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This is a technical note meant to accompany the SpinTaylor waveform review to
explain how the derivative of the Newtonian angular momentum is computed. A

future development would be to include in the code instantaneous spin2 terms.
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I. TIME DERIVATIVE OF THE NEWTONIAN ANGULAR MOMENTUM
UNIT VECTOR

The evolution equations for precessing spins and orbital angular momentum are obtained
by imposing
L=-8 -5, (1)
i.e. imposing total angular momentum conservation and neglecting angular momentum
emission by radiation, which is given by, see e.g. (4.115) of [I]
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mymgy/M” the symmetric mass ratio, m, o individual binary constituent masses

with 7
and M = mq + ms.
At leading order in the PN expansion parameter z (z = v* = (Mw)Q/ % in LAL codes,

with w the orbital phase derivative) one has, see e.g. egs. (8-10) of [2]:
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At alternate PN orders spin derivatives receive contributions from spin2 terms (2" in the
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spin-dot equations) and from L X S terms (x(2"+1)/ %)

, with n = 2 for the leading order, and
L precession equation can be inferred from .

At leading order (and up to v* order included with respect to the leading) we can assume
that Newtonian angular momentum and L are parallel: Ly = L, however at higher order

the relationship between L and L ~ is actually, see eq. 4.7 of [3]
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and we remind that
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and §1n =n'(h-9,), §1/\ = \(\-S)), and 515 = Ly(Ly - S,), being A, A the unit vectors in
the direction respectively of binary relative separation and velocity.

Note that we may want to average over one orbit, so that
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The spin corrections to the orbital angular momentum are 2% order with respect to the
leading contribution to [_;, that comes from the Newtonian angular momentum. Note also
that the spins in this formulae are the physical ones related to the LAL convention §L AL
by S;pan = S/ M° (we use here units Gy = ¢ = 1). The velocity symbol v in [4] (denoted

below vg;44e-) differs from the one adopted in LAL (and also in this document):

UKidder = WI # Up AL = (MW)US . (8)



We have thus a simple precession equation for f/, but f/N, or L ~ is needed to construct
the waveform, since L ~ 18 the unit vector perpendicular to the instantaneous orbital plane.

We can construct the Ly by short-circuiting eq. 1’ and eq. , to first obtain

R d - 1 M 1 M
v 1 M
= n_M( LleU + . ){_51_5,2_02[ 4(3+ )Sl (9)
(] oM d((Ly-S)Lx) e
T dt e

where we averaged over an orbit and the change in L due to GW emission has been neglected.

We can then see various effect here at play:
e S-L N interaction at v*" ! order in S equations starting from n = 2

° spin2 terms appearing at 0" order, coded only for n=2 (leading term) in the orbit

averaged version

e terms due to S contamination to L, which affect f)N equations start-
ing from v" order can be turned on by the LALDict structure via

XLALSimInspiralWaveformParamsInsertLscorr().

This is summarized in tablll

On the right hand side for the computation of E we have to consider spin derivatives
up to next” leading order v whereas in the rest of the terms we can use spin derivative at
next-to-next leading order and angular momentum derivatives at next-to leading order.

To conclude the implementation of precessional equation we define a precession vector

=7y Uy
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such that one can define and implement in LAL
(LAL) - -
dLy _ A - dLy dLy -~ -
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which can be derived by aid of the identity (A x B) x C = (A - C)B — (B - C)A. The
pseudo-vector Q iy 1s orthogonal to Ly and so it takes into account of only the genuine

precession of Ly.



order |L| NL | N°L | N°L | N'L
spinO | 3| 4 5 6 7
5 6 7 8 9
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TABLE I: Summary of spin precession effects implemented in the LALSimliInspiralSpinTaylor.c

code in the 51,2 equations.
II. SPINTAYLORTS

The SpinTaylorT5h waveform construction is explained in [5], here we just recall the basic

definitions of the main orbital phase:

do 1 96 M7 M 12
dt — dE@)ds "~ 5(1 4+ 2E,py — Fipn...)’
dE]dt

with the usual identification v = (M w)l/ 3, being M the total mass of the binary system
and M, the chirp mass and we assumed F = —1/277M(Mw)2/3(1 + Eipn...) and dE/dt =
32/503(Mw)' B(1+ Fipy +...).
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