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Abstract

Detecting gravitational waves from high-frequency emitters (such as black hole collisions) requires

gravitational-wave detectors with high operating laser powers; these cause thermal e�ects in the test-

masses that deteriorate control signals and decrease interferometer sensitivity. To correct these, a

prototype control system model was developed for Advanced LIGO's thermal compensation system

to reduce optical wavefront distortion from thermal lensing and surface deformation. A �nite

element model of the heating in the test-mass was developed in COMSOL to interact dynamically

with the control system developed in MATLAB, as well as a linearized time-e�cient heating model

using only MATLAB. We analyzed data from both models and from experiment to verify the

system's behavior and validate the control system model's integrity.
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I. BACKGROUND

The LIGO detectors, located in Washington and Louisiana, are power-recycled Michelson

interferometers with Fabry�Pérot cavities located at the detector's �arms�. Advanced LIGO

has been designed to be ten times more sensitive in the high-frequency range of gravitational

waves compared to the initial LIGO detectors. To accomplish this, the laser power in the

interferometers has been increased signi�cantly from the initial power con�guration. The

thermal e�ects generated in the test-masses[1]as a result of this are addressed and corrected

through a thermal compensation system, or TCS. This system needs to be as e�cient as

possible and to interfere as little as possible with the rest of the interferometer's systems.

These e�ects can be categorized as thermorefractive and thermoelastic; the former due

to temperature-dependent refractive indices in the test mass substrate, and the latter due to

surface deformation as a result of uneven thermal expansion. Both of these e�ects generate

wavefront distortion on the interferometer beams, which lead to signal degradation and

higher-order mode loss in the Fabry-Pérot cavity.

The magnitude of these lenses can be quanti�ed by assuming they are nearly quadratic

and then calculating the wavefront's quadratic coe�cient, or defocus. The equations for

calculating the thermorefractive and thermoelastic defocus (ar and ae respectively) are shown

in Eq. I.1 and I.2, where T (r, z, t) is the temperature �eld, t is time, r is radial distance,

z is height, ω0 is the beam width (54 mm), dn
dT

is the thermo-optic coe�cient, and d(r, t) is

the surface deformation �eld.

ar(t) =
−2[ dn

dT

´ z0
0
T (ω0, z, t)dz − dn

dT

´ z0
0
T (0, z, t)dz]

ω2
0

(I.1)

ae(t) =
2[d(ω0, t) − d(0, t)]

ω2
0

(I.2)

The TCS is designed to correct these thermal lenses by inducing compensating thermal

lenses in the test mass that eventually cancel out any optical aberrations present.

The TCS consists of two actuators and a sensor, working in tandem to allow controlled

high-power operation by reducing the optical distortion in the system. These actuators

perform di�erent roles in the system: The ring heater, attached directly to the test mass,

corrects thermoelastic e�ects in the test-masses, while the CO2 laser, which is �red at a

compensation plate located close to the test mass, is meant to correct thermorefractive

e�ects. These e�ects are then measured by a Hartmann wavefront sensor.
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II. FINITE ELEMENT MODEL

An axisymmetric �nite element model of the input test mass (ITM) with the ring heater

was developed in COMSOL, shown in Fig. II.1. The main laser beam and the ring heater

were modeled as heat �uxes to study the transient thermal properties of the system. All

material thermal properties are assumed to be the properties of Corning 7940 fused silica

glass as preset by COMSOL, with the exception of the coe�cient of thermal expansion

(which was taken to be 5.7*10-7 K-1 due to an invalid COMSOL preset value)[2].

Figure II.1: An exemplary simulation result in which the main laser emits a total power of 0.5 W

into the test mass and the ring heater emits a total of 5 W.

The model was tested for numerical stability and proper convergence in order to validate

subsequent results. Mesh discretizations of di�erent degrees of re�nement were utilized in

order to test the spatial frequency of the problem (not large in theory); the relative error

calculated between results from standard and re�ned mesh settings was less than 0.005%, and

it was subsequently determined that the model gave satisfactory results with a COMSOL

standard mesh. Afterwards, the COMSOL model was exported as COMSOL+MATLAB

code to enable manual alterations and the insertion of a PID control system; identical

tests were run on the COMSOL+MATLAB equivalent and the original COMSOL model to

conclude that the code produced valid results. Results from these identical tests agreed to

a relative error of 0.01%, which was deemed acceptable.
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The control system itself is a PID-type controller, which corrects error by utilizing three

di�erent parameters; proportional, integral, and derivative. (A block diagram of this con-

troller is shown in Fig. II.2). The error function e(t) in this case is simply the expected

value of defocus, or setpoint, minus the actual value of the defocus ae or ar in the test mass

(in diopters). The actuator function u(t) gives the total power in watts that the ring heater

applies as a function of time. This actuator function is the sum of the three components,

where Kp is the proportional gain (in units of watt-meters), Ki is the integral gain (in units

of watt-meters per second), and Kd is the derivative gain (in units of joule-meters.) The

proportional signal corrects present error, the integral corrects the accumulation of past

errors, and the derivative attempts to prevent future error.

A series of parameter studies were conducted on the controller model to conclusively verify

Figure II.2: A block diagram of an exemplary PID loop equivalent to the one utilized in our

simulation.

if it was functioning correctly; individual sections of the PID controller were turned on and

tested at a range of gains with the COMSOL+MATLAB code to ensure that the output

behavior matched theory qualitatively, which it did. Subsequently, optimal gain parameters

were calculated for the system as prescribed by both the Ziegler-Nichols and Tyreus-Luyben

methods[3][4]. Both of these methods are heuristic in nature, and are rooted in the calculation

of the minimum proportional gain that causes the output to oscillate regularly when only the

proportional component of the controller is active. This value (and the output's oscillation

period) are then used to calculate the system's gains.

To analyze the performance of these methods (and of the PID in general), self-heating

from the main beam was applied to the ITM's �nite element model (shown in Fig. II.1)
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Figure II.3: A thermoelastic defocus & ring heater power comparison plot for active PID correction

and passive constant-power correction. KpZN = −467856 W·m, KiZN = −649.8 W·m·s-1, KdZN =

−23.3928 ∗ 107 J·m, KpTL = −243675 W·m, KiTL = −76.918 W·m·s-1, KdTL = −10.6939 ∗ 107 J·m.

from t = 0. The thermoelastic defocus was used as the input for the PID loop (with gain

parameters chosen according to the applied tuning method), and the output was used to

drive the applied ring heater power as a function of time. A comparison plot of defocus with

both Ziegler-Nichols and Tyreus-Luyben gains as well as constant-power correction is shown

in Fig. II.3. As can be seen in Fig. II.3, the defocus reaches the setpoint nearly 5 times

faster (or 16 hours earlier) than the passive constant-power case for Ziegler-Nichols gains,

and reaches the setpoint 20 times faster (or 19 hours earlier) than the constant-power case

for Tyreus-Luyben gains. This is expected, as Tyreus-Luyben gains are generally better

suited than Ziegler-Nichols gains for systems where the input/output phase lag is small (due

to a smaller proportional gain and higher integral/derivative gains).
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III. THE WAVEFRONT PREDICTOR

Calculating solutions in COMSOL+MATLAB by using �nite element analysis for both

thermoelastic and thermorefractive e�ects increases the solving time : attempting to run

parameter studies with the previous method is very ine�cient, with solving times in the

order of days for a single analysis. To skip the �nite element analysis altogether, a wavefront

predictor program in was developed in MATLAB.

The wavefront predictor operates by utilizing the principle of superposition; the sum of

two individual solutions to the heat equation for given applied powers at applied times is the

solution for the sum of both applied powers. Therefore, by utilizing the unit pulse wavefront

response Wδ = WH(r, t) −WH(r, t + ∆t) (where WH is the unit step wavefront response)

for both the laser and the ring heater, and adding appropriately time-shifted and scaled

versions of it to itself, we can recreate the response to a series of applied powers without

having to perform �nite element analysis (except once, while calculating the response used

to calculate the unit pulse response). The wavefront predictor serves to reduce the solving

time from around the order of days to the order of minutes; a �owchart summarizing the

predictor's method of operation is presented in Figure III.1.

The wavefront predictor's critical operating condition is that the heat equation can be

approximated well as a linear inhomogeneous di�erential equation; the only nonlinear term

present in the real model is the radiation boundary condition, which is described by the

Stefan-Boltzmann law corrected for emissivity (Eq. III.1)

h = εσ(T 4 − T 4
ext) (III.1)

where h represents the outwards heat �ux, ε represents the emissivity (0.9), σ is the

Stefan-Boltzmann constant, T is the temperature, and Text is the external or ambient tem-

perature. However, since T−Text
T

� 1 for essentially every possible case to be analyzed, the

linear term in the Taylor expansion of Eq. III.1 dominates and the boundary condition

e�ectively becomes Equation III.2, which is linear. For cases where a large amount of power

is being applied over large spans of time, however, this assumption is not necessarily valid

and nonlinear radiation e�ects must be taken into account.

h = 4εσT 3
ext(T − Text) (III.2)
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Figure III.1: A �owchart describing the wavefront predictor's method of operation.

The error produced by this linear approximation was quanti�ed by calculating the relative

error in steady-state defocus between the predictor and COMSOL using identical, constant

powers. A plot of the relative error in both thermoelastic and thermorefractive defocus as

a function of constant applied power from these tests is shown in Fig. III.2. The relative

error passes 1% at a constant applied power of approximately 5 to 7 W for both types of

defocus; this source of error needs to be recognized when using results from the predictor

for tests that utilize an average of applied power larger than 5-7 W.

Using the wavefront predictor, a test similar to the one demonstrated in Fig. II.3 was con-

ducted to compare active PID correction and passive constant-power correction by utilizing

wavefront data from the �nite element model described in Section II. The results from this

test are illustrated in Fig. III.3; since both Ziegler-Nichols and Tyreus-Luyben gains cre-

ated uncontrolled oscillations in the system, a heavily modi�ed version of these was utilized
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Figure III.2: Relative error between predictor and COMSOL+MATLAB models of steady-state

thermoelastic & thermorefractive defocus as a function of constant applied powers.

based on trial-and-error methods. As can be seen, the PID controller eliminates defocus

approximately 13.3 times faster (or 18.5 hours earlier) than the passive constant-power case

for the applied gains.

IV. MODELS VS. EXPERIMENT

A. Thermally Altered Model & Steady-State Power Comparison

To verify the validity of the �nite element model described in Section II, we compared

defocus data[5] from a ring heater test at the LIGO Livingston Observatory (LLO) to data

from the �nite element model described previously, as seen in Fig. IV.1. A ring heater power

of 6.3 W was applied at t = 0 for both cases and the defocus was measured as a function

of time; as can be seen, there is a signi�cant discrepancy between experimental data and

the model as-is. The actual defocus value starts to rise approximately 15 minutes after the

modeled value, and reaches its maximum 45 minutes from the modeled one. In an attempt

to obtain a model that matched the transient behavior in the interferometer as closely as

possible, an alternate �nite element model was developed to best ��t� the modeled data to

experiment. This was accomplished in two ways;
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Figure III.3: Thermoelastic surface defocus and applied ring heater power as a function of time for

active PID controller correction and passive constant-power correction cases. Kp = −1 ∗ 107W·m,

Ki = −0.001714 ∗ 107 W·m·s-1, Kd = −125 ∗ 107 J·m.
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Figure IV.1: Comparison between model described in Section 3.1 and experimental data from RH

test at LLO for identical input power of 6.3 W.
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Original Model Thermally Fitted Model

τ 0 s 1200 s

Cp Corning fused silica glass (7940) 770 J/(kg K)

k Corning fused silica glass (7940) 1.31 W/(m K)

α 5.7× 10−7 K-1 5.7× 10−7 K-1

Table I: Comparison of thermal parameters between original and thermally altered model. Note:

values for Corning fused silica glass are preset in COMSOL and are temperature-dependent func-

tions.

• By adding a turn-on time constant to the ring heater. Realistically, due to the ther-

moelectric nature of the ring heater, it cannot emit at full power instantaneously; it

requires a certain amount of time to �turn on�. This was modeled by multiplying the

ideal power that would be emitted by the ring heater with a 1 − e−t/τ term, where τ

is the aforementioned time constant.

• By altering the material's thermal parameters to change the model's response. The

parameters considered were the coe�cient of thermal expansion α, the heat capacity

at constant pressure Cp, and the thermal conductivity k.

Performing a parameter study by varying these four quantities allowed for the creation of a

model whose behavior closely matches that of experiment. Precedent was given to models

whose properties di�ered less to the original's since actual values are not expected to di�er

much from the material's standard properties. The altered model matches the experimental

data very closely; a comparison graph of the altered model is shown in Fig. IV.2, while a

table comparing thermal parameters for the original and altered model is shown in Table I.

Note, however, the deviation from model & experiment behavior starting at approximately

7.5 hours; in spite of all e�orts to �nd a set of thermal parameters that would not cause

this discrepancy, this characteristic di�erence between model and experiment remained.

This suggests the possibility of a discrepancy between model and experiment that is not

associated with the test mass's material properties. The di�erence between the original

thermal parameters and the �tted ones is not large; the value of Corning 7940 fused silica

glass's thermal conductivity at room temperature is 1.38 W/(m K), which to the �tted

model represents a reduction of approximately 5.07%. The speci�c heat capacity, although
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Figure IV.2: Comparison between the thermally altered model and experimental data from RH test

at LLO for identical input power of 6.3 W.

set to the same value of Corning fused silica at room temperature, is now a �xed value and

no longer temperature-dependent; the COMSOL fused silica default value varies less than

a percent throughout the model's temperature ranges, but �xing the value still causes a

discernible change in behavior.

B. Transient Controller-Active Comparison

After designing this thermally ��tted� model, we tested its validity by comparing its

performance to experiment in a case where the input powers vary over time; i.e. when the

controller is active. A set of input powers were calculated using the wavefront predictor

described in Section III and �nite element analysis data from the thermally �tted model;

these were then given to the actual ring heater at the LLO, and the change in beam size was

then measured over a period of time. A comparison graph of both of these is shown in Fig.

IV.3; a signi�cant section of this data is corrupted, as a magnitude 6.2 earthquake o� the

coast of Acapulco knocked the interferometer optics out of a stable con�guration. In spite

of this, there is a clear di�erence between the model and the experiment; the experiment

seems to react quicker than the model, and appears to have a larger instantaneous oscillation

amplitude than the model's. This causes a deviation that (as can be seen from Fig. IV.3)

becomes more signi�cant over time.
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Figure IV.3: Normalized defocus and beam size change for thermally altered model and experimen-

tal data from controller-active RH test at LLO for identical varying input powers. Note the data

corruption present due to the magnitude 6.2 earthquake o� the coast of Acapulco.

V. FUTURE WORK

A. Quantifying Higher-Order Mode Losses

Equations I.1 & I.2 serve to de�ne the defocus as an approximation based on data ex-

tracted from two points; however, by utilizing an alternate (albeit more computationally

demanding) de�nition of the defocus, we can both optimize the aberration corrections and

quantify higher-order mode losses in the Fabry-Pérot cavities. This method of defocus

calculation is provided by Arain et al.[6] in one dimension, which involves calculating the

maximum value of the overlap integral between the incident electric �eld on the test-mass's

surface and an �optimal� incident electric �eld generated by a perfectly Gaussian beam.

This overlap integral, which quanti�es the amplitude coupling of these two �elds, is de�ned

in Equation V.1 for two-dimensional axisymmetric electric �elds where W (r) is the optical

wavefront and λ is the beam wavelength (1064 nm).

I = 2π

(
2

πω2
0

) ∞̂

0

re
−2r2

ω20 e
4πi
λ

(W (r)−ar2)dr (V.1)

When the value of the integral I reaches its maximum, the entirely parabolic �optimal�

aberration matches the actual aberration as closely as possible, indicating the best value
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of defocus that characterizes the real aberration. In the current version of the program,

this value is calculated through a section search algorithm that �nds the maximum I value

with the actual wavefront aberration data and extracts the corresponding defocus used to

calculate it.

As well as providing a more comprehensive analysis of the defocus present in the test

mass due to thermal e�ects, it can also help to quantify amplitude losses due higher-order

transverse electromagnetic mode (TEM) matching in the cavity. Currently, an algorithm

that uses Equation V.1 has been both developed and tested to work with the PID controller

model and �nite element model; however, quantifying amplitude losses directly has yet to

be performed.

B. Complete TCS Finite Element Model

In order to fully simulate the TCS, a model has been developed that simulates both

the ring heater and the CO2 laser thermal e�ects on the test mass. The compensation

plate has been added to the model's geometry, and the CO2 laser is modeled as a heat �ux

incident on its surface. However, the addition of the compensation plate requires simulating

surface-to-surface radiation e�ects between the plate and the test mass as well as coupled

thermorefractive/thermoelastic e�ects, which severely slows down computational time. Due

to this, the model has not yet been tested for validity. Testing the wavefront compiler's

results using data from this model is a high priority; as radiation e�ects become more

signi�cant to the behavior of the test mass, error from the linear radiation approximation

becomes larger, leading to larger deviations between model and experiment.
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