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Hierarchical Bayesian Modeling
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Modeling compact mergers

e Formation channels
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Modeling compact mergers

o Formation channels
o Tracing out cosmological history
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Figure: B.P. Abbott et al. 2021
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Modeling compact mergers

e Formation channels

o Tracing out cosmological history
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o ...all of these rely on population models
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Modeling compact mergers

o Parametric
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Modeling compact mergers

o Parametric

e cons: prone to model misspecification, may not capture
unexpected features, restrictive
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Modeling compact mergers

o Parametric
e cons: prone to model misspecification, may not capture
unexpected features, restrictive
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Modeling compact mergers

o Parametric
e cons: prone to model misspecification, may not capture
unexpected features, restrictive
e pros: more directly linked to formation channels, easier to
interpret physically
o Non-parametric
e cons: overfitting, not as readily interpretable
e pros: data-driven, introduces less bias, reveal substructures
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Population models
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Non-parametric model: B-splines

Figure: Left: parametric models. Right: non-parametric models.
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Bivariate B-splines

—

e Model the probability density p( |K) as a non-parametric
bivariate B-spline
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Bivariate B-splines

—

e Model the probability density p( |K) as a non-parametric
bivariate B-spline

B(01,02) = Zazj ik(01)Bj s(62)
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Bivariate B-splines

—

e Model the probability density p( |K) as a non-parametric
bivariate B-spline

I,J
B(61,65) = > aijBii(61)B;s(6:)

ihj




B-splines

e An order k B-spline S}y, is defined as a linear combination
of the basis functions
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B-splines

e An order k B-spline S}y, is defined as a linear combination
of the basis functions

Spou(r) = Z ; B; ()

10 B-spline basis functions of order k=4
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B-splines

e For bivariate splines,
IJ
B(01,605) = > cijBix(61) B, +(62)

4,J
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B-splines

e For bivariate splines,
IJ
B(01,02) = ZaijBi,k(91)Bj,s(92)

4,J
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Bivariate B-spline models

@ Various choices for modeling bivariate B-splines can be
made. As an example, we can model the probability
p(ai, ag, cos by, cosba|a) as
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Bivariate B-spline models

@ Various choices for modeling bivariate B-splines can be
made. As an example, we can model the probability
p(ai, ag, cos by, cosba|a) as

I1,J
p(al, ag, CoOS 91, COS (92|O[) = Z OéijBi,k(al)Bj,k(COS 91)
12
L,M
X Z aym B j;(a2) By, 1 (cos 62)
lm

= Bi (a1, cosb1|a)Ba(az, cos Oa]a).
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Mass ratio and effective spin

o GW observable ye
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Mass ratio and effective spin

o GW observable ye
(mlc_il + mgc_ig) . j;
mi + ms
mayaq cos 1 + maas cos Oy

Xeff =

mi + ms
_ajcosty + qas cos bty
1+4+4¢

)

L is a unit vector parallel to the orbital angular momentum
of the binary system
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Mass ratio and effective spin

@ Anti-correlations found in GWTC-3

Juarez-Reyes, I. Modelir


https://ui.adsabs.harvard.edu/abs/2023PhRvX..13a1048A

Mass ratio and eff

e Anti-correlations found in GWTC-3
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Figure: R. Abbott et al. 2023
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Mass ratio and eff

@ Anti-correlations found in GWTC-3
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Figure: R. Abbott et al. 2023

o Break mass degeneracy between isolated and dynamical
formation — model as bivariate spline!
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Mass ratio and eff

@ Anti-correlations found in GWTC-3
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Figure: R. Abbott et al. 2023

o Break mass degeneracy between isolated and dynamical
formation — model as bivariate spline!

o Inform model building, disentangle formation channels
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Defining B-splines

o The i-th basis function of order k, written as B; (), is
defined using the Cox-de Boor recursion relation
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Defining B-splines

o The i-th basis function of order k, written as B; (), is
defined using the Cox-de Boor recursion relation

1 ifu; <z <wujp

B — [ ; i+1
ih=1(7) { 0 otherwise,
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Defining B-splines

o The i-th basis function of order k, written as B; (), is
defined using the Cox-de Boor recursion relation

1 ifu; <z <wujp

B — [ ; i+1
ih=1(7) { 0 otherwise,

and for k > 1,
Bij = wikBig—1+ (1 — wit1x)Bit1k—1,

where
o Xr — U;
Ujyk—1 — Uq
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Choosing priors
o)

Model Degrees of freedom  Prior

1 100 N, 1)
2 100 Nas, 1)
3 196 N(©,1)
4 196 Nas, 1)

Table: Choices for priors on the coefficients &. When a normal
prior is centered on as, this means each «;; is centered on a
value aJ. The values a, are found by minimizing the least
squares objective S = ||y — Ba/|?, where B is the basis matrix
containing the basis functions of the B-spline, and y contains the
true values of the distribution.
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