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In population analyses of gravitational waves emitted from binary black holes (BBH), spin magni-
tude and tilt angle distributions provide critical insights regarding BBH evolutionary histories and
formation channels. For this reason, developing reliable models of BBH spin component distribu-
tions continues to be an essential problem. However, the effects of spin magnitude and directions on
gravitational wave signals are subdominant compared to the influence of the effective aligned spin
and the effective precessing spin parameters. As a result, obtaining well-constrained measurements
of these parameters is difficult, posing challenges when developing models of their astrophysical
distributions and determining model accuracy. Posterior predictive checks (PPCs), a widely used
model-checking method in gravitational wave science, especially fall short when applied using data
with high uncertainties. In this project, we implement alternative data-level PPCs, partial PPCs,
and split predictive checks. We aim to explore the efficacy of these methods by applying them
to models of varying accuracy of simulated astrophysical populations with the same effective-spin
distribution and different spin component distributions. Currently, we have successfully replicated
previous results that demonstrate the inability of PPCs to demonstrate model misspecification when
the data is highly uncertain.

I. INTRODUCTION

The continued success of gravitational wave observa-
tion has permitted population analyses of binary black
hole (BBH) mergers [1–3]. Such events can be described
by the spin components of the primary and the sec-
ondary, entailing each of their spin magnitudes (χ{1,2}),
azimuthal angles (ϕ{1,2}), and polar angles (θ{1,2}) [4].
Previous studies have favored a binary black hole popu-
lation with small but non-zero spins, as well as a wide
range of polar angles. However, these results are highly
model dependent; conflicting work has favored a majority
of spin zero black holes and remaining nonzero spins that
are primarily aligned with orbital angular momentum [5].

These opposing conclusions have significant implica-
tions for BBH formation histories. Spin magnitudes, for
instance, provide a probe into the angular momentum
processes within stellar cores, and large magnitudes can
indicate hierarchical black hole formation through pre-
vious mergers. Tilts can indicate the formation channel
through which a BBH system formed. The isolated bi-
nary formation channel consists of binary star systems in
which one star becomes a black hole, resulting in mass
transfer and an eventual merger in an observable amount
of time. These systems tend to exist for long periods of
time, conducive to a majority of spins aligned with orbital
angular momentum. Conversely, dynamic formation oc-
curs in dense environments where black holes of similar
mass congregate and become gravitationally bound into
binary systems. Such dynamically formed systems lack
tidal effects and mass transfer, thus favoring a random
distribution of spin alignment [6]. Hierarchical mergers—
which often occur in galactic nuclei, active galactic nuclei,
and extremely low-mass ultrafaint dwarf galaxies—may
increase BBH eccentricities and quicken inspiral, increas-
ing the likelihood of a merger within Hubble time and
further complicating the picture of BBH formation [6].

Although highly significant, the parameters χ{1,2},
ϕ{1,2}, and θ{1,2} induce subdominant effects on gravi-
tational wave signals, which are instead primarily influ-
enced by the effective aligned spin (χeff), containing the
spin components that are aligned with the orbital angular
momentum, and effective precessing parameter (χp), con-
taining the anti-aligned components. The lower dimen-
sionality of informative parameters makes it difficult to
ascertain the underlying distributions of spin components
for individual gravitational wave events. Because the
individual event posteriors are often poorly constrained
with high uncertainties, attempting to characterize the
hyperposteriors, or the parameters describing the distri-
bution of the individual event parameters (e.g. mean and
standard deviation), is difficult. Uncertain data also cre-
ates challenges when verifying whether proposed models
for these population distributions are in agreement with
the observed individual events.

Posterior predictive checks (PPCs) [7], a common test
of model accuracy, evaluate the performance of predictive
models by checking the consistency between data pre-
dicted by the model and current observations. Although
widely used in gravitational wave population analyses,
PPCs demonstrate significant limitations when looking
at uninformative parameters like spin components [8].
The objective of this project is to determine whether
alternative types of PPCs (e.g. data-level PPCs, par-
tial predictive checks, and/or split predictive checks) are
more discerning tools for model criticism than traditional
PPCs. Our approach to posterior predictive checks is de-
scribed further in Section II, our preliminary results are
shown in Sections III and V, and the methods we plan
to implement in the coming weeks is detailed in Section
IV.
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II. METHODS

To ascertain the efficacy of these alternative PPCs, we
use the spin component distributions from the simulated
astrophysical populations of binary black hole systems
from Miller et al. [8], which have identical χeff distribu-
tions but different χi and cos θi distributions. We at-
tempt to recover the known component spin distribu-
tions by proposing population models that describe the
simulated populations with varying accuracy and then
determine whether alternative PPC methods reflect the
performance of the models more effectively than regular
PPCs.

A. Spin Parameterization

The effective aligned spin [9] is defined as

χeff =
χ1 cos θ1 + qχ2 cos θ2

1 + q
, (1)

and the effective precessing parameter [10] as

χp = max
[
χ1 sin θ1 ,

(
3 + 4q

4 + 3q

)
qχ2 sin θ2

]
, (2)

where q = m2

m1
≤ 1, χ1 and χ2 are the dimensionless

component spins, and θ1 and θ2 are the angles between
the component spins and the orbital angular momentum
[11, 12].

B. Simulated Population

The simulated astrophysical distributions consist of
three populations, as described in Miller et al. [8]. High-
SpinPrecessing is characterized by the most extreme
spins and tilts, with most spin magnitudes χ > 0.5 and
primarily in-plane tilts, indicating significant precession.
MediumSpinmost closely resembles current spin and tilt
constraints. The distribution of spin magnitude peaks
and χ = 0.25, with a wide distribution of tilts that are
mostly aligned. The majority of LowSpinAligned has
spin magnitude χ < 0.5. The distribution is bimodal
with peaks at cos θ = 1 and cos θ = −1, or perfect align-
ment and anti-alignment. Individual event parameters
are drawn from these distributions, and 70 events with a
signal-to-noise ratio greater than 10 are selected to simu-
late gravitational wave data using IMRPhenomXPHM.
The multidimensional posterior for the binary black hole
parameters is sampled using Bilby. We then hierarchi-
cally model the population of simulated posteriors by us-
ing emcee to sample the proposed population model. In
this model, the χ distribution is characterized by a beta
distribution and the cos θ distribution is characterized by
a Gaussian.

C. Population Inference Using Posterior Predictive
Checks

For each event in our simulated populations, we use
Bayesian inference to obtain a posterior distribution on
individual-event parameters λ (masses, spins, etc.),

PPE(λ|d) = L(d|λ)πPE(λ), (3)

with πPE indicating the parameter estimation prior. To
obtain the posterior according to our proposed model,
we reweight πPE according to weights w(λ) based on the
ratio between the proposed population model πpop and
the parameter estimation priors:

Ppop(λ|d) = L(d|λ)πpop(λ)

Ppop(λ|d) = L(d|λ)πpop(λ)
πPE(λ)

πPE(λ)

Ppop(λ|d) = L(d|λ)πPE(λ)
πpop(λ)

πPE(λ)

Ppop(λ|d) = PPE(λ|d)w(λ) (4)

where w(λ) =
πpop(λ)

πPE(λ)
. Using these weights, we reweight

the individual events according to our proposed priors,
creating our “observed” population. We reweight a ref-
erence set of detectable injections according to our pro-
posed model, using that population’s Pdraw instead of
πPE, creating our “predicted” population.
For the individual event reweighting, we draw a ran-

dom set of hyperparameters, calculate weights, and per-
form a weighted draw to obtain one set of spin compo-
nents for the individual event. This is repeated 70 times
to create an observed catalog. For the injected popula-
tion, we repeat this process 70 times for each of our 100
predicted catalogs.
If the observed individual-event posteriors have high

uncertainties and therefore a widely distributed likeli-
hood, PPCs fall short in identifying inaccurate mod-
els. In this scenario, sampling the proposed posterior
of a poor model with the draws weighted according to
high uncertainties produces nearly identical “observed”
and “predicted” populations, making posterior predic-
tive checking unhelpful when dealing with uninforma-
tive data. This can be observed in the first and fourth
columns of Figure 1 of Section III.

III. CURRENT PROGRESS

A. Population Inference with Inaccurate Models

To become familiar with the data and the process of
posterior predictive checks, I recreated Figure 4 of Miller
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FIG. 1. Results of population inference using posterior predictive draws for cos θ of the LowSpinAligned simulated population.
First row: shows the probability density function for cos θ in both the simulated, “true” population and traces obtained from
drawing random hyperparameters from the given hyperposterior. Second row: alignment between 100 traces of predicted
draws and the observed draws from the reweighted individual event population. When uncertainties are high, the inaccuracy
of the model becomes difficult to discern. Third row: cos θ is binned on the x-axis, and points on the y-axis represent the
fraction of predicted traces in the corresponding bin that underpredict the true value of cos θ. The failure of the Gaussian cos θ
population model to recover the bimodality of the true population is clear with the σmeas = 0.1, 0.3 posteriors but cannot be
observed when measurement uncertainties increase.

et al. [8] with the inclusion of the spin magnitude χ
and the gravitational wave posterior pipeline Bilby, as
shown in Figures 1 and 2. I also created the same visu-
alizations for the MediumSpin and HighSpinPrecess-
ing, presented in Section IV. For each of the three sim-
ulated populations, four different posteriors are tested:
Bilby, and simulated Gaussian posteriors with uncer-
tainties σmeas = 0.1, 0.3, 0.5.

As demonstrated in the top row of Figure 1, all four
sets of posteriors are a poor fit for the cos θ distribution of
the LowSpinAligned population, making this particu-
lar simulated population a useful probe into the efficacy
of posterior predictive checks.

The second row of Figure 1 shows the alignment be-
tween the observed draws and 100 traces from the pre-
dicted catalogs. With a low measurement uncertainty
of σmeas = 0.1, the discrepancy between the observed
and predicted draws is visually clear. However, when
Bilby is used or the measurement uncertainty increases,

the individual event posteriors contain more poorly con-
strained likelihoods, causing the prior to dominate and
cause identical observed and predicted populations after
reweighting. As a result, the traces more closely follow
the diagonal, making it difficult to diagnose the inaccu-
rate model.

Similarly, the third row of Figure 1 shows the fraction
of traces that underpredict the probability density values
within a binned range of cos θ. While the σmeas = 0.1, 0.3
posteriors do capture the inability of the model to cap-
ture the bimodal nature of the true population distribu-
tion, the Bilby and σmeas = 0.5 posteriors show little
scatter around 0.5 and fail to indicate the differences in
shape of the true and modeled distributions.

Figure 2 shows the results of posterior predictive checks
on the better-constrained parameter χ. Despite the
Bilby posterior following the singularly peaked χ distri-
bution more closely than the bimodal cos θ distribution,
the observed and predicted draws as well as the fraction
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of traces that underpredict show similar amounts of scat-
ter.

IV. FUTURE OF RESEARCH: ALTERNATIVE
POSTERIOR PREDICTIVE CHECKS

The overall objective of this project is to determine
whether alternate data-level PPCs, partial PPCs, and/or
split predictive checks are more discerning tools for model
criticism than typical PPCs. Therefore, in the coming
weeks, we plan to implement the following methods on
the same simulated populations used in Section III.

A. Data-level Posterior Predictive Checks

The highest level of hierarchical population analysis
imposes population level parameters on subsets of indi-
vidual events and checks for consistency between the sub-
sets to evaluate the accuracy of the population model.

In Section II, we implemented true event-level param-
eter PPCs, the second level of population alaysis. As
discussed in Fishbach et al. [13], this includes integrating
out the hyperparameters to find a posterior distribution
p(θ|di) for the true parameters of a single event based on
the data:

p(θ|di) =
∫

ppop(θ|Λ)p(Λ|di)dΛ, (5)

where p(Λ|di) is obtained by marginalizing the joint
posterior probability distribution of the event level and
population level parameters based on the data. This re-
sults in an “observed” catalog, and the “predicted” cata-
log is constructed by weighting the true parameter draws
by the detectability of their resulting data. Comparison
of these two catalogs also allows for a check of model
accuracy.

The lowest level of population analysis is the data-
driven PPC. This PPC incorporates measurement un-
certainty and detection efficiency to find the predictive
posterior probability distribution for a future detection
based on the data. The observed parameters are ob-
tained by approximating a single gravitational wave de-
tection with noise and then finding the parameters with
the maximum likelihood.

To implement data-level PPCs, we impose the in-
jected hyperparameters while generating an individual
event signal rather than reweighting each of the individ-
ual events to the proposed model afterward. To do this,
we draw random hyperparameters from the hyperposte-
rior and treat these as our “true” parameters. For the
Bilby posterior’s observed catalog, we first use the true
parameters to inject a signal and then recover the spin
parameter values with the maximum likelihood according
to the generated signal. For the Gaussian posteriors, we
draw parameters from a normal distribution centered at

the true parameter with the corresponding uncertainty
σmeas.
To create the predicted population for Bilby, we take

the hyperparameters corresponding to the highest likeli-
hood in the sampler output. For the Gaussian posteriors,
we create a kernel density estimator for the parameters
and select the value of maximum likelihood.
Ideally, this method would skirt the issues of tradi-

tional PPCs by replacing the step of reweighting uncer-
tain individual events with the injection of drawn hyper-
parameters.

B. Partial Posterior Predictive Checks

Training the improper prior into a distribution that
integrates to 1 and evaluating measures of surprise with
the same data can lead to a non-representative p-value.
Partial PPCs address this shortcoming of posterior pre-
dictive checking by avoiding the double-use of data. The
partial PPC method does use the statistic data tobs to
compute measures of surprise, but only uses information
not present in tobs when training the prior. The condi-
tional distribution f(xobs|tobs,P) is used as the likelihood
to determine the posterior distribution πppp of parame-
ters P,

πppp(P|xobs\tobs) ∝ f(xobs|tobs,P)π(P) (6)

∝ f(xobs|P)π(P)

f(tobs|P)
, (7)

which is then used as a prior to determine posterior of
t. With the contribution of tobs already eliminated, P is
integrated out of the posterior:

mppp(t|xobs\tobs) =
∫

f(t|P)π(P|xobs\tobs)dP (8)

The new p-value then takes the form

p = Prmppp(t|xobs\tobs)(t(x) ≥ t(xobs)). (9)

The use of f(xobs|tobs,P) to define the likelihood in-
stead of f(xobs|P) evades the double-use of data that
occurs in PPCs when training the prior into a proper
distribution and then evaluating the p-value [14, 15].

C. Split Predictive Checks

The split predictive check (SPC) similarly aims to
avoid repeated use of data. Rather than conditioning the
prior for P on the influence of tobs (as in partial PPCs),
however, split predictive checks partition the data into
two disjoint subsets from the start. With a single split
of data xobs = xa+xb, the method uses different subsets
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FIG. 2. Results of population inference using posterior predictive draws for χ of the LowSpinAligned simulated population. χ
is better constrained within the true population, causing indicators of model misspecification to be more present in the second
and third rows.

when training the posterior and when determining the
p-value. The posterior distribution for x under the null
model

mSPC(xpred|xa) =

∫
f(xpred|P)π(P|xa)dP (10)

integrates out the parameters and is used to define a new
p-value

p = PrmSPC(xpred|xa)(t(xb) ≥ t(xpred)). (11)

The divided split predictive check (divided SPC) ex-
tends this method. Data is divided into N equal subsets,
and the single SPC p-value is calculated for each indi-
vidual subset. The divided SPC p-value is defined as the
p-value obtained by performing the Kolmogorov–Smirnov

test for uniformity on the collection of single SPC p-
values [16].
V. APPENDIX A: RESULTS OF POSTERIOR

PREDICTIVE CHECKS FOR THE
HIGHSPINPRECESSING AND MEDIUMSPIN

SIMULATED POPULATIONS

We used the same approach described in Section II on
the HighSpinPrecessing and the MediumSpin popu-
lations. The results are shown below in Figures 3 and
4.
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FIG. 3. Results of population inference using posterior predictive draws for χ and cos θ of the HighSpinPrecessing simulated
population.
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FIG. 4. Results of population inference using posterior predictive draws for χ and cos θ of theMediumSpin simulated population.
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