hz band
centered at the FSR (f = 37.5 kHz). Enhanced sensitivity of the detectors (only
a factor of 5-8 less than at DC, as shown in figure 1) has motivated installation of
262 kHz digitizers at both LIGO sites to produce a high-frequency gravitational-wave
channel for searches of gravitational-wave signals at the FSR and 2 FSR [23]. Efforts
to analyze the data from this channel during the 4th and 5th LIGO science runs are
underway for both stochastic searches [24] and bursts [25, 26]. There are also plans
for searches for stochastic gravitational waves at even higher frequencies (around 100
MHz) [27]. The exact expressions for the detector response functions are a must for
these searches.
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