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Abstract

Due to the emission of gravitational wave (GW) radiation, most compact binaries are expected

to circularize before emitting GWs in the LIGO frequency band. However, if a binary black hole

system resulted from dynamical capture or hierarchal triple interactions close to the end of its life,

there is a probability that the system could retain non-negligible eccentricity while in the LIGO

band. As such, observing eccentricity from a gravitational wave signal could be a clear signature

of dynamical origins. Despite the observational importance of eccentricity, the techniques needed

to detect and characterize it currently remain in their early stages. We model eccentric binary

black holes in the time domain and assess the detectability and identifiability of eccentric binary

black hole systems, aiming to discover how accurately we can estimate parameters of an eccentric

waveform. We employ a variety of data analysis techniques, including calculating overlaps between

waveforms, constructing likelihood distributions, and using Bayesian parameter estimation.
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I. INTRODUCTION

To date, LIGO’s gravitational wave detectors have observed gravitational waves from six

binary black holes and one binary neutron star [1–6]. The observed binary black hole (BBH)

coalescences follow a consistent pattern: the systems have quasi-circular orbits that decrease

in radius and increase in frequency as they lose energy in the form of gravitational radiation.

All observed gravitational waves from BBH fit a “chirp” waveform while within the LIGO

frequency band (a minimal orbital frequency of 10 Hz, or a gravitational wave frequency

of 20 Hz); their amplitude and frequency increase as the binary evolves [7]. The plots in

Figure 1 show predicted chirp waveforms; Figure 2 shows an “actual” waveform, specifically

the bandpassed, filtered data from GW150914, LIGO’s first detected gravitational wave

[8]. Although Einstein’s theory of General Relativity predicts that eccentric systems will

produce qualitatively different waveforms, LIGO data analysis methodology presently uses

waveform templates that assume a negligible eccentricity; highly eccentric BBH could go

undetected with current technology. Additionally, many properties of BBH are currently

calculated with the assumption of circular orbits, such as their masses and distance from

Earth [7]. Identifying eccentricity could make such calculations more accurate, and will yield

a better understanding BBH formation mechanisms and the stellar environments in which

they reside.

FIG. 1: Chirp waveform predicted using effective-one-body approach (left) and numerical relativity

simulations (right) for same initial conditions. Figure from [7]

In this report, I describe the exploration of the “eccentricity problem” that I have engaged

in this summer. Section II outlines the objectives for this project. In Section III, I describe

binary black hole formation mechanisms that could result in measurable eccentricity. In

Section IV, I discuss how orbital period, semi-major major axis, and eccentricity evolve over

time during an eccentric inspiral. Section V introduces waveforms for BBH with eccentricity;
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FIG. 2: Strain (h(t)) plotted against time (t) for GW150914, LIGO’s first GW detection. This plot shows

data that has been filtered, i.e. subject to band-passing and line removal. L1 is the data from the

Livingston, Louisiana detector; H1 is the data from the Hanford, Washington detector. Figure from [8]

here I present the equations for the emitted gravitational wave strain and describe unique

characteristics of such waveforms. In Section VI, I discuss the characteristic evolution of

the phase-angle of eccentric waveforms. Section VII is an introduction to the Bayesian

framework used for data analysis. Sections VIII - X discuss the primary results from the

project: the results from recovering eccentric signals using a variety of waveform families

(circular non-spinning, eccentric non-spinning, and circular precessing-spin). Section XI lists

conclusions and future work.

II. OBJECTIVES

The aim of this project is to build on existing research to assess detectability and iden-

tifiability of eccentric binary black holes. We focus on three groups of questions:

1. What are key features of eccentric waveforms in the time and frequency domains? In

Python, we create a waveform family for a range of initial eccentricities using a lowest

order Post-Newtonian approximation and compare these waveforms to existing models

in LALSuite [9]. In the phase-angle domain, how do these eccentric waveforms deviate

from quasi-circular waveforms?

2. Does eccentricity make GW signals from BBH harder to detect? Specifically, how much

signal-to-noise ratio (SNR) can be lost if a search pipeline uses a quasi-circular binary

template (with no higher order effects) to capture an eccentric binary merger event?

We calculate the lost SNR at a variety of the initial eccentricities (e.g., eccentricity at

GW frequency of 20 Hz) and masses of the two black holes
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3. How well can the eccentricity parameter be extracted from an observed event, using

likelihood distributions, Bayesian parameter estimation and MCMC techniques? As

a function of SNR and eccentricity, with what confidence can we say eccentricity is

nonzero? Are there any degeneracies between eccentricity and other internal param-

eters (e.g. mass) that affect our ability to extract the eccentricity parameter from

a data set? Furthermore, are there any degeneracies between eccentricity and other

higher order effects like spin precession?

III. BINARY BLACK HOLE FORMATION MECHANISMS

Binary black holes have several formation mechanisms, the two most widely understood

being common binary evolution and dynamical interaction in dense stellar environments

such as globular clusters or galactic nuclei. Evolutionary trajectories for both formation

mechanisms predict that under most circumstances, the orbits of BBH systems will have

circularized by the time their emitted gravitational radiation is within the LIGO band.

However, if a BBH forms via dynamical capture with large eccentricity and/or extremely

close to the end of its lifetime (i.e., a small periastron), there is a probability that the

system retains non-negligible eccentricity while still emitting GWs in the LIGO band [1].

Dense stellar regions, such as galactic nuclei and globular clusters that have undergone mass

segregation, are prime spots for dynamical BH-BH capture. In such settings, individual

black holes can become gravitationally bound during close passage as energy is lost in the

form of a GW burst [10].

Another possibility for observing an eccentric BBH in the LIGO band is via a hierarchal

triple, a quasi-stable three-body system where one BBH is orbited by another black hole.

Eccentricity can be produced in hierarchal triples through angular momentum exchange from

the inner binary and the larger system, in what is known as the Kozai-Lidov mechanism

[11, 12].

IV. ECCENTRIC BINARY INSPIRAL EVOLUTION

The evolution of compact binary coalescences (CBC) can be broken into three phases:

inspiral, merger, and ringdown. We focus on the inspiral phase, as once the CBC enters
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merger eccentricity no longer produces distinguishable effects. The inspiral phase is the

longest phase in a CBC, ending when the objects reach their innermost stable circular orbit

(ISCO). For black holes without spin, this occurs at the following condition for semi-major

axis length a:

aISCO = 6
G (m1 + m2 )

c2
: (1)

As the binary emits gravitational waves, its orbital period Porb and eccentricity e evolve

during the inspiral phase as described by the following coupled equations [13]:
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It is important to note that these equations ignore spin effects and higher order effects, such

as spin precession or higher order modes. By integrating these equations, orbital period and

eccentricity can be related by [13]:
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(4)

where c0 is a constant determined by the initial conditions of the orbit. Numerically solving

(2) and (3) with the initial conditions of Porb;0 = 0:3s and e0 = 0:4 yields the time series for

orbital period and eccentricity shown in Figure 3. Additionally, a time series for semi-major

axis length a was calculated from Kepler’s Third Law (also seen in Figure 3),

a =

�
Porb

2

�
G(m1 +m2)

4�2

��1=3

: (5)
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FIG. 3: Time evolution of eccentricity, orbital period, and semi-major axis for BBH system with initial

orbital period of 0.3 seconds and initial eccentricity of 0.1. (m1 = m2 = 10M�)

The shape of the time series’ for orbital period and eccentricity depend on initial orbital

period, initial eccentricity, chirp mass, and mass ratio. As initial eccentricity increases, the

duration of the CBC in the LIGO band decreases; the BBH reaches ISCO in a shorter

amount of time. As total mass increases and/or mass ratio decreases, the duration of the

BBH in the LIGO band also decreases. These patterns can be seen in Figures 4, 5, and 6.

FIG. 4: Orbital period time series and eccentricity time series with varying values of eccentricity at an

initial period of 0.1s. (m1 = m2 = 10M�)
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FIG. 5: Orbital period time series and eccentricity time series with varying total masses. All series have a

mass ratio of 1.

FIG. 6: Orbital period time series and eccentricity time series with varying mass ratios. m1 always equals

5 solar masses, and m2 ranges from 5 solar masses to 35 solar masses in increments of 5 solar masses.
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V. WAVEFORM MODELS

Once a dynamically captured BH pair is in eccentric orbit, a GW burst will be emitted

every time the pair passes at a close encounter (i.e. at periastron). This causes the semi-

major axis (a) and eccentricity (e) to decrease with time, while orbital frequency increases

with time. After sufficient energy is lost through gravitational radiation, the BH pair will

merge.

A. Generating a Waveform Model using Python

Gravitational wave strain, h(t) is generated by an accelerating quadrupole moment, I:

h(t) � d2

dt2

�
I) where I =

R
� r2 dV . Without taking the effects of eccentricity into account,

this strain from a BBH is given in equation (6) where d is the distance to the source, a is

the distance between the orbiting bodies, m1 and m2 are the masses of the BH, and ’(t) is

the phase evolution:

h(t) =
4 (m1 +m2)2

a d
cos(2’(t)) : (6)

Note that this equation is given in units where G = c = 1. In traditional SI units, there is

a factor of G2 in the numerator and c4 in the denominator.
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