Note on the SEOBNRv5PHM waveform model

Antoni Ramos-Buades and the v5PHM team!

YMax Planck Institute for Gravitational Physics (Albert Einstein Institute), Am Miihlenberg 1, Potsdam, 14476, Germany
(Dated: February 9, 2023)

This note is based on one of the papers we are writing on the SEOBNRv5PHM waveform model. It summarizes
the structure of the Hamiltonian, post-Newtonian spin-precessing evolution equations and explains the construc-
tion of the multipolar waveform modes of the SEOBNRv5PHM model. Please keep in mind, when reading this
note, that citations are not complete. The note has been written with the only scope of facilitating the review of

the SEOBNRv5PHM model for O4.

NOTATION

In this paper, we use geometric units, setting G = ¢ = 1 un-
less otherwise specified.

We consider a binary with masses m and m;, with m| > m;,
and spins §; and §>. We define the following combinations
of the masses:
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where i = 1,2, and define the dimensionless spin vectors
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along with the intermediate definition for a;, and the combi-
nations
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Note that, unlike a;, we define a.. to be dimensionless by di-
viding a; by the total mass.

The relative position and momentum vectors are denoted R
and P, with
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where n = R/R, and L is the orbital angular momentum with
magnitude L. The total angular momentum J = L+S | + .

We use the rescaled dimensionless variables
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where we use either a lowercase symbol or a tilde to indicate
the dimensionless quantities.

I. EFFECTIVE-ONE-BODY DYNAMICS OF
SPIN-PRECESSING BINARY BLACK HOLES

The EOB formalism [1-3] provides an analytical descrip-
tion of the GW emission of the full coalescence process, par-
ticularly inspiral, merger and ringdown. Its accuracy can be

highly increased by including information from gravitational
self-force and NR. The EOB framework can also naturally ac-
commodate the effects of spin precession [4—6] and eccentric-
ity [7-9].

For the two-body conservative dynamics, the EOB ap-
proach relies on a Hamiltonian Hgog, constructed through the
effective Hamiltonian H.g of a nonspinning particle of mass
u moving in a deformed Kerr spacetime of mass M and spin
agerr [10-12], and an energy map connecting H.gq and Hgop

(1]
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The deformation of the Kerr metric is fixed by imposing that
at each PN order the PN-expanded EOB Hamiltonian agrees
with a PN Hamiltonian in another gauge after a canonical
transformation. In Ref. [12], we derived an EOB Hamiltonian
that includes all generic-spin information up to 4PN, while the
non-spinning dynamics is incorporated up to 4PN with par-
tial SPN results. The dynamical variables of the generic EOB
Hamiltonian are the orbital separation r, the corresponding
canonically conjugate momentum p, and the spins S | ».

For arbitrary orientations of the spins, both the orbital plane
and the spins precess around the total angular momentum of
the system J = L+S | +S,, where the orbital angular momen-
tum L = r x p. The equations of motion are as follows
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where the full precessing-spin Hamiltonian is given in Sec. II.
D of Ref. [12], and it reduces as v — 0 to the Kerr Hamilto-
nian for a test mass in a generic orbit. Within the EOB for-
malism, the dissipative effects enter in the dynamics through
the radiation-reaction force #, which is expressed in terms of
the waveform modes [13-15].

Solving the EOB dynamics for generic spin configurations
can be computationally expensive as the EOB evolution equa-
tions (7) lead to lengthy expressions [16]. Thus, to increase
the efficiency of the model, we work in the co-precessing
frame [17-21], in which the z-axis is aligned with the Newto-
nian angular momentum Ly = r x #, which is instantaneously
perpendicular to the orbital plane. In that frame, one can ap-
proximate the dynamics using the non-precessing EOB evo-
lution equations, which are expressed in terms of the orbital



separation r, orbital phase ¢, and their canonically-conjugate
momenta p, and py. The equations of motion read
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We use a Hamiltonian that reduces, in the aligned-spin limit,
to the Hamiltonian of SEOBNRv5HM [22], but also includes
orbit-averaged precessing-spin information for circular orbits.
(See Appendix III for details.)

As in previous EOB models [4, 6, 23, 24], the evolu-
tion of the radial momentum is performed using the tortoise-
coordinate p,, = p.&(r), where &(r) = dr/dr,.. The radiation-
reaction force is computed using [13]

T = Folr, ©)
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where Q = ¢ is the (dimensionless) orbital frequency, and @
is the energy flux for quasi-circular orbits, which can be writ-
ten as

ZE] ji] P\, (10)

where dy, is the luminosity distance of the BBH to the ob-
server, and Ay, are the waveform modes.

Additionally, we use PN-expanded evolution equations for
the spins and angular momentum given by
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where Qpy is the PN-expanded orbital frequency (see below),
Qg. is the spin-precession frequency, and ly is the unit vector
in the direction of Ly. We derived these PN-expanded equa-
tions in Ref. [12] (consistently, from the SEOBNRv5 Hamil-
tonian and equations of motion) for precessing spins through
an orbit-averaged procedure up to 4PN, including spin-orbit
(SO) contributions to next-to-next-to-leading order (NNLO),
and spin-spin (SS) contributions to NNLO. We note that the
SO and LO SS parts of the spin-precession frequency Qs.
agree with the orbit-averaged results given by Egs. (1)-(5)
of Refs. [25, 26], but the NLO and NNLO SS terms do not
agree with Refs. [26, 27] because of the different gauge used
for the SEOBNRv5 Hamiltonian. Furthermore, our expressions
for L(Iy,Qpn,S;), and hence for Iy, differ at SO level from
Ref. [25] because of using a different spin-supplementary con-
dition.

To solve the equations of motion, we first perform the
PN-expanded evolution of the spin and angular momentum

vectors using Eqgs. (11), then we apply a subsequent non-
precessing EOB evolution where the values of §12, Iy and
L(ly) are employed when computing the right-hand sides of
the EOB equations (8) at every timestep.

The solution of the PN-expanded equations (11) requires a
prescription for the evolution of the orbital frequency, which
we compute using the following equation
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where in the right-hand side we use the circular-orbit PN-
expanded energy flux and the derivative of the PN-expanded
energy. More specifically, Ref. [12] used the results of
Ref. [28] to obtain the NNLO SS contribution to the orbit-
averaged energy flux, and the PN-expanded binding energy
E(w) using the SEOBNRv5 Hamiltonian. Our result for Qpn
agrees at the NNLO SO and LO SS with Eq. (A1) of Ref. [29],
but differs from it by including the NLO and NNLO SS con-
tributions.

Our approach is similar to that of Refs. [25, 30, 31], but
we include higher PN orders, and derive the PN equations
from the EOB Hamiltonian employing a different gauge and
spin-supplementary condition, which leads to some differ-
ences compared to previous results in the literature.

II. EFFECTIVE-ONE-BODY MULTIPOLAR WAVEFORMS
FOR SPIN-PRECESSING BINARY BLACK HOLES

We briefly review the main ideas and building blocks of
the EOB approach to generate waveforms for spin-precessing
systems containing multipoles beyond the quadrupolar one.
Here we closely follow the previous model developed in [6]
(SEOBNRv4PHM), highlighting any differences.

A. Inspiral-plunge waveforms

The construction of the inspiral-plunge waveforms follows
a similar approach to [6], with the usage of the factorized,
resummed version [14, 32] of the frequency domain PN for-
mulas of the modes [33, 34]. The factorized resummation has
been developed for non-precessing BBHs [12, 15, 24, 32] and
it has been proven to improve the accuracy of the PN expres-
sions in the test-particle limit [35-38].

The components of the radiation-reaction force, ¥4, in
Eq. (9) depend on the amplitude of the individual GW modes
|him|, which in the non-precessing case, are functions of X2 l,
where [ is a unit vector in the direction of L. In the precessing
case, these modes have an additional time dependence on the
spins due to the evolution of y;, -1 In the previous model,
the spins entering the GW energy flux were projected using
I; however, in SEOBNRv5PHM we use the projections onto the
Newtonian orbital angular momentum, y , - Iy, since Iy rep-
resents the direction perpendicular to the orbital plane (see
Fig. 1) and is provided by the PN spin-precessing evolution
equations.



The GW polarizations in the inertial-frame of the ob-
server are required for data analysis studies. As in [0], the
SEOBNRv5PHM model also defines three reference frames: 1)
the inertial frame of the observer (source frame) (these quan-
tities are indicated with a superscript /), 2) an inertial frame
where the z-axis is aligned with the final angular momentum
of the system'(J¢-frame), which helps with the construction
of the merger ringdown, (these quantities are denoted with
the superscript J), and finally 3) a non-inertial frame which
tracks the instantaneous motion of the orbital plane, the co-
precessing frame (these quantities are denoted by the super-
script P). The frames are depicted in Fig. 1 and described be-
low.

The source frame is defined at a given reference frequency
Jret (corresponding to a reference time tr) by the triad {é{ }
(i = 1,2,3), where &] = fi(ter), &) = In(trer), &) = &, x &].
Meanwhile, the jf-frame is constructed as ég = jf, é{ =
N [é{ - (éll -é;)é;], éé = éé xé{ where the N[] denotes normal-
ization. The two frames are connected by a constant rotation
given by:

A Al AJ Al AJ Al
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R'™7=|é-e, &-¢e, &;-¢,|. (13)
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The rotation operation in Eq. (13) can be also expressed as a
unit quaternion g;_, ;.

Finally, to construct the inertial GW modes hlI' ., during the
inspiral-plunge, we introduce the co-precessing frame, which
is defined by the triad {éﬁD } (i =1,2,3). At every instant the
z-axis of the co-precessing frame is aligned with ly; i.e.,
éé) (t) = Iy(¥) 3. 1In this frame, the GW radiation resembles
the radiation from an aligned-spin binary [17-21]. The other
two axes lie in the orbital plane and are defined such that they
minimize precessional effects in the modes h;:n . This is done
by enforcing the minimal rotation condition that relates the ro-
tation from the J¢ final frame to the co-precessing frame. [19]
This transformation is best parametrized by a unit quaternion
that aligns the z-axis of the J frame with Iy

qr—p(t) = A-IN@0)E] (14)

and the minimal rotation condition is then simply (c']ég Qo =
0, where (p)o denotes taking the scalar part of the quater-
nion [19] and g denotes the conjugate of the quaternion (which
is also its inverse). The minimal rotation condition has a
residual freedom which corresponds to the integration con-
stant [19]. We fix this freedom by demanding that at the refer-
ence time, the co-precessing frame and source frame coincide.

! This is computed as the value of the solution of Eqs. (11) at the attachment
point of the merger-ringdown model.

2 To perform such a conversion, as well as subsequent manipulations of
quaternions such as the enforcement of the minimal rotation condition we
work with the quaternion python package [? ].

3 Note that in [6], the z-axis is aligned with [ instead of .
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Figure 1. Frames used in the construction of the SEOBNRv5PHM
model. The co-precessing frame (red) is constructed such that its z-
axis is instantaneously aligned with the Newtonian angular momen-
tum Iy (¢) and can described by the Euler angles (a,/3,y) with respect
to Je-frame (blue), while the source frame (purple) corresponds to
the inertial frame defined by the initial Newtonian angular momen-
tum Iy (tr) and unit separation vector A(tef). At tef, the source and
co-precessing frames coincide.

We calculate the co-precessing frame inspiral-plunge GW
waveform modes by evaluating the factorized, resummed
non-precessing modes along the EOB dynamics described
in Egs. (8), with time-dependent projections of the spins
Xi12 - {n.1}.  PFollowing [22], in which an EOB non-
precessing multipolar waveform (SEOBNRv5HM) calibrated to
NR non-precessing simulations was developed, we include
in the co-precessing frame of the SEOBNRv5PHM model the
{(2,£2),(2,%£1),(3,+3),(3,+2),(4, +4),(4,+3),(5, +5)} modes,
and make the assumption hf = (—1)lhf * . As discussed in
Sec. IIB of [6], the inaccuracies due to neglecting mode
asymmetries should remain modest, and are expected to be
at most comparable to other modelling errors.

To assemble the inertial frame modes, we first rotate hfm

to .Alf-frame using g;—p, and then from J-frame to the source
frame using g;—; 4. To make contact with literature, it is use-
ful to express these rotations in terms of Euler angles. Using
the active ZYZ convention (see Fig. 1), the J — P rotation is
given by

qjp= eaz/2e,6y/2€yz/2 (15)
In this formulation, the minimal rotation condition is given by
Y = —acosp.

4 We perform these rotations using the scri[39—41] python package.



B. Merger-ringdown waveforms

After the coalescence, the description of a BBH system of
two individual objects is no longer valid, and the EOB model
builds the ringdown stage via a phenomenological model of
the quasinormal modes (QNMs) of the remnant BHs, formed
after the merger of the progenitors. The QNMs frequencies
are tabulated functions of the final mass, M, and angular mo-
mentum S f = M}%X ¢ of the remnant BH [42]. The QNMs are
defined with respect to the direction of the final spin, and thus,
the description of the ringdown signal as a linear combination
of QNMs, is formally valid only in an inertial frame with the
z-axis parallel to y ;.

Following [6], in SEOBNRv5PHM the attachment of the

merger-rindown waveform, each GW mode h;ﬁfrger_RD, is per-
formed in the co-precessing frame. Therefore, we employ
the merger-ringdown multipolar model developed for the non-
precessing BBHs (SEOBNRvV5HNM) in [22].

The calculation of the waveform in the inertial observer’s
frame requires a description of the co-precessing frame Euler
angles {a(?),3(?),y(¢)} which extends beyond merger. Here,
we follow a similar approach as in the SEOBNRv4PHI, and take
advantage from a phenomenological prescription based on in-
sights from NR simulations [43]. Precisely, it was shown that
the co-precessing frame continues to precess roughly around
the direction of the final angular momentum with a preces-
sion frequency, wprec, proportional to the difference between
the lowest overtone of the (2,2) and (2,1) QNM frequen-
cies, while the opening angle of the precessing cone, 3, tends
to decrease at merger. These phenomenology translates into
the following expressions for the merger-ringdown angles in
SEOBNRv5PHN,

qmereerRD - (fattach) + ‘Uprec(t — fattach)s (16)
T (TH) a7
ymerger—RD = Y(tattach) — COS(Wprec(f — tattach))» (18)

where Zyach 1S the time of attachment of the merger-ringdown
model. We have also investigated non-constant post-merger
extensions of the 8 angle, such as the small opening angle
approximation (see Eq. (24b) of [44]), but we find that such
an approximation may degrade the faithfulness of the model
to NR for certain configurations.

The behavior noticed in [43] describes prograde configu-
rations, were the remnant spin is positively aligned with the
orbital angular momentum at merger. However, to keep the
model generic and accurate in a wide parameter space of mass
ratios and spins, we extend the prescription to the retrograde
case (negative alignment of the final spin with respect to the
angular momentum at merger), which is typical for high mass
ratio binaries, when the total angular momentum J is dom-
inated by the primary spin S| instead of L. While keeping
imposing simple precession around the final spin at a rate
wWprec 2 0 in our model, we distinguish two cases depending
on the direction of the total angular momentum at merger
X5~ Jmerger With respect to the final orbital angular momen-

tum Lf,
NM NM .
{w(222 (Xf)_w% (yp) if Xf'Lf>0 19)
@pree = NM NM ) ,
g—l (Xf)_wzQ_z (yp) if Xf'Lf<0
where x s = |y 7|, and the QNM frequencies for negative m are

taken from the continous extension of the m > 0, wgnNM >0

branch [42]. We stress that this prescription of the post-merger
extension of the Euler angles for the retrograde case is much
less tested than the prograde case due to the lack of NR sim-
ulations covering this region of parameter space, which also
includes particular systems with transitional precession [45].

Following recent insights from NR of [46], where a cor-
rect prescription of the shift of the co-precessing quasi-
normal mode frequencies was developed, we compute in the
SEOBNRvV5PHM model the co-precessing frame quasi-normal
mode frequencies from the quasi-normal mode frequencies in
the J-frame as,

w

NM,P NM,J
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Another essential aspect in the construction of the merger-
rindown waveforms is the mapping from binary components
masses and spins to the final mass and spin, required to evalu-
ate the QNM frequencies of the remnant. Several groups have
developed fitting formulas based on large sets of NR simula-
tions (see [47] for a brief overview of the literature). To ensure
agreement in the non-precessing limit with SEOBNRv5HM [22],
we employ the fits for the final mass from Jiménez-Forteza et
al. [48], and the fits from Hofmann et al [49] for the final spin.

The application of the fitting formulae for the final mass
and spin requires choosing a time during the inspiral at which
to evaluate the spins, as for precessing binaries the individual
components of the spins vary with time. In the SEOBNRv5PHM
model, we choose to evaluate the spins at a time correspond-
ing to an orbital separation r = 10M. Similarly as in [6], this
choice is based on good agreement with NR configurations,
and by the restriction that the smallest initial orbital separa-
tion must be r > 10.5M to ensure small initial eccentricities
[5]. Additionally, this choice guarantees that a given physical
configuration will always produce the same waveform regard-
less of the initial starting frequency, as all configurations will
pass through an orbital separation » = 10M.

Finally, the inspiral-merger-ringdown GW modes in the in-
ertial frame hfm are obtained by rotating the inspiral-merger-
ringdown modes hl’:n from the co-precessing frame to the in-
ertial observer’s frame using the expressions for the rotations
in Appendix A of [5]. The inertial frame GW polarizations at
a time ¢, and location in the sky of the observer (¢g,t) can be
expressed in terms of the —2-spin-weighted spherical harmon-
ics, as follows

(5 4,00,0 =i (154, 00,00 = ) 2Yem(po, Oy, (1), (21)

tm

where A represents the set of intrinsic parameters, and {¢g, ¢}
the coalescence phase and the inclination angle of the signal.

For applications in which only the polarizations are re-
quired, as for most of the current parameter estimation codes,



we introduce an alternative and computationally more effi-
cient method to obtain the polarizations directly in terms the
co-precessing spin-weighted spherical harmonic modes, i.e.,
rotating the spin-weighted spherical harmonic basis, instead
of computing the full set of spin-weighted spherical harmonic
modes in the inertial frame.

The inertial-frame (I-frame) modes are related to the co-
precessing-frame (P-frame) modes by a time-dependent rota-
tion from the co-precessing frame to the frame where the z-
axis is aligned with the final angular momentum of the system
(J-frame’) and a time-independent rotation from the J-frame
to the final inertial frame

hi‘m(t): Z (RJHI)m,m’(RPHJ)m’,m”h'];m”(t)’ (22)

P

m’m

where RX>Y indicates the rotation operator from the frame
X to the frame Y, and the indices m’,m”’ indicate summation
over modes available in the co-precessing frame.

Factoring out the source orientation information from the
spin-weighted spherical harmonic basis as a rotation of the
basis

Yol = ) (RP)  0¥(0,0),  (23)

m

the complete rotation of the basis functions from the co-
precessing frame to the final inertial frame can be constructed
composing the individual rotations as

RP*)I — RQO(),LRJHIRP*)J’ (24)

with associated Euler angles {ap_1,8p-1,Yp—1}. Applying this
rotation operator, the spin-weighted spherical harmonic basis
can be written as

Z (Rpﬁl)m -2Yen(0,0) = €1y Y (ypor, Bpn), (25)

m

and the GW polarizations in the inertial frame can therefore
be expressed as

B (o, 50) = il (9o, 51) = € P15 ¥ 0y (ypot, o) gy (1),
tm

(26)
Eq. (26) is only summed over the set of 7 co-precessing
modes®, and the computation of the complete rotation and its
application to the basis functions is more efficient than the cor-
responding (double) rotation of the GW modes, which implies
the rotation of 33 GW modes.

III. PRECESSING-SPIN HAMILTONIAN

In this Appendix, we write the precessing-spin Hamilto-
nian derived in Ref. [12], which reduces to the Hamiltonian
of SEOBNRvV5HM [22] in the aligned-spin limit, and includes
in-plane spin components in an orbit average for circular or-
bits.

The effective Hamiltonian is given by

eff

= i LG as+ 0002+ SOk + Gy

12 L-a,? \|'°
+A(l+Bpr—2+(1+Bnp)pf+B,,pa%+Q)] ,

27)

where the gyro-gravitomagnetic factors are the same as in the
aligned-spin case, which are given by Eq. (28) of Ref. [12],
and the SO calibration term is given by

Vo~
SOcaiib = dso r—3L “Qy. (28)

with the same value of dso as the aligned-spin model [22].
The cubic-in-spin term G 3 reads

G, =6L- lé+i 2 _(Iy-a.)?
¢ =0L-a( 5|3+ 57 (4 - Uy-a.7)

72
- é? (ai -(n ~a+)2)}

I*16
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5
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The coefficients A, By, By,p, Bypa, and Q include nonspinning
and SS PN terms, such that

2.2 align prec
_aju +Apm +A +ASS

— SS
1 +a3u2(2u +1)
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B,=1+ Bp,SS’
Byp = =1+ + ApmDpm + B 55, (30)
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Bupg = —— o
T a1+ 2u)

_ align

where the nonspinning contributions Ay, Dpm and Qpy are
given by Egs. (20)—(23) of Ref. [12], while the SS corrections
read
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where AL and BETZCS only contain in-plane spin components that were orbit-averaged using
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IV. POST-ADIABATIC DYNAMICS tions for the corrections to the momenta:
pr. = ¢ F (dp¢) 12I'IEOBHeven ¢ a0 )
2(1+By) dr A pr.
Since SEOBNRv5PHM evolves aligned-spin EOB dynamics ~ (33)
we can apply the iterative post-adiabatic approach which was 2 5’Hodd
pioneered in [50] and used in subsequent TEOBResumsS [30] Kopg +2Heven P+ K
and SEOBNR models [51] (For example, the latest spin- 2HevenHEOB dp,, dr pr,
precessing model TEOBResumSv3 [30]) uses this approach). ‘ _( ar i p_¢%) = (34)

The crucial difference with the aligned-spin case is that one
must vary the spins that enter the Hamiltonian and the flux
at different points in the radial grid. Following the procedure
outlined in Ref. [50], we obtain the following explicit equa-

5 The J-frame is the frame where the approximation of the Euler angles in
Eq. (19) is applied.
6 The negative m modes in the co-precessing frame are obtained by the sym-

where we split the effective Hamiltonian into odd and even-
in-spin parts, i.e. Hoft = Hodq + Heven, defined Hoqq = Hoaa/ Do
and

metry relation hf = 1! hf -
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