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1 Introduction

Gravitational waves (GWs) are perturbations in spacetime caused by compact objects mov-
ing at relativistic speeds. They are now routinely observed with interferometry by GW
observatories around the world [1]. One major source of GWs is binary black hole (BH)
mergers. The final stage of a BH merger is known as the ringdown.

The ringdown occurs because a BH merger results in a single perturbed BH. This perturbed
BH radiates gravitational energy to settle into a more stable state. The ringdown can be
decomposed into quasinormal modes (QNMs) indexed with indices (ℓ,m, n). Each QNM has
angular dependence given by spin-weighted spheroidal harmonics and a complex frequency
ωℓmn = 2πfℓmn − i/τℓmn. These modes are called QNMs because, unlike normal modes, they
decay over time. The real component of ωℓmn indicates the oscillatory frequency of that
particular mode, and the imaginary component indicates how quickly it decays [2, 3, 4].

Within general relativity GWs have two possible polarizations, denoted by h+ and h×.
It is convenient to describe the overall strain in both polarizations as a complex number
h = h+ − ih×. Setting the ringdown start time t0 = 0, the overall ringdown waveform at
time t > 0 is given by the equation

h(t, θ, φ) = h+(t, θ, φ)− ih×(t, θ, φ) =
∞∑
ℓ=2

ℓ∑
m=−ℓ

∞∑
n=0

−2Sℓmn(θ, φ)Cℓmne
−iωℓmnt (1)

where −2Sℓmn are the spheroidal harmonic functions and Cℓmn = Aℓmne
iϕℓmn is a complex

amplitude. In the coordinate system typically used by numerical relativity (NR) simulations,
the binary BHs are initially along the x axis, orbiting one another in the x-y plane, and the
z-axis points in the direction of the initial orbital angular momentum vector. The angles θ
and φ represent the polar and azimuthal angles in this frame, as in the typical formulation
of spherical coordinates. This project will focus on the amplitudes Cℓmn.

However, in NR, h is written as a sum of modes

h =
∞∑
ℓ=2

ℓ∑
m=−ℓ

hℓm(t)−2Yℓm(θ, φ) (2)

over the spin-weighted spherical harmonics −2Yℓm instead of the spheroidal harmonics −2Sℓmn.
In this basis, every spherical harmonic mode has contributions from every QNM of the same
m. This is an effect known as mode mixing.

If a QNM can be recovered from a real GW signal, the resultant final BH mass Mf and di-
mensionless spin χf can be calculated. The No-Hair Theorem, which is a significant theorem
in general relativity, states that these properties are the only properties of an astrophysical
BH [4]. Thus, measuring the amplitudes of different QNMs in a GW from a binary BH
merger is an important test of general relativity. This technique is known as black hole spec-
troscopy [5]. We can measure the frequencies of all QNMs received, and determine whether
they are consistent with a single value of χf and Mf . We can study the ringdown of NR
waveforms to inform our analysis of real GW data.

Recent studies have focused on fitting the amplitudes of the overtones of the (2, 2) mode,
which dominates the waveform. The overtones are tones with n ≥ 1. Giesler et al. found
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that overtones up to n = 7 could be fit to the waveform, stretching back to the time of peak
strain [3]. However, the same study found that the overtone amplitudes did not decay as
expected when fitting the ringdown at different times. A more careful approach is required.
A more recent study by Clarke et al. fit QNM overtone amplitudes using Bayesian analysis
to classify tone amplitudes as stably recovered, unstably recovered, or unresolved depending
on the consistency of the amplitude and phase of the recovered tone with subsequent fits [2].

2 Progress

In the first part of this project, I studied least-squares fits of the ringdown of binary black
hole (BBH) mergers. In particular, we investigated the effects of fitting different numbers of
overtones of the fundamental (2, 2, 0) mode. We have run fits on the dominant ℓ = m = 2
spherical harmonic mode of a set of CCE simulated waveforms for BBH mergers with spins
aligned along the z axis. We have worked with the aligned-spin CCE waveforms available
in the SXS catalog [6, 7]. These were mapped to the remnant (“superrest”) frame via the
scri [8] Python package.

2.1 Mismatch studies

We are studying the “usefulness” of adding additional overtones to a fit. One measure
of usefulness is the additional signal time which can be used in a fit. Fitting additional
overtones allows the signal to be a good fit earlier. This is desirable because the amplitudes
of QNMs decay exponentially, so earlier times have a higher signal to noise ratio.

Let tN,M
0 be the earliest time at which a fit with N overtones in addition to the fundamental

mode is a good fit, as quantified by the mismatch. To determine tN,M
0 for a particular signal,

we generated a mismatch curve for the signal. The mismatch M between two signals h1 and
h2 is defined to be

M = 1− ⟨h1|h2⟩√
⟨h1|h1⟩⟨h2|h2⟩

where the inner product ⟨h1|h2⟩ is defined as

⟨h1|h2⟩ = Re

[∫ T

t0

h1(t)h
∗
2(t)dt

]
(3)

and t0 and T are the start and end times of the two signals. In the mismatch curve, we
plotted M vs t0 with T = t0 + 100M for N = 0 through N = 21. Beyond N = 21, it
becomes difficult to calculate QNM frequencies, but as will be detailed later, 21 overtones
is sufficient. We used the knee-finding Python package kneed [9, 10] to find the knee of the
mismatch curve for each fit. This is the value of t0 at which the mismatch curve begins to
increase rapidly, which means that it is the earliest time at which a fit with N overtones is a
good fit. Thus, each knee is at tN,M

0 . Figure 1 shows the mismatch curve for CCE waveform
SXS BBH ExtCCE 0001 (CCE:01). Note that although tN,M

0 is the earliest time at which a fit
with N overtones is a good fit, that fit is not necessarily physical. For early enough values
of t, the GW signal is from the BH merger, not the ringdown, so ringdown models should
not be applied.
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Figure 1: The mismatch curve for CCE:01 for fits of 0 through 21 overtones of the (2, 2)
mode. Crosses mark the location of tN,M

0 for each N value.

We have defined one measure of usefulness to be the difference ∆tN,M
0 = tN,M

0 −tN−1,M
0 . Note

that ∆tN,M
0 is not defined for N < 1. This is a measure of how much additional signal can be

fitted by adding the Nth overtone. It should always be positive, because more overtones will
fit a signal better, and allow the signal to be fitted at earlier times. Figure 2 shows ∆tN,M

0 as
a function of N for ten CCE waveforms. For all waveforms studied, ∆tN,M

0 decreases rapidly
toward zero—there is a limit to how early overtones can fit CCE waveforms. However, at
N = 18, every waveform studied had ∆tN,M

0 < 0. This was unexpected, because every
additional overtone should extend the fit to earlier times. This suggests that at N = 18
overtones, we begin to run up against the limit of the NR simulation precision, and that the
maximum usable number of overtones is 17.

We are interested in the location of the “knees” in Figure 1. We do not yet understand why
the mismatch levels out at a value of approximately M = 10−6 for times after tN,M

0 . To try
to investigate this phenomenon further, we created an injection waveform.

Because the ringdown is made up of spheroidal harmonics, each spherical harmonic mode has
contributions from all other QNMs of the same m. The QNM with the largest contribution
to the (2, 2, 0) mode is the (3, 2, 0) mode. We fitted CCE:01 with the QNMs (2, 2, 0) through
(2, 2, 17) and (3, 2, 0) at t0 = t17,M0 . Then, we created a pure waveform using the fitted
amplitudes of each mode, with the sum

hI(t) =

(
17∑
n=0

A22ne
−iω22n(t−t0)

)
+ A320e

−iω320(t−t0).

We then fitted this waveform to a model containing up to N = 20 overtones of the (2, 2, 0)
QNM, without including the (3, 2, 0) QNM in the model.
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Figure 2: ∆tN,M
0 vs N for ten different CCE waveforms.
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Figure 3: Plots of the mismatch between the injection waveform for fits of 0 through 21
overtones of the (2, 2, 0) QNM. The gray lines show the mismatch curves for CCE:01 and
the colored lines show mismatch curves for an injection waveform. The left panel shows fits
where the (3, 2, 0) QNM was not included, and the right panel shows fits where the (3, 2, 0)
mode was included.
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As shown in Figure 3, we were able to reproduce the knee behavior seen in Figure 1. When we
fitted the injection to a model which did contain the (3, 2, 0) mode, the mismatch between the
fit and the signal did not have a knee where it ceased to decrease. It decreased until it reached
the numerical precision of the program. This is a an important step in understanding the
behavior of overtones: we know that the (3, 2, 0) mode is influential in the mismatch leveling
off after a knee. Although we have not yet discovered the exact way in which the (3, 2, 0)
QNM determines the location of knees, we know that mode is very influential.

Previous research on fitting overtones of the ringdown fit a maximum of seven overtones [3].
However, there is no particular reason to stop at seven overtones. We have shown that, for
these waveforms, the maximum number of overtones that can be fit is 17. The mismatch
is a mathematical metric for evaluating how well a model fits the simulated data, but does
not describe whether a particular model is in physical agreement with the simulation. The
following subsection will introduce a more physical metric for goodness of fit and compare
the times tN,M

0 generated by both methods.

2.2 Remnant mass and spin studies

Giesler et al. introduced a metric ϵ which measures the physical agreement between a fit
and a NR simulation [3]. The No-Hair Theorem states that the mass Mf and dimensionless
spin χf of the final BH completely determine the QNM frequencies. Thus, we can vary the
QNM frequencies of a model by varying the model’s mass and spin. For a model with N
overtones and start time t0, we minimize the mismatch M between the model and the signal
by varying Mf and χf . In this work, we use minimize from scipy.optimize to perform
this calculation. Then, δMf and δχf are the differences between the simulation final mass
and spin and the final mass and spin which minimize M.

Then,

ϵ =
√

(δMf/M)2 + (δχf )2.

We plot ϵ vs t0 for CCE:01 in Figure 4.

Just as models with more overtones have a low mismatch at earlier times, models with more
overtones have a low ϵ at earlier times. Let tN,ϵ

0 be the earliest time at which ϵ(t0) reaches
a local minimum. As can be seen in Figure 4, the curve has several local minima, but we
choose the earliest one. This metric differs from tN,M

0 because it determines the earliest time
at which a model physically matches a NR simulation.

Now, let ∆tN,ϵ
0 = tN,ϵ

0 − tN−1,ϵ
0 . This is another measure of “usefulness” for each additional

overtone. The greater the value of ∆tN,ϵ
0 is, the more value (e.g. earlier fitting time and

higher SNR) is gained by adding the Nth overtone. We calculate ∆tN,ϵ
0 = tN,ϵ

0 − tN−1,ϵ
0 in the

same way as ∆tN,M
0 . Indeed, ∆tN,M

0 and ∆tN,ϵ
0 . are highly correlated, especially for higher

numbers of overtones (See Figure 5).

The plot shows a general downward trend in ∆tN,ϵ
0 , similar to Figure 2, although some CCE

waveforms significantly deviate from this trend.

So far, we have defined two definitions of usefulness: ∆tN,M
0 and ∆tN,ϵ

0 . Both measures show
diminishing returns for each additional overtone fitted, although the decline in ∆tN,ϵ

0 is less
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Figure 4: A plot showing the value of ϵ as a function of t0 for CCE:01. Crosses mark the
location of tN,ϵ
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Figure 5: A plot showing tN,M
0 vs tN,ϵ

0 and ∆tN,M
0 vs ∆tN,ϵ

0 for the ten CCE waveforms
used in this analysis for fits with N ∈ [0, 7] overtones. Each point represents one fit, with
color indicating the number of overtones used. The two times tN,M

0 and tN,ϵ
0 are correlated,

especially for higher values of N.
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Figure 6: Left: A plot showing the deviation ϵ from the true Mf and χf for different size
frequency modifications δ for CCE:01 in fits with N = 13. The behavior of the other CCE
waveforms used in this study is similar.Right: A plot showing the difference between best-
fit Mf and χf values and the true Mf and χf for fits with 13 overtones, where each cross
represents the best fit mass-spin pair for a different overtone was modified. A circle showing
all points with ϵ equivalent to the unmodified fit with 13 overtones is provided for reference.
Crosses inside the circle indicate that a particular modified fit provided more accurate mass
and spin than the unmodified fit.

uniform.

Another method of defining the usefulness of an overtone is by how much it influences the
fit overall. A major goal of gravitational wave science is to test general relativity (GR),
so the impact of deviations from GR in each overtone is an important metric. This was
calculated by introducing a variation in frequency δ. Within GR, the frequency ωℓ,m,n of
the (ℓ,m, n) QNM is completely determined by the mass and dimensionless spin of the
final black hole. To introduce deviations form GR in one mode,the QNM frequency for a
particular mode (2, 2, ñ) were modified by a factor of 1 + δ, such that ω̃ℓ,m,ñ = ωGR

ℓ,m,ñ. Then
a least-squares fit was performed on the phases and amplitudes of the set of modes with
frequencies {ω2,2,0, ω2,2,1..., ω̃2,2,ñ, ..., ω2,2,N}. ϵ was calculated for this fit, and plotted vs ñ
in Fig. 6 We found that each overtone has a smaller effect on the best-fit mass-spin of the
system.

This result also provides insight into a result from Giesler et al. (2019). That study found
that when all overtones are modified, as the number of overtones increases, the value of ϵ
decreases, suggesting that each overtone added does indeed improve the match between signal
and model [3]. We repeated this analysis, but found that the decrease in ϵ for higher values
of N is primarily due to adding more degrees of freedom to the fit. The main contribution
to an increased ϵ is from the modified (2, 2, 1) mode. This effect can be seen in Fig. 7. The
NR waveforms used in this analysis were created using numerical solutions to the equations
of general relativity, so the δ = 0 case should yield the best results. However, we find
that unmodified modes perform worse than modified modes for low values of δ for N > 4.
Modifying all overtones. Thus, caution must be used when applying this type of analysis.
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Figure 7: ϵ for fits to CCE:01 with varying numbers of overtones and modifications to the
GR frequency of one or more overtones. In blue are fits which modify the frequency of only
the (2, 2, 1) mode, and in orange are fits which modify the frequencies of all overtones of the
(2, 2, 0) mode.
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2.3 Amplitude studies

We are also interested in the stability of the amplitudes of overtones for different fitting
times. When a fit is performed at time t0, it returns the amplitude of each mode at t0.
To compare amplitudes, we adjust the amplitude to be the amplitude at some time tref.
This is possible because each QNM decays at a known rate. Throughout this work, we set
tref = 0 = th22

peak.

Then, we can rescale Aℓmn(t0) to the reference time tref using the relationship

Aℓmn(tref) = Aℓmn(t0) exp

(
t0 − tref

τℓmn(Mf , χf )

)
where τℓmn(Mf , χf ) is the decay time of the mode [11]. τℓmn is related to the complex
frequency of the (ℓ,m, n) QNM ωℓmn by the equation

τℓmn = − 1

Im[ωℓmn]
.

Now that we can compare the amplitudes of QNMs fitted at different times, we measure the
stability of the fitted amplitudes. Let AN

ℓmn be the amplitude of the (ℓ,m, n) mode in a fit
with N overtones, fitted at t0 = tN,M

0 . We define

∆AN
ℓmn =

AN
ℓmn − An

ℓmn

An
ℓmn

.

The amplitude of each QNM increases rapidly with n, but ∆AN
ℓmn normalizes the change in

amplitude with respect to the amplitude of the nth overtone in a fit with N = n overtones.
By definition, ∆An

ℓmn = 0. We plot ∆AN
ℓmn vs N for up to seven overtones in Figure 8. It is

possible to plot ∆AN
ℓmn for larger numbers of overtones, but the plot becomes very large.

Figure 8 shows that the amplitudes of higher overtones are more unstable than the amplitude
of lower overtones. In general, this plot also suggests that the amplitude of the nth overtone
decreases as more overtones are added, although the magnitude of each decrease gets smaller.

However, least-squares fitting can overfit to numerical noise in the data. In particular, least-
squares fits of a QNM after it has decayed below the noise floor of a simulation attempt to
fit that QNM to the noise, rather than recognizing that it has an amplitude consistent with
zero. To avoid this issue, we began using numpyro and jax to create posterior distributions
for QNM amplitudes. Since the (3, 2, 0) mode dominates the noise, as seen in Fig. 3, we
want to use the decaying amplitude of the (3, 2, 0) mode as the noise measurement for a
Bayesian analysis of the data.

So far, we have worked to get the NUTS sampler working properly. We have tested the
sampler’s limits using zero-noise injections injected waveforms, and found that the sampler
struggles for signals with a large number of overtones. We created injections with a varying
number of overtones, then sampled the posterior distributions for each mode’s amplitude
and phase using a fixed signal noise floor. We considered the samples for a parameter to be
consistent with the injected value if the 90% credible range included the parameter’s injected
value. We tested a range of noise floor values σ and N values, and the results for the number
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Figure 8: A plot showing the normalized change in amplitude of each QNM for a fit performed
at tN,M

0 , adjusted to tref = 0, as a function of N.
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Figure 9: The consistency of different combinations of noise floor values σ and number of
QNMs fit.
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of consistent parameters are shown in Fig. 9. Each fit with N overtones was performed at
t0 = tN,M

0 .

We find that the minimum sigma value required to consistently recover all parameters in-
creases exponentially with the number of overtones. We were not able to consistently recover
all parameters for more than six overtones at any σ tested. As n increases, the amplitude of
the (2, 2, n) mode increases, but each QNM is out of phase with the previous one, keeping
the sum amplitude relatively small. This interference effect means that the amplitudes and
phases of higher overtones are highly correlated. Samplers work best when variables are
not correlated, so using other metrics (such as the difference between two highly correlated
amplitudes) in the fit is likely to improve results. We have also found that the posteriors for
some parameters are strongly influenced by the random number generator seed. This needs
further investigation and more samples to ensure that the sampler is behaving consistently.

Within the current constraints on noise threshold and number of overtones, the sampler has
produced excellent results. At late times, when an overtone is expected to have decayed
below the noise floor, the posterior shows that the amplitude of that overtone is most likely
to be near-zero.

3 Future Work

For the rest of the summer, I hope to gain a better understanding of the Bayesian sampler
and its behavior. We plan to try to reduce correlation in fit parameters to increase the
number of overtones which can be fit reliably and test the consistency of amplitudes across
fits with different numbers of overtones. I would like to be able to fit real data, using the
amplitude of the (3, 2, 0) mode as a function of time as the noise floor, since our previous
findings show that the (3, 2, 0) mode dominates the mismatch in fits to the (2, 2, 0) mode
and its overtones.
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