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1. MOTIVATION

The properties of binary black hole (BBH) mergers
observed from LIGO-Virgo-KAGRA detections can be
informative of the formation channel of the system (e.g.,
Mandel & Farmer 2022). Two primary theories of the
origin of BBHs exist. The first is that the systems were
formed through stellar evolutionary channels. Namely,
as a binary system between two intermediately massive
stars evolved, both stars remained in orbit, with the re-
sulting black holes (BHs) surviving the supernovae at
the end of the stars’ lives. Eventually, due to the emis-
sion of gravitational waves (GWs), the two coalesced
into a single BH through a BH-BH merger.

Alternatively, the BBH system may have been formed
dynamically. Through the gravitational interactions
of stars and black holes in dense stellar environments
such as globular clusters and galactic nuclei, scattering
events can place two, previously unrelated BHs into or-
bit around each other. This would most likely be from a
three-body interaction in which an intruding BH kicks a
less massive companion from a the binary the other BH
is in, yielding a BBH system.

One way to potentially differentiate between these two
formation channels is through analyzing the precession
of the orbit. The BHs in BBH systems that formed
from binary stellar evolution likely have spins S that
are aligned with the orbital angular momentum L. This
stems from the preferential alignment of stellar rotation
axes with the L of the binary, initialized by the angular
momentum in stellar nurseries. Additional complica-
tions such as kicks from the supernovae of companion
stars in the binary may misalign spins. However, the
details of these processes are still not well modeled, so
approximations to the effects must be taken into ac-
count. The simplest of approximations neglect these
kicks, claiming that S and L remain aligned through
the entire binary evolution process through the BBH
merger.

Conversely, dynamically formed BBH systems are
much more likely to have isotropic spin distributions.
Because there is no initial relationship between S and

I_;, the alignment of S and L is just as likely as the mis-
alignment of the two vectors. This assumption leads
to the prediction that the orbits of dynamically formed
BBH systems are more likely to precess than the orbits
of binary stellar evolution remnants.

By understanding the precession of a BBH system, in-
formation regarding the formation channel of the binary
can be gleaned. In particular, analyzing the precession
found in LIGO-Virgo data from O1, O2, and O3 can
help inform predictions of the origins of known BBH
merger candidates. With just under 100 candidates of
BBH systems as of O3 (Abbott et al. 2023; Mehta et al.
2023; Nitz et al. 2023), statistical conclusions can begin
to be made about the nature of BBH precession and,
therefore, the origin of the BBH systems.

These conclusions may be especially useful in under-
standing the nature of binary evolution, dense stellar
environments, and dynamical interactions.

Currently, there exists a parameter x;, that has been
used to describe the precession of the orbit. However,
claims of individual precessing candidates are contro-
versial (Hannam et al. 2022; Payne et al. 2022). That
is because this parameter is not necessarily very infor-
mative of the individual precession of a BBH system.
The issues with x,, are described in detail in Section 2.
This summer, we focus on defining a new parameter that
can better constrain orbital precession of BBH systems.
The progress made so far is detailed in Section 3, and
the challenges encountered are outlined in Section 4

2. PROBLEM

The effective precession parameter currently used to
describe the precession of a BBH system, xp, is defined
as

q(4q +3)

30414 X2 Sin952L>, (1)

Xp = max (Xl sinfg, 1.,
where y; is the dimensionless spin parameter of the BH
i, ¢ is the mass ratio ms/my (where m; > ms), and g, ,
is the angle between the spin S of BH ¢ and the orbital
angular momentum L (Schmidt et al. 2015). When x, =
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Figure 1. The x; distributions of several observations from
Abbott et al. (2023). Note that most of the posteriors (up-
per curves) are very broad, only marginally differing from
the prior distribution (lower curves). For the more localized
posteriors, the localization only occurs at low values of xp
where the peak in the prior occurs, and these events have
high levels of uncertainty of astrophysical origin.

0, the system is not precessing, and when x, = 1, the
system is strongly precessing.

This parameter has two main issues that make it diffi-
cult to analyze precession: The first can be seen by the

Figure 2. The geometry of a BBH system. The spins of
each black hole are denoted by 5’; (with the total spin Stor =
S+ 52) the orbital angular momentum is expressed as L,
and the total angular momentum (L + 5+ Sz) is J. 9Ls is
the angle between L and Stot B is the angle between J and
L.

posterior distributions in Figure 1. Most of the poste-
rior distributions for x, are very broad. A broad pos-
terior distribution is not very informative on the true
value associated with the data, as it makes it difficult
to constrain the value to a reasonable range. The sec-
ond is displayed by the prior distribution in Figure 1:
the prior distribution of x,, sharply approaches 0 as x,
approaches 0. In mathematical terms, 7(x, = 0) = 0.

The first issue makes x;, a poor parameter statistically.
The second issue fails to address a fundamental goal of
the xp parameter: to reject the hypothesis that the spins
are aligned. However, by initially assuming the spins are
misaligned (as the probability of alignment is 0 in the
prior in xp), the parameter fails to reject aligned spins.
This is because the posterior distribution is defined as
the prior distribution times the likelihood, so if the prior
is 0 at a value, then the posterior will always be 0 at that
value.

This summer, we aim to propose an alternative pa-
rameter that addresses these two issues. Namely, we
want a parameter that has a well defined distribution
and contains the true precession value, and we want a
parameter that does not reject aligned spins in the prior.

3. ACCOMPLISHMENTS SO FAR

Using the geometry of the BBH merger outlined in
Figure 2, two alternative parameters were initially se-
lected based on the geometry of the system. First is 9LS7
the angle between the L and total spin Stot S+ 5.
This angle provides a direct geometric understanding
of the relationship between Sior and E, fundamentally
relating to the orbital precession. The second is (3,
the angle between L and the total angular momentum
J = §t0t + L. [ is especially promising because, as a
precession indicator, it impacts the magnitude modu-



lations and phase evolution of the waveform (Fairhurst
et al. 2020). Particularly, the parameter b = tan(3/2) is
directly used to compute the waveform. However, unlike
B, frs, and xp, b has infinite bounds, making it more dif-
ficult to constrain a “maximum” precession. Regardless,
Ors and 3 share the same issue with x;, in the sense that
their probability densities both tend towards zero when
S and L are aligned. To combat this issue, we consider
the cosine of the angles, cosfys and cos 8. This coordi-
nate shift to cosine is chosen because it yields a non-zero
probability of aligned spins in the prior.

In order to measure how informative the three param-
eters (xp, cosOLs, and cos ) are, we needed to test them
on known values. As the exact values of the main param-
eters from LIGO-Virgo-KAGRA sources are not known,
we instead used synthetic data with posteriors formed
from known injections. These injections were generated
assuming an isotropic spin distribution. In other words,
all true angles between L and S are equally likely in the
synthetic data. We used roughly 3000 posteriors with
known injection values in this data set that was used.!

Using the posterior distributions obtained from the
injected samples, we constructed several functions to
convert the raw (posterior) data into a posterior distri-
bution of the parameters cos 3, cosfrs, and xp. Initial
examinations of the effectiveness of each parameter for
a randomly selected case are shown in Figure 3.

However, in order to evaluate how informative each
parameter is most effectively, we ran a statistical signif-
icance test, starting from the Neyman-Pearson Lemma.
This is the strongest test for comparing two hypothe-
ses, Ho and Ky, against each other (in this case, having
the Syt isotropically misaligned (o) or aligned ()
with E) This test is defined the likelihood ratio of two
hypotheses, expressed as

A=PC 2)

(Neyman & Pearson 1933). If the probability of H; is
greater than the probability of Hj, the ratio is greater
than 1. A threshold to eliminate the null hypothesis Hy
can be set.

Each hypothesis can be a set of parameters that yield
some result. For the 1-dimensional case,

Ho: 6 ~7(0) (3)

3

In other words, Hy is the initial estimate of the prob-
ability distribution isotropic spin alignment, and H; is
the value corresponding to gtot and L alignment.

Using the relationship between the likelihood £, the
posterior P, the prior m, and the evidence Z,

L
P=7% )
and the definitions of Hy and H;, we can express the

likelihood p(d | K1) as

p(d | Hy)=p(d | 0.) (6)
p(d]0.)=L (7)

(0« | Ho)
Plugging this into Equation (2), we get

(60, | o) )

However, a BBH system is not 1-dimensional, as it
is defined by many parameters. Although precession is
not necessarily based on a single parameter, our goal is
to find a single parameter that can provide significant
information on the precession of the system. We can ex-
press 6 as a multidimensional parameter that contains
a single parameter x that preserves the relevant preces-
sion information and all other unrelated parameters ¢’
as

0= (z,0) (10)

We can then define a new Hypothesis H; that remains
as close to H; as possible while only being based on one
parameter. We choose H; to differ from H by only one
parameter as this will allow us to test simplified popu-
lation models that only consider very few BBH param-
eters at a time. Ideally, there should be a single value
of x = x, that allows Hy to be the same as F;. That
is, in an isotropic spin distribution (Hg), there should
be only one orientation of the vectors that gives aligned
spins Hy (again, based on a single parameter).? This is
expressed as

(0 | 2y, H1) = 7(0 | 24, Ho), (11)
and thus,

(0 Hy) = 6(x — 270 | 2., Ho). (12)

I The injections and posterior distributions can be found at https:
//zenodo.org/records/10910135.

2 This approximation does neglect some information. For example,
if the two spins have vertical components of S that align with L
but the horizontal components of their spins cancel, this simpli-
fication fails to identify the spin misalignment in the system.
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Figure 3. The posterior distributions of four parameters for a randomly selected, low-mass injection (Injection 364). Although
each distribution contains the true, injected value, there are varying degrees of the breadth of each posterior distribution around
the injected value. xp has a very broad distribution over accepted values, making it difficult to pinpoint its true value (vertical
red line) without knowing it beforehand. For the same data, cosfis has a slightly more defined distribution around the true
value. 8 has a narrower distribution, whereas cos 8 has the narrowest distribution of the four parameters. It is important to
note that this is a general trend found across the data, but it is not necessarily the case for all posteriors. Indeed, there are
some parameters in which xp retains a sharply defined peak in the posterior. A more quantitative value is introduced later that
can statistically evaluate how good the parameter is for each injection.

Assuming that Equation (12) is approximately true, it
follows that p(d | 31) ~ p(d | H1). Using the same
process as in Equations (7-10), we can express p(d | Hy)
as

p(d | 30)=p(d | z., H1) (13)
=p(d | 2., Ho) (14)
_ p(xs | d, Ho)p(d | Ho)
= @l W)

and plugging Equation (15) into Equation (2), we get
the revised ratio

(16)

p(@«|d, Ho)p(d|FHo)
7 (x4 |Ho)

- p(d | Ho) 17)
_p(x* ‘ d, :H:O)
= T | 7o) (18)

This ratio, called the Savage-Dickey Ratio (SDR), pro-
vides a simpler way to compare the competing hypothe-
ses with the use of a single parameter, allowing for a
more quantitative way to evaluate the most informative
parameter on the alignment of gtot and L.

Using the SDR, we demonstrate in Figure 4 that
Xp is not very informative about the alignment of S
and E, while parameters based on 8 (3, cos3) are the
most informative about the alignment of S and L out
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Figure 4. Savage-Dickey ratios for the three tested parameters. Each point represents an injection and associated parameter
estimation. The SDR used is between the hypotheses that the spins are aligned rather than isotropic. The true, injected value
is on the horizontal axis, while the Savage-Dickey ratio is on the vertical axis. The color bar symbolizes the strength of the
signal h given the injected signal strength. The likelihood ratio for x; is strongly clustered around values ranging from ~ 1,
making it a poor test of spin alignment. Meanwhile, the likelihood ratio for cosfygs is slightly more informative. Because it
spans several orders of magnitude, strongly precessing BBH systems (cosfrs ~ —1) would be much more likely than weakly
precessing systems to be ruled out as having aligned spins. Of the three parameters, 8 seems to be the most informative. The
Savage-Dickey ratios that define 5 of the data span many orders of magnitude with a high accuracy of correctly interpreting the
alignment of the spins. Generally, the SDRs for coordinate shifts of the same variable, such as from g to cos 3, should retain
the same values. The slight discrepancies stem from deviations in the binned probability densities of the injection distribution.

of the three parameters tested. Currently, this analy-
sis provides a strong incentive to evaluate the strength
of the orbital precession of actual LIGO-Virgo-KAGRA
sources using cos 3 as the precession parameter in place
of xp. This is because cos 8 (xp) yields the highest (low-
est) SDR for aligned (misaligned) spins. To choose the
parameter that best defines the precession, we plan to
employ another quantitative test to summarize the SDR,
information of each parameter in a single value.

3.1. Comparisons to Other Spin Parameters

Although xp is currently in use as a parameter, an-
other spin parameter, Y., exists and is used to describe
the mass-weighted average spin aligned with the orbital
angular momentum. Yx.g is usually much better mea-

sured that xp, but it provides fundamentally different
information from x, despite the two providing informa-
tion on the spin. In order to ensure that the proposed
alternative parameters to x; are also providing unique
information not obtained from x.g, we also needed to
compare the SDRs of the new parameters to the likeli-
hood ratios of yeg. If there is a correlation between the
two, then it means that the information present in one
parameter (e.g., cos ) can also be found from y.g, mak-
ing it less unique of a parameter. Figure 5 demonstrates
that cos 8 provides unique information from Y.

3.2. Future Plans

For the synthesized data, it appears that functions
based on 8 (B, cosf, and b) are able to provide a
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Figure 5. The Savage-Dickey ratios of the tested parameters plotted against the likelihood ratios of xes for the low-mass
injections. The data are colored based on the total spin of the system. There is little correlation between the SD ratios for cos 8
and the likelihood ratios of xes, meaning that the information provided from cos § is unique from that of y.s. The same is true
for B (which is expected as cos 3 is a coordinate transformation of 8) and for x,. However, given this data, cosfrs appears
to be more informative than x.g. This is because the highest values of the SD ratio for cosfrs strongly inform the value of
Xeft, While the highest likelihood ratios for y.s retain a high range of SD ratio values for cosfrg. Ultimately, it appears that
parameters based on  provide unique information from yeq, giving credence to its use as an alternative precession parameter.

stronger understanding of the angles responsible for pre-
cession than x,,. To confirm this, we plan to devise a sin-
gle value that summarizes the SDRs for each parameter
to confirm which parameter is truly more informative.

Once a new parameter is chosen, the next step involves
analyzing real LIGO-Virgo data from the published ob-
serving runs O1, O2, and O3 in order to re-evaluate the
precession of known LIGO-Virgo sources.

4. OBSTACLES ENCOUNTERED
4.1. Indeterminate Savage-Dickey Ratios

One issue I encountered while running the analysis of
the likelihood ratio involved the shape of the prior of x,,
and 5. For all the isotropic injections, there was not a
single Savage-Dickey Ratio for £ that was greater than 1
which was unexpected behavior. As both of these values
approach 0 (no precession/aligned spins), the probabil-
ity of the prior also approaches 0. This property makes
it difficult for the SD ratio to be evaluated at 0. Using

Equation (18), we can express this as

p(Aligned Spins | d)

y
tos0  m(Aligned Spins)

B, Xp— 0

— g (19)

As this expression is in indeterminate form, we can use
L’Hopital’s Rule to redefine this equation as

p' (Aligned Spins | d)
7/ (Aligned Spins)

g i (20)

We aimed to redefine p’ and 7’. We began by assuming
a small area € under the curve close to 0 for both curves
(where €, = e). Each triangle then has a base ¢, and

qr- This makes the height of the triangle h = %5, ulti-

mately defining p’ = 3—2 and 7’ = 3—5. The ratio of the

™

two derivatives then is pdeﬁned as

/

P

= (21)

7.‘.l

The geometry of this derivation is outlined in Figure 6



Figure 6. The geometry used to derive Equation (21).

7

This approach of substituting Equation (21) in for
Equation (18) allowed for a much more reasonable set
of SDRs for both x;, and 3. We also tested it for several
e values (¢ = 0.003, 0.005, 0.007, 0.01) and found that
the shape of the resulting Savage-Dickey Ratio plots was
relatively insensitive to the € value when ¢ is small.

This work was supported by the National Science Foun-
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and the California Institute of Technology Student-
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